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Abstract

Economic growth slows down for extended periods after a financial crisis, and now
there is a growing concern that “secular stagnation” may follow the Great Recession
of 2007-2009. We construct a model in which a one-time buildup of debt can depress
the economy persistently even when there is no shock on financial technology. We
explicitly consider the debt dynamics in which the initial debt is large and is repaid in
multiple or infinite periods. Productive firms are subject to a borrowing constraint and
repay debt within finite periods when the initial debt is small whereas when the initial
debt hits a certain threshold they fall into the “debt-ridden” state where they can
pay only the interest and the amount of debt and inefficiency of production stay high
permanently. In the general equilibrium with endogenous growth, the mass emergence
of debt-ridden firms tightens borrowing constraints not only for themselves but also
for normal firms, and it may manifest itself as the “financial shocks” discussed in
recent macroeconomic literature. Tightening of aggregate borrowing constraints lowers
the aggregate productivity and deteriorates the labor wedge, leading to a persistent
recession. This model implies that debt reduction for overly indebted agents may

restore economic growth quickly in the aftermath of financial crises.
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1 Introduction

The decade after a financial crisis tends to be associated with low economic growth (Rein-
hart and Rogoff, 2009; Reinhart and Reinhart, 2010). It is also known that the growth of
total factor productivity slows down or even becomes negative for a decade (Kehoe and
Prescott, 2007). Relatedly, there is a growing concern about “secular stagnation” in the
aftermath of the Great Recession that the US economy and/or the European economy
may stagnate persistently (Summers, 2013; Eggertsson and Mehrotra, 2014). It is also
pointed out that financial constraints were tightened during and after the Great Recession
in 2007-2009. It is a natural question whether tightening of financial constraints can cause
a persistent slowdown in economic growth. We propose a theoretical model, in which the
emergence of debt-ridden borrowers lowers the aggregate productivity persistently.

We consider that an exogenous shock makes a substantial number of firms become
to bear a huge stock of debt, whereas there is no change in structural parameters in
production or financial technologies. The shock we consider can be understood as a re-
distribution shock. We consider the debt dynamics in which the huge stock of debt is
repaid in multiple or possibly infinite number of periods. The model is based on Jermann
and Quadrini (2006, 2012), which explicitly consider the bargaining process after a default
to derive a borrowing constraint. We slightly modify the setting of the lender-borrower
relationship in Jermann and Quadrini (2012), and show that the borrowers repay debt
within finite periods when the amount of the initial debt is small whereas when the initial
debt hits a certain threshold they fall into the “debt-ridden” state where they can pay
only the interest every period and the remaining amount of debt stays high forever. As
the borrowing constraints are tightened debt-ridden firms cannot raise sufficient amount
of working capital and they continue inefficient production permanently. It is shown in
the general equilibrium that borrowing constraints become tighter also for normal firms
if the measure of debt-ridden firms is larger. If a substantial number of firms become
debt-ridden, both the aggregate borrowing capacity and productivity decline persistently.
After the Great Recession in 2007-2009, many authors argue that a shock in the financial
sector can cause a severe recession (e.g., a risk shock in Christiano, Motto and Rostagno
2014, and a financial shock in Jermann and Quadrini 2012). In our model, emergence of
a substantial number of debt-ridden firms manifests itself as a tightening of the aggregate
borrowing constraint, which can be interpreted as a financial shock. Tighter borrowing
constraint discourages R&D activity by the firms and makes the productivity growth per-
sistently low. It also deteriorates the labor wedge persistently. These features of our model
look consistent with the facts observed in persistent recessions after financial crises (see
Section 2).

Our model has a policy implication distinct from those of the models of exogenous



financial shocks that debt restructuring or debt forgiveness for overly indebted borrowers
may restore the aggregate efficiency and enhance economic growth as the mass emergence
of debt-ridden borrowers can cause persistent stagnation. If on the contrary the risk shock
or the financial shock were exogenous, debt restructuring would not have any aggregate

effects.

Related literature Our theory is related to the literature on debt overhang. Myers
(1977) pointed out the suboptimality of debt in the corporate finance literature and Lam-
ont (1995) applied the notion of debt overhang in macroeconomics.! The debt overhang
problem typically occurs when a firm cannot borrow new money for productive projects
because its existing debt is too large. Debt overhang arises if the existing debt holder is
different from the potential lender who would lend new money. In this paper, we take
a small step forward by proposing a new theory that inefficiency can arise even if the
lender of new money is the existing debt holder. This paper is also close to Caballero,
Hoshi and Kashyap (2008). They analyze “zombie lending,” defined as a de facto sub-
sidy to unproductive firms from banks. They argue that congesting zombie firms hinder
the entry of highly productive firms and lower aggregate productivity. In this paper, we
make a complementary point to their argument: even an intrinsically productive firm
can become unproductive when it is debt-ridden. Our model is closely related to that in
Kobayashi and Nakajima (2015), which analyzes endogenous borrowing constraints and
nonperforming loans. In the macroeconomic literature, exogenous borrowing constraints
are introduced by the seminal papers by Kiyotaki and Moore (1997). Endogenous borrow-
ing constraints are introduced by Albuquerque and Hopenhayn (2004), and analyzed in
the general equilibrium setting by Cooley, Marimon and Quadrini (2004). Different ver-
sions of endogenous borrowing constraints are studied by Jermann and Quadrini (2006,
2007, 2012). The modeling method in Kobayashi and Nakajima (2015) and this paper is
mostly close to Jermann and Quadrini (2012), in which the lender can fully commit to the
amount of debt, while she cannot commit to liquidate the borrower-firm when it defaults.?
Persistent recession in the aftermath of a financial crisis is explained by Guerron-Quintana
and Jinnai (2014). Our model is also close to theirs in that a temporary shock affects pro-
ductivity growth permanently, though there is a stark difference in policy implications:
as in our model emergence of debt-ridden borrowers due to a temporary redistribution

shock causes persistent recession, debt restructuring or redistribution from creditors to

!See also Krugman (1988) on debt overhang in international finance.

2The latest model in the literature of endogenous borrowing constraints is Kovrijnykh (2013), who
assumes the partial commitment that the lender cannot fully commit to the amount of debt, while she
assumes that the lender can commit to liquidate the borrower-firm when it defaults. Our conjecture is

that introduction of partial commitment to our model may strengthen our results, but not weaken them.



borrowers restores the aggregate efficiency, whereas debt restructuring has no effect in
Guerron-Quintana and Jinnai because the financial shock is an exogenous technological
shock in their model.? Another paper that is closely related to ours is Ikeda and Kurozumi
(2014). They build a medium scale DSGE model with financial friction a la Jermann and
Quadrini (2012) and endogenous productivity growth a la Comin and Gertler (2006). Dis-
tinction from ours is that Ikeda and Kurozumi (2014) also posit a financial crisis as an
exogenous financial shock.

This paper is organized as follows. In the next section, we review the facts on persistent
recessions after financial crises. Section 3 presents the partial-equilibrium model of lender-
borrower relationship and analyze the financial contract. In Section 4, we construct the
full model by embedding the model of the previous section into an endogenous growth
model, and show that stagnation can continue persistently when there emerge substantial
number of debt-ridden borrowers. In this section we also show that the model can account
for the productivity slowdown in Japan during the last twenty years. Section 5 presents

our concluding remarks.

2 Facts on persistent recessions after financial crises

Numerous examples of decade-long stagnation after a financial crisis have been observed.
The most notable episode is the Great Depression in the 1930s in the US and similar
depressions in that period in the major nations. Ohanian (2001) shows that there was a
large productivity decline during the US Great Depression that is unexplained by capital
utilization or labor hoarding. Kehoe and Prescott (2007) drew our attention to the fact
that many countries experienced decade-long severe recessions, which they call the “great
depressions” of the twentieth century. Papers in their book unanimously emphasize that
declines in the growth rate of total factor productivity were the primary cause of these
great depressions. Another example of decade-long recession is the 1990s in Japan. The
growth rates of gross domestic product (GDP) and total factor productivity (TFP) in
the 1990s were both lower than in the 1980s. Figure 1 shows the actual GDP and the
potential GDP in Japan. The kink in the beginning of the 1990s is apparent, when huge
asset-price bubbles burst in the stock and real estate markets. See Figure 2 for asset prices
in Japan in the 1990s. Table 1 shows various estimates of the TFP growth rate in Japan.
Hayashi and Prescott (2002) emphasize that the growth of TFP slowed down in the 1990s.
Fukao and Miyagawa (2008) estimate TFP using a microeconomic dataset, called Japan
Industrial Productivity (JIP) database, and confirm the substantial TFP slowdown in the
1990s.

3Kobayashi and Shirai (2015) analyze the effects of redistribution of wealth on the economy using an

exogenous borrowing constraint model.



One notable feature in the 1990s in Japan is the significant decrease in entries and
increase in exits of firms. See Figure 3 for a comparison of entry and exit of firms between
Japan and the US. In the literature, the procyclicality of net entry is well known (Bilbiie,
Ghironi and Melitz, 2012). Net entry also contributes significantly to TFP growth for US
manufacturing establishments (Bartelsman and Doms, 2000).*

Another characteristic of Japan in the 1990s that may be related to productivity
slowdown was the persistently lingering nonperforming loans (NPLs) in the banking sector.
The NPLs were the excess debt of nonfinancial firms, mainly in real estate, wholesale,
retail, and construction. Figure 4 shows the amount of NPLs in Japan from 1992 through
2009. The delayed disposal of huge NPLs was seen as a de facto subsidy to nonviable firms
(“zombie lending”). This zombie lending has also been named as the cause of Japan’s
persistent recession (Peek and Rosengren 2005, and Caballero, Hoshi, and Kashyap 2008).

Recently, there is a growing literature on business cycle accounting (BCA; Chari, Kehoe
and McGrattan 2007) that analyze various episodes of business fluctuations including
decade-long stagnations. The BCA focuses on four wedges as the driving forces of business
cycles: the efficiency wedge (EW), the labor wedge (LW), the investment wedge (IW),
and the government wedge (GW). EW is the observed total factor productivity; LW is
MRS/MPL, where MRS is the marginal rate of substitution between consumption and
leisure and MPL is the marginal product of labor; IW is the wedge between the market
rate of interest and the stochastic discount factor; and GW is the dead weight loss, which
manifests itself as government consumption in a simple real business cycle model. Chari,
Kehoe and McGrattan (2007) note that deteriorations of the efficiency wedge and the
labor wedge are the two primal factors that account for the Great Depression of the
1930s. Kobayashi and Inaba (2006) and Otsu (2011) stress on the same factors for the lost
decade of Japan in the 1990s. Macroeconomic literature has recently focused considerable
attention on the effects of deterioration of the labor wedge in recessions (see Mulligan,
2002; Shimer, 2009). A sharp decline in the labor wedge was also observed in the US
economy during the Great Recession period of 2008-2010 (Pescatori and Tasci, 2011).

3 Model of debt dynamics

In this section we consider the partial equilibrium model of a lender (a bank) and a
borrower (a firm). We derive the borrowing constraint and analyze the debt dynamics
under the exogenously given prices. We embed this model into the endogenous growth

model in Section 4.

4Nishimura, Nakajima and Kiyota (2005) argue that the malfunctioning of entry and exit contributes
substantially to a fall in Japan’s TFP in the late 1990s.



3.1 Set up

The time is discrete and continues from 0 to infinity: t = 0,1,2,--- ,00. There are three
agents in this model: the bank (lender), the firm (borrower), and the household (worker).
The main players are the bank and the firm, and the household just supplies labor at the
market wage rate, wy, and buys the consumer goods from the firm. The consumer goods
is produced by the firm from the labor input. We focus on the case where there exists the
initial debt stock (1 + r9)d—; at ¢ = 0, where d_; is to be taken as debt outstanding at
the end of the previous period.

Suppose that the firm owes d; to the bank at the end of period t and it holds the
internal reserve a;.> The reserve is invested in safe asset.® The debt d; is observable and
verifiable, and the bank can commit to d;, meaning that the bank can legitimately require
the firm to repay arbitrary amount, which is no greater than d;. The internal reserve a;
is subject to moral hazard by the firm employees, who can use the (1 — @) fraction of the
reserve for their private purposes, which do not enhance the corporate value of the firm.
To model this moral hazard, we assume that (1 — #)a; is just lost and only the remaining
fa; can be used for the business of the firm, where 0 < § < 1.7 The debt and the asset
evolve from period ¢ to period £+ 1 at the market rate of interest, rry1. Thus the amounts
of debt and asset at the beginning of period ¢t + 1 are (1 + r4y1)d; and (1 + r441)0ay,
respectively.

In period t+1, the firm employ labor l;1 from the household and produce the consumer
goods, Y11 = Alfﬂ, where 0 < 17 < 1. The cost of labor input for the firm is wyi1l141,
where w;11 is the market rate of wage. The firm needs to borrow wy41l;+1 from the bank
and pay the wage to the worker in advance of production. Now we assume that the prices
{re, wi}5°, are given. When the firm completes production, it holds output, Al "1, and
asset, (14 ry41)0as, and owes (1 4 ry11)dy + wep1l41 to the bank. At this stage, the firm
decides to pay bir1 + wir1liy1 to the bank during period ¢ + 1, and to carry over the
end-of-period debt stock, d¢11. After the firm and the bank agree on (byy1, di+1), the firm
pays wiy1li+1 + b1 to the bank and holds the remaining debt, dy41. Then the remaining
cash flow, Al?_H — wplerr — bip1 + (1 4 ri41)0ay, is divided into the internal reserve,
ai+1, and the dividend to the firm-owner, All' | — wip1lip1 — b1 + (1 + 7e41)0a; — agqr.
After the payment of period ¢ + 1 is done, the firm and the corresponding variety of the
intermediate good die with probability p. So the firm survives and moves on to period

t 4+ 2 with probability 1 — p. If the firm dies with probability p, all the internal reserve

5As we discuss in the following, the firm is subject to the borrowing constraint and earns a positive

cash flow every period, which is divided into the dividend to the firm-owner and the internal reserve.
5Tn the general equilibrium model in Section 4, a; is invested in the physical capital.

"In the general equilibrium model of Section 4, we assume that (1 — 6)a; is directly given to the

representative household as a lump-sum transfer.



ag4+1 is given to the firm-owner and the remaining debt dyy; is automatically defaulted.
Thus, the risk of sudden death imposes the following constraint on (b;y1, diy1) because

the bank agrees only if the expected value of repayment is no less than (1 + r4q1)d;:
(L4 reg1)de < b + (1= p)diya. (1)
The payment is subject to the borrowing constraint:
wiy1lirr + b1 < QAL + (1 +r41)0a; + (1 — p) max{{ Vi1 — diy1, 0}, (2)

which will be derived in the next subsection.
Now we can describe the optimization problem for the firm. Denoting the value of
the firm with asset a; and debt stock d; by Vi(a¢,dy), the firm’s problem is written as the

following Bellman equation:

1
Vilar,di) = max — ———— [Al]\} —wipalipr — bepr + (1 + reg1)0ar — arer + (1= p)Viga(as1, deg)]
Lp1,ae1,0e01 1+ Teg
3)

subject to the law of motion for debt, (1), the borrowing constraint, (2), and

ary1 € {0} UT, (4)

where I'={a|]0<a< Al?ﬂ — Wip1lip1 — bep1 + (1 + req1)0as}.

We use the last constraint because we allow the cash flow, Al} "~ Wertlrr — b + (1 +

ri+1)0at, to be negative when a1 = 0.

3.2 Endogenous borrowing constraint

In this subsection, we describe the financial contract between the bank and the firm, and

derive the borrowing constraint, (2).

3.2.1 Counterfactual default and renegotiation

As we described in the previous subsection, the firm pays wiy1li11 + beyr1 at the end of
period ¢ + 1. We assume that the firm can choose to default on this payment and if it
defaults the renegotiation on the amount of payment takes place at the end of period ¢+1.
Suppose counterfactually that the firm defaults on wii1lir1 + biy1. Note that when the
firm defaults on the short-term debt it does not necessarily default on the long-term debt,
d¢+1. The firm and the bank renegotiate on the repayment at t 4 1, given that they still
have the agreement of the long-term debt, d;1. We also assume that if the bank liquidates
the firm at the end of period ¢ + 1, she can recover the liquidation value, (1 — p)&Vi41,
where 0 < & < 1 and Vj441 is the value of the firm who does not owe any debt, which
is specified in Section 3.2.3. Only when the firm is liquidated, the long-term debt, d;41,



is finally defaulted. The liquidation value is (1 — p){V,i+1 because the bank takes over
the firm’s business when she liquidates it, and successfully operates it by herself with
probability &; if the bank successfully operates the firm by herself, the bank obtains Vi;;41;
therefore, the expected value is V14 1. Although default is an event in off-the-equilibrium
path, we describe what follows the default and derive the condition for the firm choosing
not to default, which gives the borrowing constraint, (2).

Once the firm defaults on the payment of wyy1li+1 + b1, the following events happen.

e The bank seizes the ¢ fraction of the firm’s output and the internal reserve, ¢ Al 1t

(14 r¢41)0as, unconditionally, where 0 < ¢ < 1.

e Then, the bank and the firm start renegotiation on the amount f to pay instead of

Wip1le41 + by

— If they agree on f, the firm can continue to the next period. Thus, the firm’s
payoff is (1—¢) Al — f+(1—p){Vis1(ay, diy1) —ay}, where ay is the solution

to

max —a + Visi(a, diy1),

s.t.a<(1—9)All, — f,

and the bank’s payoff is qZ)Al?H + (L +7re1)0ar + f + (1 — p)diy1.

— If they disagree on f, the bank can choose unilaterally whether to liquidate the

firm or to forgive it.

x If the bank liquidates the firm, it loses the continuation value. Thus the
firm’s payoff is (1—¢)Al}, |, and the bank’s payoff is pAL | +(147¢41)0a;+
(1 = p)EVars1-

* If the bank forgives the firm, it can continue with remaining debt d;1.
Thus the firm’s payoff is (1 — ¢) Al + (1 — p){Viy1(ay, diy1) — ay}, and
the bank’s payoff is qSAl?H + (1 +741)0ar + (1 — p)dyy1.

Note that this renegotiation process after the counterfactual default is almost identical to

that in Jermann and Quadrini (2012) if we assume ¢ = 0.

3.2.2 Derivation of the borrowing constraint

The borrowing constraint is given by the condition that the bank is willing to accept
Wet1le41 + beyr1. The bank accept this amount when either she is indifferent to the default
because she can obtain no less than wy41l;+1+ i1 when the firm defaults (the indifference
condition) or the firm has no incentive to default (the no-default condition). We can derive

the borrowing constraint by analyzing the renegotiation outcome. We follow Jermann and



Quadrini (2012) and assume for simplicity that the firm has all the bargaining power.
Here we define Gg as ay in the case where f = 0, and a1 as ay in the case where f = (1 —
p)(EVni+1 — diy1). Note that both the firm and the bank take {d+1,{Vhi+1, V(ao, diy1) —
ap,V(a1,diy1) — a1} as given in the renegotiation. There are two cases of renegotiation
outcome, corresponding to different values of {dy41,&Vit1, V(ao, dit1) — ao, V(a1,di41) —

ar ).

Case 1: di11 > EVipgy1. The bank always forgives the firm, when the renegotiation
breaks down. The renegotiation outcome is that they agree that f = 0 and the firm
continues, because the firm has all the bargaining power. Thus the payoff for the firm is
(1— qb)Al?le —aop+ (1 — p)V(ag,dpy1) if it defaults, and is AZ?H — Wyprlep1 — g1 + (1 +
rev1)0ar+ (1= p){V (ar41, diy1) — a1} if it does not default. If wipqlip1+bip1 < gbAl?H +
(1 + r441)0as, then the bank obtains no less than wyy1ly+1 + by when the firm defaults.
So in this case the indifference condition is satisfied, and it is easily proven that the no-
default condition is also satisfied.® Suppose that we1li+1 + b1 > GAILY "+ (1 7reg1)0as.
In this case, the bank strictly prefers no default. But the no-default condition for the firm
is violated because the firm’s payoff when defaults is strictly larger than when it does not
default.? Therefore, the bank agrees on Wyt1li41 + b1 only if the following constraint is
satisfied:

wt+1lt+1 + bt+1 < (Z)Alg—i-l + (1 + rt+1)9at.

Case 2: &Viyy1 — {V(a1,di41) — a1} < dpy1 < &Vigy1. The bank always liquidate the
firm, when the renegotiation breaks down. On this premise, the renegotiation outcome is
that they agree that f = (1 — p){{Vpi+1 — di+1} because the firm makes this offer in order
to equalize the bank’s payoff in the case of agreement (i.e., pAL | +(1+7441)0a;+ f+(1—
p)di41) with that in the case of disagreement (i.e., pAL ;4 (1 +ry1)0a; + (1 — p)EVii41).
The payoff for the firm is (1 — ¢) AL | + (1 — p){—=EVitg1 + diy1 + V(an, deg1) — G} if it

defaults, and is Al}, | — wip1liy1 — b1 + (1 — p){Vis1(ars1, di1) — ape1} if it does not

8Note that if Wit1le41 + bep1 < ¢Al;/7+1 =+ (1 + rtH)Gat, then V(at+1, dt+1) — Q41 > V(do, dt+1) — ao

because a;41 is the solution to
max —a + Viii(a, diy1),
s. t.a< Al?+1 — Weg1le41 — bey1 + (1 + Tt+1)9at.
It is straightforward from this to show that the firm is better-off by choosing not to default.
9The firm’s payoff when defaults is strictly larger than when it does not default, because
(1= )ALy + (1= p{V (G0, dis1) — Go} > (1 — )ALy + (1 — p){V(ats1, dit1) — arsa}
> Al?_H — Wegiler1 — bey1 + (1 4 re1)0ar + (1 — p){V (@41, di+1) — a1}



default. If wyp1li11+big1 < gZ)Al?Jrl + (14+7r¢41)0ai + (1 — p){EVint+1 — di+1}, then the bank
obtains no less than wyy1l;41 4+ bi+1 when the firm defaults. So in this case the indifference
condition is satisfied, and it is easily proven that the no-default condition for the firm is
also satisfied. Suppose that wyy1lpr1+bsr1 > qﬁAl?_H +(147re41)0ai+(1—p){E Vi1 —diy1 }-
In this case, the bank strictly prefers no default. But the no-default condition for the firm
is violated because the firm’s payoff when defaults is strictly larger than when it does not
default.!® Therefore, the bank agrees on wyy1l;11 + by 1 only if the following borrowing

constraint is satisfied:

Wil b < QAL 4 (T4 re31)0as + (1 — p){EVnr1 — diya )
This Case 2 borrowing constraint becomes almost identical to that in Jermann and

Quadrini (2012), if weset ¢ =0, =1,and 0 < p < 1.

Summing up these two cases, we can rewrite the borrowing constraint as (2).!

3.2.3 Characterization of the liquidation value

The liquidation value £V,;41 is characterized by the solution to the optimization problem

for a firm with no debt stock:

1
Vi = max ———— [AI" | — wyyql 1= pWiiea] s
nt I}tlflx T+ rees (AL — wialiyr + (1= p) Vit ]

subject to the borrowing constraint, wiyi1lir1 < (f)AlZ’H + (1 = p)¢Viy1. This problem
defines V,,; recursively. In the case where the prices are constant over time, i.e., 74 = 7
and wy = w for all £, the value of V;; is also a constant and characterized as follows, given

that the borrowing constraint is nonbinding.!?

v, = L=y
r+p

l_nAﬁ

10The firm’s payoff when defaults is strictly larger than when it does not default, because

where the labor is given by

(1= )AL, + (1 = p{—EVatt1 + degr + V (a1, degr) — a1}
> (1= )AL + (1 = p){—EVist1 +dey1 + V(a1,der1) — ary1}
> Al?_H — Witiler1 — bey1 + (1 + reg1)0ar + (1 — p){V (@41, di+1) — a1}

"' To be more precise, there may exist Case 3 where dit1 < &Viet1 — V(@1,de41) + @1. As we show
in Appendix A, it turns out that V(aiy1,di+1) — air1 must be equal to Vypiy1 — diy1 in Case 3, which
contradicts to di+1 < EVipes1 — V(aeg1,des1) + ary1 as € < 1, implying that Case 3 never happens.

12In the numerical simulation in Section 4, the borrowing constraint is binding even for the normal firms,

given that they conduct not only production of output but also R&D activity.

10



3.3 Debt dynamics and emergence of debt-ridden firms

We derive debt dynamics in the case where prices are constant: w; = w and r; = r for all
t. The results in this section can be easily generalized in the case where prices vary over
time. The initial value of internal reserve is zero: a—_; = 0. We analyze the response of
the economy to the exogenously given initial debt: d_; > 0. Define b,, = ¢Al; — wl, and
dp =bp /(T + p).

One noticeable observation is that when the borrowing constraint is not binding and
thus the production is efficient, i.e., Iy = [,, then the firm never chooses to accumulate
the internal reserve, a;, because (1 — #)a; will be just lost. So if l; = [,,, then a; = 0 in

equilibrium.

3.3.1 Debt dynamics in the case with a small ¢

Here we consider the case where the parameters satisfy
: ¢—n
dy, > &V,  or, equivalently, &< T (5)
When the initial debt d_; is small such that d_; < ﬁ[gbAlZ — wly, + (1 — p)&V,], the

borrowing constraint is
why + (L4 7)d_1 < YA + (1 — p)EVa,

and the production is always efficient: I; = [,, for all t > 0.13
When the initial debt is large, i.e., ﬁ[qﬁAlz —wly, + (1 = p)EVy] < d—y < dp, there
exists T' (> 0) such that the borrowing constraint is wly11+bpy1 < QAL for —1 <t < T,
and is wlgy 1 + b1 + (1= p)derr = wlipr + (1 +7)dy < QAL + (1 — p)EV;, for t > T. The
repayment is
by = by,

for 0 <t < T, and dr satisfies that dp < I—L[QSAZZ — wly + (1 — p)&V,]. The value of
T increases as the initial debt d_; is closer to d,,, and T' = +o0o when d_1 = d,,. The
production is efficient: I; =, for all t > 0 if d_; < d,,.

When the initial debt satisfies that d,, < d_; < d,, where d, = Tl:fp, b, =[p+ (1—
P)(1 — $AL — wi,, and I, = [{¢ + (1 — p)(1 — $)8nA/w]™7 (< 1), the borrowing

constraint is binding and therefore it is

wly1 + b1 < QAL + (14 7)0ay,

for all t. As is shown in Appendix B, the firm chooses a;;1 = 0 if g1 < 071 — 1,

ar+1 (€ [O,AZg+1 — wlyy1 — b1 + (1 4 r)fay]) is indeterminate if pyqy = 67! — 1, and

13The firm is indifferent whether to repay all debt or to repay partially because the value of the firm at

t = —11is V,, — d_; irrespective of the repayment path.
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ap11 = Al?Jrl —wlyy1 — b1 + (1 +7)0ay if gy > 071 — 1, where py11 is the Lagrange
multiplier associated with the borrowing constraint. In Appendix B, we also show that d,
is the maximum repayable debt.

The dynamics is given as follows. For a given value of d (> 0), we define l; as the
solution to (1+r)d = Al —wlg+ (1 +7)(1 — §)0AL(w— (671 — 1)) + (1 — p)dy, where
1 is the time-invariant Lagrange multiplier associated with the borrowing constraint that
is determined by (1 + p)wlg = [1 + ¢u + (1 — ¢)0pul(p — (71 — 1))]nAll, and 1(z) is a
step function that is defined by

0 ifz <0,
1(z) =
1 ifz>0.

The first order conditions (FOCs) and the envelope conditions imply that the debt

dynamics are given as follows. There exists a certain d and 7" such that'

Valag, dy) = —(1 4 p), for —1<t<T, (6)
Valag, dy) = —1, for t>T+1, (7)
liy1 =g, for —1<t<T, (8)
liv1 = ln, for t>T+1, (9)
b1 = QAL —wlg+ (1 +7)(1 — ¢)0AUL(n— (071 = 1)), for —1<t<T -1, (10)
bri1+ (1= p)dry1 = (1+7)d, (11)
bist + (1 — p)dess < QAL + (1 — p)EVi, for t>T+1, (12)
are1 = (1= )AL 1(u— (07" = 1)), (13)

where Vy(a,d) = w.m The firm decides the values of T and d to maximize V(0,d_1)
subject to

d > EV,.
We can show the following lemma.

Lemma 1. The firm chooses a finite T (< +00) if the initial debt d_y is small. There
exists d < d, such that the firm chooses T = +oc if the initial debt satisfies d_1 € [d, d].

4The firm’s problem at t = T is

V(d:) = max [All —wlipr — (L +r)de 4+ (1 — p)Val,

1
1+7r
Wl + b1 < PALL
s.t. (1+4r)d
dpyy = SFDdbers
t+1 T

—bi41
p S d’rL7

where V(dt+1) = Vn — dt+1.
5Equations (10) and (13) are not accurate, and if u = 6! — 1, then a;41 and b4 are indeterminate as
long as 0 < ary1 < (1 — @) Al QAI] —wlg < by < QALY — wla + (14 17)(1 — ¢)0ALY, and by 1 satisfies

the law of motion for debt, given d_;.
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See Appendix C for the proof. When d,, < d_1 < d, the values of {l;,T} evolve
as follows as d_; increases: T is monotonically increasing in d_; but changes its value
discretely, while [; is decreasing in d_; when T stays constant and jumps up when T
increases its value discretely by one. For example, when d_; is only slightly larger than
dp, then [y is decided by (1 + r)d_1 = ¢Al} — wly + (1 — p)d,, and Iy = I, for t > 1,
while T' = —1. As d_; increases [y decreases and T stays constant at T'= —1. As d_;
exceeds a certain threshold, then [y jumps up and 7' changes to T' = 0, with dy > £V,,. As
d_1 increases and converges to d, the value of I; (0 <t < T + 1) converges to [, and T
converges to co. T reaches at oo as d_; > d, where d (< d,) is given in Lemma 1. The
maximum repayable debt is d,.

If the initial debt exceeds d,, the bank has no other choice than to forgive d_; — d,
and make the firm continue inefficient production I; = I, every period.'® Therefore, in
this parameter region, the borrower is made a debt-ridden firm who chooses inefficient

production, I; = [, forever, if the initial debt d_4 is sufficiently large.

3.3.2 Debt dynamics in the case with a large ¢

Now we consider the parameter region where

dy < €Vy < d.  or, equivalently, ‘fjjj<s<[¢+<1—¢><1—p>e]fn. (14)

When the initial debt d_; is small, i.e., d_1 < ﬁ{qﬁAlz —wly, + (1 — p)EV,}, then
the borrowing constraint is (1 4 r)d_1 < ¢AIS — wl, + (1 — p)&V;, and the production is
efficient: I; = [, for all ¢t > 0.

When the initial debt satisfies ?IT{QMUZ —wl, + (1 — p)éV,} < d_1, there exists
T (> —1) such that, for —1 <t¢ < T, the borrowing constraint is

Wli1 4+ byg1 < d)Al?—i-l + (1 + T)eat,
whereas for t = T, the borrowing constraint is
Wlt1 + ber1 + (1= p)des1 < QAL + (1 +7)0ar + (1 — p)EVa,

and for all ¢ > T, the borrowing constraint never bind: wl, + b1 + (1 — p)dip1 =
wly, + (14 r)dy < QAL + (1 — p)€V,,. For a given value of d (> 0), we define I as the
solution to (1+7)d = ¢All —wlg+ (1+7)(1 — ¢)0AIL(n— (071 —1)) + (1 — p)&V},, where
1 is the time-invariant Lagrange multiplier associated with the borrowing constraint that
is determined by (1 + p)wly = [1+ ¢p+ (1 — ¢)0ul(p — (6~ — 1))|nAll. The first order

conditions and the envelope conditions imply that the debt dynamics are determined by

'%Kobayashi and Nakajima (2015) analyzes the possibility that the bank does not reduce the debt and

continues to hold the nonperforming loans.
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(6)—(12) as those in the case with a small £&. The firm decides the values of T" and d to
maximize V' (0, d_1) subject to d > £V,,. As we show in Appendix C that Lemma 1 also
holds in this case, the firm chooses a finite T (< +o0) if d_; < d, and the firm chooses
T = +oc if d_y € [d, d.]. The maximum repayable debt is d,. If the initial debt exceeds
d,, the bank has no other choice than to forgive d_i; — d,. In this parameter region,
the borrower is also made a debt-ridden firm who chooses inefficient production, l; = [,,

forever, if the initial debt satisfies d_; > d.

3.3.3 Debt dynamics in the case with a larger ¢

In the case where £ is larger such that
1
d, <&V,  or, equivalently, [¢p+ (1 —¢)(1—p)0]T-n <¢, (15)
the borrowing constraint is always

w1 + b1 < QAL + (1 — p){EVn — diya}-

The proof is given in Appendix D.

The firm repays debt as much as possible in period 0 so that production can be in-
efficient only in period 0. If the initial debt satisfies d_1 < @Al — wil, + (1 — p)EVa,
then I, = [, for all ¢t > 0. We define [ = [(bnA/w]ﬁ. The maximum repayable debt is
PAI —wl+(1—p)EVy,. If d_q satisfies p AL —wl,+(1—p)EV,, < d—1 < GAI"—wl+(1—p)EV,,
the labor input in period 0 is given as the solution to wly+ (1+7)d_1 < QAL+ (1—p)EV,,
where Iy < l,,, and Iy = [, for all ¢ > 1. If the initial debt exceeds ¢pAl" — wl + (1 — p)&V,,,
the bank has no other choice than to forgive d_1 — [pAl" — wl + (1 — p)&V4,].

4 Full model

We consider a closed economy in which the final good is produced competitively from
capital input and varieties of intermediate goods. The firms are monopolistic competitors
and produce respective varieties of intermediate goods from labor input. The model is a
version of the expanding variety model, in which new entry of firms increases aggregate
productivity. The expanding variety model was proposed by Rivera-Batiz and Romer
(1991) and simplified by Acemoglu (2009). We follow Benassy (1998) in that labor is used
to produce the intermediate goods and also to conduct research and development (R&D)
activity that expands the variety. We assume that the monopolistically competitive firms
produce the intermediate goods and also conduct R&D activity, which are subject to the

borrowing constraints.
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4.1 Basic setup

A representative household owns a mass of firms, indexed by i € [0, N¢], that produce
intermediate goods, where NNy is the measure of the varieties of intermediate goods in
period t. Firm ¢ produces the variety ¢ monopolistically, and can borrow fund from the
bank, which is also owned by the representative household. In what follows we omit the
bank for simplicity and consider the household as the lender. The final good is produced
competitively from the intermediate goods x4, i € [0, N¢], and capital by the following

production function:

where 0 < o < 1 and 0 < < 1. Because the final good producer maximizes Y; —
fONt PitTipdi — rtK K, where p;; is the real price of the intermediate good ¢ and rtK is the

rental rate of capital, perfect competition in the final good market implies that

1-2  n_ 1
pit = plai) = oY, “Kp al)
Firm ¢ produces the intermediate good ¢ from labor input /;; by the following production

function:
it = lig.

Firm i, where 0 < ¢ < Ny, chooses (= l;;) to maximize p(z )y — wilir, where wy is the
wage rate, and they are owned by a representative household. In this subsection we only
consider the case where the firms do not owe any debt, while we consider in Section 4.3 the
case where some of the firms with measure Z; have a sufficiently large amount of debt so
that they are debt-ridden and the others with measure N; — Z; have no debt. Each firm ¢
employs labor h;;, produces intermediate goods x;+ = l;;, and conduct R&D activity with
input hy —l;; (> 0). The labor input hy — I (> 0) in R&D activity creates Ny {hi; — i}
units of new varieties of intermediate goods, where N; is the social level of the variety,
which represents the externality from the stock of knowledge on the R&D activity. The p
fraction of the varieties of intermediate goods and corresponding firms die every period.

A representative household solves the following problem:

‘InCy + vIn(1 — H,
Ct,%?f((tﬂgﬂ[n t ’Yn( t)]

subject to the budget constraint
o ~ Ny N
Ci + Ky — (1 — (5>Kt + /iNt(Ht — Lt)Vm < wiHy + TtKKt + / Tadi + (1 — p)/ Vatdi,
0 0
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where (3 is the subjective discount factor, C} is consumption, H; is the total labor supply,
K, is capital stock, § is the depreciation rate of capital, and m;; is the dividend from firm
i € [0, N]. The value of the firm is determined by

At+1
Vie = max ﬁi[mtﬂ + (1 — p)Vies1],
Tet1,he41,lt41 At

st Tit4+1 = p(l‘t+1)$t+1 - wt+1ht+1 + H]\_ft+1vnt+1(ht+1 - lt+1)7
wep1her1 < op(@e1)Te+1 + (1 — p)EVaesa,

where A; is the Lagrange multiplier associated with the budget constraint for the repre-

sentative household, which is given as follows by the FOC:

1
A= —.
t c,
On the internal reserve: The firm can set aside a part of its cash flow w41 as

the internal reserve a;;41, which is invested in the physical capital. The internal reserve is
subject to a severe moral hazard by the firm employees such that they can take (1—0)a;i4+1
privately to their households as lump-sum transfers and the firm can use only fa;41 as
the reserve. We use the parameter values that make the borrowing constraint binding
along the balanced growth path (BGP), but the Lagrange multiplier associated with the
borrowing constraint p; satisfies ji; < #~1 — 1 so that the firm chooses aj+1 = 0 for all ¢
along the BGP.

The market clearing conditions are

Cy+ Kiq1 — (1 — 5)Kt =Y,

Nt
/ hitdi = Hy,
0

Nt
/ lipdi = Ly,
0

Nip1 = (1= p)Ny + kN (Hy — Ly),
Nt = N;.

4.2 Balanced growth path without debt-ridden firms

In this subsection, we characterize the BGP without debt-ridden firms. We assume that
the parameter values are set such that the borrowing constraint is binding in the BGP.!”

In the BGP, the labor and the growth rate are constant: H; = H and L; = L and
Nit1/Ny = g. We define gy by

1—n

gy =g " .

Y There are of course parameter values that make the borrowing constraint nonbinding in the BGP. We

do not consider those parameter values in this paper.
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We guess that V; = Y x Nt(l_n)/”, C, = C x Nt(l_n)/", K, = K x Nt(l_")/", wy = w X
Nt(l—n)/n7 hi = H/Ny, l; = L/Ny and V; = V x Nt(1—2n)/n' The FOCs and constraints imply
that the BGP is given by the following system of equations:

1-n
gy =9 ",
Y =K'"L®,
C+(gy —14+6K =Y,
_ ¢
YT w

Y
?7
gy :ﬁ(TK-i- 1—-9),
g=1—-p+r(H-1L),
(1—¢)aBK'—L
g—pB(1—p)(1—§) —pr(H L)’
wH = ¢aK' "L + (1 — p)&Vi,
kVy,
Tl
KV = (1 + pp)na K —>Lo1

= (1-a)

Vi =

where p is the Lagrange multiplier associated with the borrowing constraint.

Numerical example of the BGP is given in Table 3, whereas the parameter values are
given in Table 2. Note that we set 3 = 0.98 as it is an annual model.!® The growth rate
of TFP on the BGP is 2.1%), i.e., gy = gﬁ = 1.021.

4.3 Low growth equilibrium with debt-ridden firms

Now we consider the equilibrium where some firms owe a large amount of debt to the
representative household through banks, and show that the economy falls into persistently
low growth if the measure of debt-ridden firms is large. We assume that firms i € [0, Zy]
have identical debt stock d; and firms i € (Z;, V;] have no debt. Due to symmetry we
can assume without loss of generality that all firms with debt choose identical labor input
lit =l and repayment b;; = b, for ¢ € [0, Z;] and that all firms with no debt also choose
identical labor input l;; = I, for i € (Z;, Ny]. In this case the representative household

maximize her utility by solving the following problem:

maxz B nCy 4 yIn(1 — Hy))
t=0

8 Hayashi and Prescott (2002) estimate 3 = 0.976 and Sugo and Ueda (2008) use 8 = 0.98 for annual

discount rate of the Japanese economy.
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subject to
Ct + Kgrl — (1 — (5)Kto + HNt(IT_[t — I_Lt)Vm

Zt Nt
< wHy +rEKC +/ Todi +/
0 It

Zy N
roedi + /O biedi + (1 — p) /0 Viedi,
where K may be less than the total amount of capital stock because the debt-ridden
firms may hold capital stock as their internal reserves. The initial debt for the Z; debt-
ridden firms is larger than the maximum repayable debt (d, in Section 3) and the lender
imposes the debt-ridden firm to pay the repayment, b;, which is optimal for the lender,

every period. For simplicity we assume that

£=0,

so that the borrowing constraint is always wy41lp41 +bip1 < qbaYtHa Kt‘ilnlgﬂ + ﬁ/\)‘—;lﬁat

The problem for the owner of a debt-ridden firm is to maximize V¢, given b:

BAt+1 2 S
1lmax Vi = ;Jr [ Y;5+1aKt+1 lzt+1 —Wip1hzer1 — bepr + KN 1 Vit {heepr — Logyr )
zt+1 t

+ il 0 +(1-p)V,

a; — a —
Bt t t+1 2t+1 |
subject to

ag41 < @Y}H”‘Kﬁ;l lzt+1 Wit hair1 — b1 + ENpp1 Vg {haisr — L } + ﬂA -fay,

WPzl + by < ¢04Y}+1QK{i1ant+1 + me t

Laty1 < hagya.

We change the variables as follows: V,; = Vit N(l_%)/n Y, = ?N(l—n)/n C
C«tNt(l—n)/n’ K = f{tNt(l—n)/n7 by = 5 N(l_Qn)/n Lzt = CCzt/Nt, xnt = l’nt/Nt, 2t = lzt/Nt,
lnt = Znt/Nta ha = ;th/Nta hnt = nt/Nt, Wy = th sar =N, " dy = d ]\7(1 27’)/77

and z; = Zy/N;. Then, the firm’s problem can be rewritten as follows. Given bt,

~ ﬁé ~1-1 n - ~ ~ ~ ~ ~ ~
V.t =max aC : [ Y%+1°“Kt(+1 Va Uiy — Weprheepr — bepr + 6Vasp1{haeir — L}
1Cii1

gtCt+ 0a,

— Grp1 + (1= p) Vit
BCy

_l’_

)

subject to

_ - dgn, - _—_ - Crus o
agy1 < aY, @ Kt+1 lth wt+1hzt+1 —bp1 + Vg {haer1 — L1} + gtﬁéjwat,
L

~ ~ n
Wig1hzipr + b1 < ¢04Yt+1 Kt+1

gtét+1 ~
a1 T TgE0

lzt+1 < hzt+1-

As the borrowing constraint should be tight for the debt-ridden firm, it chooses to accu-

mulate the internal reserve as much as possible and the constraints imply that

agr1 = (1 ¢)0‘Y2+1QKt+1nlgt+1 + 1 Ve {aeen = Lo ).
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The lender solves the following Ramsey problem to decide the repayment, byy1:

C’ -
d.; = max ﬂ~ i1+ (1 — p)daeia],
hztylzt gtCt—l-l

subject to

—m 9tC’z+1 Sl—2 = 2y (7 7
Lopr + 0[(1 - )oY, K "I+ &Vae{hze — L], (pes1)

Wit hais1 + b1 < ¢04Yt+1aKt+1 241 T 756,

L1 < D (Vig1)
The solution is given by the following:

¢ (l=a)d | 1=
Wi = |{e+ (1 -9)1 - )‘9}@77Yt+1 Kt+1a !
M — eyl =

~ ~1-1 ~ (
hats1 = L1 = argmax paY, ° K, |

W1

Note that when w;.1 > Omf/mﬂ, the above solution is unique, and that when w1 =
9/1‘7,“5“, the value of fzzHl is indeterminate and we can set that ?lzt_l,_l = l~zt+1 without
loss of generality.

Normal firms without debt solve the following problem, which is similar to the above

one.
~ BC, S1-1 = (1-a) 2 = ~ = ~
Vot =max ——=— [aY;H Kt(—i-la)alnt-l-l Wit 1hnt+1 + 6V {Antt1 — lnt1}
9tCt11
gtétJrl ~ ~ -
+=—=—60a; — a;11 + (1 — p)V, ,
36, t t+1 ( P) nt+1
subject to
1~ (1—a) 25 gtct+1 .
s. t. wt+1hnt+1 < ¢Oé}/;+1 Kt+1 l nt+1 + 9 (16)

We denote the Lagrange multiplier associated with (16) by ppn¢41. The FOCs imply that if
Pt < 6~ — 1, then the firm chooses not to accumulate the internal reserve, ant+1 = 0,
whereas if ;41 = 071 — 1, then the firm chooses to accumulate the internal reserve,
0 < amyr < (11— qﬁ)af/t:gf(éznmtﬂ + I{Vnt+1{]~lnt+1 — l~m+1}. The amount of a1 is
indeterminate and the aggregate amount | g Y aney1di is decided by the aggregate supply

of the capital stock.

Zero growth path with z = 1: When all firms are debt-ridden, i.e., the initial
z = 1, then there is no firm that conducts R&D activity and consequently there is no

productivity growth. The economy converges to the zero growth path (ZGP) which is
1

1-n

_n —ay\ 1-
specified by L =1, = [¢+ (1 — ¢)(1 — p)0] 1, I = (”Yf”) Ty =g,
g=1-p Y =LK' CH(gy —1+ 0K =Y, w = 1<, gy = B(r¥ +1 - ), and
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r = (1 - a)%. There is no growth in productivity nor output. Given the parameter

values of Table 2, the variables of the ZGP are shown in Table 3. In the example, the
aggregate labor is H = 0.24 in the ZGP, which is smaller than H = 0.33 in the BGP.
Although the example of z = 1 is an extreme case, it demonstrates the aggregate effect
of emergence of debt-ridden firms on the economy qualitatively. Comparison of the ZGP

with the historical episodes follows:

e Productivity slowdown: As there is no agent who conducts R&D activity if z = 1,
the productivity stops growing in the ZGP in this example. This feature is consistent
with decade-long slowdown of productivity observed in the aftermath of a financial

crisis.

e Decrease in net entry: As gt = Nyy1 /Ny = 1 — p, there is no new entry of firms in
the ZGP with z = 1. This feature is consistent with observations on entry and exit

of firms in Japan in the 1990s.

e Buildup of nonperforming loans: In the ZGP of our model, all firms are debt-ridden
and their debt stays at an inefficiently high level, that makes the firms continue
inefficient production permanently. This result may explain the persistent stagnation
of the economy with overly indebted firms and/or households, such as Japan in the
1990s.

e Labor-wedge deterioration: In this example, we can calculate the labor wedge 1 — 7,
which is 0.96 in the BGP where z = 0 and 0.13 in the ZGP where z = 1.9 This
result implies that the persistent deterioration of the labor wedge observed in the
aftermath of a financial crisis can be accounted for by emergence of debt-ridden firms,
which lowers the labor wedge by tightening the borrowing constraints on working

capital loans.

Equilibrium dynamics with 0 < z < 1:  We can calculate the equilibrium dynamics
by a full nonlinear method numerically in the case where the initial zg = Zy/Ny is less
than one. Linearization is not necessary for the deterministic simulation. See Appendix
E for the details of the dynamics. Figure 5 shows the results of the numerical simulation
in which the economy is initially on the BGP where z; = 0 and an unexpected shock
hits the economy at period 10 that makes z19 = 0.38. The parameter values are given in
Table 2. The features of the equilibrium path shown in Figure 5 are similar to those of
the ZGP that we discussed above: Productivity, TFP; = Y;/(K}/ *H{), and net entry,

19 As Chari, Kehoe and McGrattan (2007) posit, the labor wedge, 1 — 7, is defined by 1 — 7, = %gii,

where MRS, = 11—6;_2 =w¢ and MPL, = % in our model. Thus the labor wedge can be calculated by
1-— Tt — Lofgt .
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gt = Ni+1/Ny, both slow down; output, labor and consumption stagnate persistently; and
the labor wedge, LW; = w;H;/(aY}), also deteriorates for extended periods. As long as
there exist normal firms, they conduct R&D activity so that N; increases, z; decreases,
and the economy eventually converges to the BGP. An interesting feature in the case
where z; (> 0) is larger is that the borrowing constraint for normal firms, (16), becomes
tighter and the aggregate level of R&D activity is lowered, leading to the slower growth
of productivity and output.

Figure 6 compares the observed total factor productivity of the numerical experiment
with the actual TFP of the last two decades in the Japanese economy. The simulated TFP
is identical to that in Figure 5. We set period 10 of the simulation at the year of 1990,
when the asset-price bubble collapsed. The figure shows that the model fits the data fairly
well. Figure 7 compares economic growth in the simulation with the actual and predicted
growth in the United States and Europe.?? Predictions of the growth rates are set at the
average growth rates during the period between 2009 and 2014. Similarly in Japan, an
unexpected shock hits the economy in 2008 that makes zo00g > 0. Parameters (k, 7, z2008)
are calibrated such that the BGP growth rates equal the average growth rates before 2008
and the BGP labor supplies equal 1/3 in the US and the EU economy, respectively:
(K, 7, #2008) = (1.35, 1.78, 0.43) for the US and (k, 7, 22008) = (1.24, 1.77, 0.6) for the
EU. Figure 7 shows that the model can capture the long-term or predicted features of the
US and EU economies. There is the short-run discrepancy in the comparison with the US
economy. This discrepancy can be attributed to a mechanism outside of this model, such

as the bank-run effect of sudden liquidity dry-up (see Kobayashi and Nakajima, 2014).

5 Conclusion

Decade-long recessions with low productivity growth are often observed after financial
crises. In particular, the “secular stagnation” hypothesis has drawn much attention of
researchers after the Great Recession (e.g., Summers 2013). We proposed a hypothesis
that the emergence of debt-ridden borrowers causes a persistent productivity slowdown.
Economic agents become overly indebted sometimes for reasons such as the boom and
bust of asset-price bubbles. Analyzing the endogenous borrowing constraint, we show that
borrowers with a large initial debt fall into the debt-ridden state, where they are subject
to tighter borrowing constraints than normal firms and continue inefficient production
persistently.

The emergence of a substantial number of debt-ridden borrowers lowers the aggre-

gate productivity through tightening the aggregate borrowing constraint. Tightening of

20The EU-15 consists of Austria, Belgium, Denmark, Finland, France, Germany, Greece, Ireland, Italy,

Luxembourg, Netherlands, Portugal, Spain, Sweden and United Kingdom.
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aggregate borrowing constraints owing to the mass emergence of debt-ridden borrowers
may manifest itself as a “financial shock” during or after a financial crisis. We show
that the growth rate of aggregate productivity is lowered persistently, if the measure of
debt-ridden firms exceeds a certain threshold level. This result has a significant policy
implication that the mass debt restructuring for overly indebted borrowers may restore
the efficiency in production and enhance economic growth when the economy falls into

persistent stagnation.
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Appendix A: Nonexistence of Case 3-borrowing constraint

In Section 3.2.2, we derive the endogenous borrowing constraint in Case 1 where dy+1 >
Vi1 and Case 2 where Vi1 — V (a1, dir1) + a1 < dip1 < EVpgs1. In this appendix we
show the nonexistence of Case 3 where dyy1 < Vi1 — Va1, dis1) + a1.

Suppose that Case 3 arises, i.e., parameters satisfy dit1 < EVpip1 — V (a1, diy1) + as.
In this case, the renegotiation surplus (i.e., dy+1 + V (a1, dir1) — a1 — EVpes1) is negative
and the bank’s participation constraint can never be satisfied by any offer that the firm
can make in the renegotiation. Thus the bank always liquidate the firm when it defaults.
The indifference condition for the bank is wii1li41 +bsy1 < ALY | 4 (1 +7¢p1)0as + (1 —
P){Vnt+1 — di+1}, while the no-default condition for the firm is not necessarily satisfied.
Thus we need to derive the no-default condition explicitly. The payoff for the firm is (1 —
¢) Al | if it defaults, and is Al | —wir1lir1 —bsp1 +(147r441)0ai 4+ (1= p){V (as11, di1) —
a1} if it does not default. The no-default condition is that the former is no greater than

the latter, and implies the following borrowing constraint:

Weirler1 + b1 < A + (1 + rep1)bar + (1 — p){V (@41, de1) — aea ). (17)

This Case 3 borrowing constraint is almost identical to that in Albuquerque and Hopen-
hayn (2004). Given that the borrowing constraint is (17), the firm’s problem in period ¢
is written as follows:

Viag,dp) = max ——{All,) —wlpyr —bpyr + (1 +r1)0a; + (1= p)[V(ap1, diy1) — ary1]}
Lipibepr L+
.t { i1 + i1 < QAL + (14 reg1)0ar + (1 — p){V (ars1, div1) — ar}s

bt+1 + (1 - p)dt+1 = (1 + T’)dt

The FOCs and the envelope condition imply that

Vd(at+1udt+1) = —1,
Via(ag, di) = —(1 4 peg1),
w=(1+ Mt+1¢)77Al;:11,

where Vy(a,d) = W and g1 (> 0) is the Lagrange multiplier associated with the

borrowing constraint. This result implies that po > 0 and u; = 0 for all ¢ > 1. Therefore,
lo <lpand l; =1, for all ¢ > 1. Thus, V(0,d_1) < V,, —d_1 and V(ay,dy) =V, + ar — dy
for all ¢t > 0. As we assume & < 1, it is obvious that d; + V(a¢,d) —ar = V,, > £V,
for ¢ > 0, which contradicts to the condition for Case 3. Therefore, for any structural
parameters, Case 3 borrowing constraint arises only for ¢t = 0 and it never arises for ¢t > 1

in our model.2!

2f we assume the limited liability constraint: wls + by < Al as Albuquerque and Hopenhayn (2004)

do, then Case 3-borrowing constraint can arise for ¢ > 1 in our model.
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Appendix B: Accumulation of the internal reserve and the

maximum repayable debt with the internal reserve

In Section 3.3.1 we consider the firm’s problem with the binding borrowing under time-

invariant prices. The problem is

V(at, dt) =
1
T Al — Wl = b + (L4 r)fay — (1= places + (1= p)V (arr1, dest)],
at+1 > 0, (Gi+1)
s. 6 ¢ a1 Al —wlipy = by + (1 +7)0ar, (Vi)
wli1 + i1 < QAL + (1 +7)0ay, (1e41)

The FOC with respect to a;11 and the envelope condition with respect to a; imply that

aty1 = 0, if i1 < 01 — 1,
arr1 € [0, Al — wlipy = bepr + (14 7)0a),  if g =071 =1,
apy1 = Al —wliy1 — by + (14 1)0ay, if g > 071 —1.

Given that pg11 > 0 and 1 > 0, the value of a4 is written as a4 = (1 — (b)AlfH.

The borrowing constraint is reduced to
w1 + by < QAL + (14 7)(1 — ¢)0 ALY (18)

The maximum repayable debt d,; is given as the solution to the following Ramsey problem
for the bank:

d.; = max [bit1 + (1 — p)day1],

L1 1 +7r
subject to (18). The solution is

=1 ={[6+(1— &)1 - p)blnA/wy ™, for all ¢ >0,
bo = GAIT — wi,,
by = [+ (1+7)(1 — ¢)0]AlT — wi,.

The maximum debt is d;, = d, 1 = l%rr[bo + (1 = p)d], where d, = lJer by + (1 — p)d=].
Thus,
1

de = {0+ (L= )1 - 9FJAL — ). (19)

Appendix C: Proof of Lemma 1

We denote the production function by y; = f(I;). Suppose that firm owes d = % initially.
We focus on the case where
d > &V,.
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Define Iy and p by b= [¢ + (1 — ¢)(1 — p)0]f(lg) — wlg and (1 4+ p)wlg = [1 + ¢p + (1 —
¢)0pL(p — (07" —1))nAL.

The case where the initial debt is small such that < 0-! —1

In this subsection, we prove Lemma 1 in the case where the initial debt is not large so
that u < =1 — 1. If the firm chooses to pay b every period, then the Lagrange multiplier
associated with the borrowing constraint y is small (u < #~ — 1) so that the firm chooses
not to accumulate the internal reserve, as shown in Appendix B. In this case the value of
the firm becomes

1 1

m[f(ld) —wlg = b+ (1 - p)Va] = m(l — ¢)f(la)s

00 =
Suppose that the firm chooses to pay b+ ¢, where ¢ is a very small positive number, every
period for 0 <t < T — 1, and to repay all debt in 7. We denote the firm’s value in this

case by V. The values of T' and ¢ must satisfy the following relationship:

b 1—(17’))T 1 (1-p\"
= ) (hte)+—— (—L) b,
r+p r—+p 147 \1+7r

where D = ¢ f(lg) — wlq + (1 — p)X and Iy is given by b+ = ¢ f(l3) — wlg, where

{ dy, for £ < =1,
X: n 1
Vi for < E< [P+ (1-9)(1 - p)o .

We can show

<1+r>T“:1+b—(r+p)X

1—0p 5
Then
T
1= (1) .
V= o
O\ T+l
(152) 10-0f+ (- - x)
L (1) ) e
- gffgu oo+ (152) -,

The condition for the firm to optimally choose the finite path is that there exists Iy (> I,,)
such that Vo < V}, which is rewritten as

O\ TH1 ) NTHL
(1-6)10) < (1 -(152) > (-afn+ (152) @+ v - ).

We define z by Iy = (1 + x)lg. The Taylor expansion of b+ ¢ = qbf([d) implies that

g
Iy = ——

of'(la)
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The Taylor expansion implies that (1 — ¢)f(ly) = (1 — ¢)f(la) + (1 — @) f'(lq)lqx. Then
the above condition (Vo < V}) can be approximated by

(1=9)f(la) <

1—p

T41
<1+r> —1] (1 =) f (la)lgz + (r + p) (Vo — X)

T+1
Using (14 =14 20X and lgr = ==, this condition can be rewritten as
& 1= e 67 ()

(1= @Jwlg < (r+ p)(dVn — X).

e When £ < %, it is the case that X = d,, and we can show that the left-hand side
equals the right-hand side for I; = [,,. So for Iy < I, it is the case that Vo < V}.

Therefore the firm chooses a finite 7.

e When %_Z <E<p+(1—9)(1— p)@]ﬁ, it is the case that X = &V,,. It is easily
shown that the above condition is violated for {5 = [,,. The above condition can be

rewritten as follows for l; = [,:

6+ (1—)(1— p)8]™in < (6 —&)(1—n).

This condition is violated for all £ € [2=2, ¢+ (1 — ¢)(1 — p)0] 7], if the following

3

condition is satisfied.

6+ (1= )1 — p)O] ™7 > (1— ¢). (20)

If condition (20) is satisfied, then Voo > Vy for all (Ig, ) that satisfy p < 671 — 1

and the firm chooses T' = oo.

The case where the initial debt is large so that p > 671 — 1

We focus on the case where the initial debt is very large so that x> 6~ — 1. In this case
the firm chooses to accumulate the internal reserve as much as possible: a; = (1 — ) f(l;).
Given the initial debt d, we redefine I4 by

¢+ (1= )1 = )l (1) ~ wla
r+p

d =

If the firm chooses to hold the debt permanently, the repayments are

bo = ¢f(la) — wla,
b =of(lg) —wlg+ (14 7r)(1—¢)0f(lg), forallt>1.

The value of the firm is given by



Suppose that the firm chooses to repay the debt in finite periods, and changes [; to
Il = (1 + z)l4, where x < 0, for 0 <t < T. The repayment becomes

bo = ¢ (la) — wl,
b= o f(Ia) — wig + (1 +7)(1 — )0f(ly), forl<t<T -1,
D =by+ (1 - p)dr = ¢f(la) — wly + (L +7)(1 = ¢)8f(lg) + (1 — p)X.

- 1 1-p) 1-p\ 1715 1-p\ T .
The debt d is expressed asd:m[bo—k(1+£>b+~~-+(1+f) b+(1+7’f> D). This

can be rewritten as
1 - .
- 1— 1— _
d " +p{[¢+( ®)(1 — p)0]f(la) —wlg}
l=r—p(1-p
T+ p 147

T . . -7
)t 40— ol —uly + (152) - px

The Taylor expansion implies

1o+ (1= 0)(1 = A 0a) = wli} = d+ ——{[9+ (1= O)(1 = ) (1) ~ 0}l

Therefore, it is approximated that

(1—p>T: roilo+ (1= 9)(1 = p)0]f (la) — wilaz
L+r S {lo+ (1411 = )bl f(la) —wla} — (1= p) X
The firm’s value when it repays debt in finite periods, V¥, is given by
1 ~ 1—p ~
Vi=1> [(1 —®)pf(la) + <1+T) (1=9)pf(la) + -

T-1 T
+ Cli) (1= ¢)pf(la) + (;ﬁ) [(1=¢)fla) + (1= p) (Ve — X)]] '

This is rewritten as

) L= p\TH )
ViVt (152) |- 0+ vi-x|.

where Vo = % f(Ig). The Taylor expansion implies that
7 20 (PRI -l Gkl it o B 75— 0)f(la) + Vi — X]
SRR ‘ T2 {0+ (L) (1= )0l (la) — wla} = (1= )X

We focus on the case where the initial debt is large so that [; is very close to [, =

arg maxy,[¢ + (1 — ¢)(1 — p)0] f(lg) — wlg. As [¢+ (1 —¢)(1 —p)0]f'(1.) —w =0, we can

Zf;(l — @) f'(lg) < Vo as x < 0, when [y is sufficiently close to

l.. So there exists g such that Vy < Vi if lq € [I2, l4]. Define d = [¢+(1_¢)(1;f;0}f(l_d)_wl_d.

Then we can say that the firm chooses T = oo if the initial debt d_; satisfies d_1 € [J, d].

approximate Vi = Vi +
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Appendix D: The borrowing constraint when ¢ > [¢ + (1 —
_1

¢)(1 — p)f]™

We can prove the following lemma.

Lemma 2. In the case where £ > [p+(1—¢)(1 —p)e]l%n, the borrowing constraint cannot
be wly + by < QALY + (1 + 7)0ai—1 for any t.

Proof. The fact that £ > [¢ + (1 — ¢)(1 — p)ﬁ}ﬁ implies d, < {V;,. Therefore, “the BC
is wly + by < PAIY + (1 + r)fa,—; for all ¢’ cannot hold. Suppose that there exists T > 0
such that the borrowing constraint is wl; + by < Al + (1 +r)fa;—1 for 0 < ¢ < T, and is
wly + by < A + (1 — p)(EV,, — di) + (1 +17)0az—y for t > T + 1. Then it should be the
case that d_1 > &V, > d..

Define b,; as the repayment path corresponding to d.. Because b.; is the maximum
repayable amount, b; is (weakly) smaller than b,; for 0 < ¢t < T. Therefore, it should
be the case that d;—1 < d; for 0 < t < T. Specifically, dr > d_1 > &V,. As the
borrowing constraint is wl; + by < @Al + (1 + r)fas—1, given d;—1 = d_1, it must be also
wly + by < Al + (1 + r)fa—1, given di—1 = dp. It is a contradiction. Therefore, 7' must
be —1. O

This lemma implies that the borrowing constraint is wi; + by < A + (1 — p)(EV,, —
d¢) + (1 4 r)fas—; for all t (> 0) in the case where £ > [¢ + (1 — ¢)(1 — p)@]ﬁ.

Appendix E: Transition dynamics with Z > 0

In this appendix we describe the transition dynamics in the case where measure Z of
debt-ridden firms are generated at time —1, whereas N_; — Z firms have no debt. Z is
large and (16) is binding. The economy eventually converges to the BGP.

We use the normalized variables defined in the text: V,; = f/tht(kQ")/ " Ve =
f/mNt(l—%)/n’ Y, = fﬁNt(l_n)/n, C, = C’tNt(l_")/", K, = f(tNt(l_")/", b, = EtNt(l_Q")/",
Tt = Tot/Niy Tt = Tt/ Niy L = [zt/Nta lnt = ant/Nm ha = th/Nta hpt = }Nlnt/Nta
TFP, = TEP,N"7" and 2, = Z,/N,.

We assume that all agents have the perfect foresight on the paths of the one-time shock
with certainty. In this setting, we can apply a deterministic simulation with occasionally
binding borrowing constraint (16) using Dynare (see Adjemian, Bastani, Karamé, Juillard,
Maih, Mihoubi, Perendia, Pfeifer, Ratto and Villemot, 2011). This approach can solve
a full nonlinear system of simultaneous equations even when constraints are occasionally
binding using a modified Newton-Raphson algorithm. The details of the algorithm can be
found in Juillard (1996). This algorithm solves n x T' simultaneous equations, where n is

the number of endogenous variables and T is the number of simulation periods. We set
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the number of periods of simulation 300, i.e., T'= 300 and our model has 17 endogenous
variables, i.e., n = 17.

We denote the Lagrange multiplier associated with (16) by p,¢. Endogenous 17 vari-
ables {r, wy, f/nt, l;t, l~m, fft, C’t, f(t, 2¢, Hy, Ly, LW, gt, gyt TFPt, ant, nt } are calculated from

the following 17 equations.

~ - {¢+ (1 - ¢)(1 _p)e}anﬁlfg ~t(17a)g =

Loy =5 = O
t

I

Yi = {2l + (1 - 2)70 ) K}~
Ly = Ztizt +(1- Zt)intv

1—n

C, +g" K1 — (1- 5)Kt =Y,

0 — WCN't
t ].*Ht’
Y,
re = (1 —a)=,
= ( )Kt
C
1 éf [re+1+1—4],
9" Cina

gt:].—p‘l‘li(Ht—Lt),

(1—=p)zt = grz+1,

t — =
" G t+1
"ff/nt
Unt = ——=— — 17
Wt
. . - S1-1 ~(1-a)2 ~
if it =607 — 1, then wihy > ¢aY, K, “Zo+ (1= p)EVne,
~ ~1_1 ~(1—a)1 ~
if e < 0L — 1, then wihn = ¢a¥, K07 4 (1 p)eVns,

~ ~1-1 ~ (1—a)Z _,_
KVnt = (1 + Qpne)naY; t( a)aIZt 1’
Hy=(1- Zt)ilnt + Ztiztv

oy _g%f[tﬂ
t — ~ )
Ly,
. Y,
TFP; = =,
K} ~“H~
b H.
LWy = 287t
oYy
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HP KI  JIP2014

1971-1980 0.83 2.04
1981-1990 1.93 2.06 2.02
1991-2000 0.36 0.35 0.03
2001-2005 0.71 1.39
2006-2011 -0.28

Note: HP, KI, JIP2014 are from updated versions of Hayashi and Prescott (2002), Kobayashi and Inaba
(2006), and Fukao and Miyagawa (2008), respectively. JIP2014

Table 1: TFP growth rate in Japan

Parameter Economic interpretation value
! the share of labor in production 2/3
1] the subjective discount factor 0.98
¥ the inverse of the elasticity of labor supply  1.78
0 the depreciation rate of capital 0.1
n the parameter for the aggregation function  0.67
K the efficiency of R&D 1.44
¢ the collateral ratio 0.95
0 the exit rate 0.1
0 the efficiency of internal reserve 0.55

Table 2: Parameter settings
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z -5 w H L LW TFP C K Y gy g
BGP 0 0.042 068 033 023 096 079 026 084 036 1.021 1.044
ZGP 1 -0.031 2.09 024 0.24 013 4.84 434 2762 570 0.949 0.900

Note: BGP=Balanced growth path, ZGP=Zero growth path. Variables in BGP are detrended.

Table 3: Balanced growth path and zero growth path
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Source: Cabinet Office, Government of Japan, “Annual Report on National Accounts”

Figure 1: Real and potential GDP in Japan
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Figure 2: Land value and stock prices in Japan
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Note: Japan’s figures after 2001 are based on 1993-basis industry classification.
Sources: (Japan) Ministry of Internal Affairs and Communications, “Establishment and Enterprise Cen-

sus”; (US) Bureau of Labor Statistics, “Business Employment Dynamics.”

Figure 3: Entry and exit of private sector establishments: US and Japan
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Note: The non-performing loans are the Risk Management Loans (RMLs) defined in the Banking Act in
Japan. These consist of loans to bankrupt borrowers, delayed loans, three-month overdue loans, and loans
with modified terms and conditions. RMLs do not include securitized loans.

Sources: Financial Services Agency,Status of Non-Performing Loans; Cabinet Office, Government of

Japan,Annual Report on National Accounts.

Figure 4: Development of non-performing loans
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Figure 5: Responses to a financial shock
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Sources: Our calculation; The Research Institute of Economy, Trade and Industry, JIP 201 database.

Figure 6: Japan’s TFP: comparison between data and simulation
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Note: Prediction is the linear projection of the average growth rate between 2009 and 2014.

Sources: Our calculation; U.S. Bureau of Economic Analysis, NIPA Tables; Eurostat

Figure 7: US and EU15 GDP: comparison between data and simulation
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