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Bayesian approach
-

A bridge between calibration and maximum likelihood.

Uncertainty and a priori knowledge about the model
and its parameters are described by prior probabillities.

Confrontation to the data, through the likelihood
function, leads to a revision of these probabillities (—
posterior probabilities).

Testing and model comparison is done by comparing
posterior probabilities (over models).

-
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Prior density

=

The prior density describes a priori beliefs, before
observing the data:

p(04]A)

A stands for a specific model.
0 4 represents the parameters of model A.

p(e) — normal, gamma, shifted gamma, inverse
gamma, beta, generalized beta, uniform. ..

-
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Likelihood function
L o

# The likelihood describes the density of the observed
data, given the model and its parameters:

LO4YT, A) =p(Y7|04,A)

#® Y are the observations until period 7.

® In our case, the likelihood is recursive:

T

p(Y7|6.4,A) = p(yol0.4, A) | [ p(wilYi-1,04, A)
t=1

o -
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Bayes theorem

- .

# We have a prior density p(@) and the likelihood p(Y|0).

# We are interested in p(6|Y ), the posterior density.
Using the Bayes theorem twice we obtain the density of
the parameters knowing the data:

We have:
plofyr) = "0
and also
p(Y1(6) = p(f?;;‘f) & p(0: Y1) = p(Y1]8) x p(6)

o -
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Posterior kernel and density

- .

# By substitution, we get the posterior density:

p(Yr|604, A)p(0.4|A)

p(H.A‘YTaA) — p(YT’A)

#® Where p(Yr|A) is the marginal density of the data
conditional on the model:

p(Y1]A) = /@ p(0.4: Y A)d6 4
A

# The posterior kernel (un-normalized posterior density):

PO Y7, A) < p(Y7|04, A)p(O4|A) = K(O4|YT,A)

o -
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A simple example (I)

-

» Data Generating Process
Yy =p+e, Witht =1, T

where ¢; ~ N (0, 1) is a gaussian white noise.
# The likelihood is given by

p(Yr|p) = (2m) 7 e 2 Zema (e )’

1 T
'UML’T:?;‘%E@

- B
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A simple example (I1)

- .

# Note that the variance of this estimator is a simple
function of the sample size

1

Vigamrr) = 7

# Let our prior be a gaussian distribution with expectation
po and variance o,

# The posterior density is defined, up to a constant, by:

_l(.u—,uo)2
p (1Y) o (27“7#26)_%6 *oh X (27'()_%6_%23;1(%—#)2

o -
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A simple example (lI)

-

# ... Or equivalently

(u—E[u])?

p (U Yr) o e T

— the posterior distribution is gaussian, with:

1
V[:u] — 1
(7)  +ou”

and
(%)_1 IMLT + 0;2%

_1 .
(%) + UMQ

Elp] =



A simple example (The bridge, V)
- o

(%)_1 LT+ UQQMO
(4) " + oy’

# The posterior mean is a convex combination of the prior
mean and the ML estimate.

Elu] =

o |f afL — oo (no prior information) then E|u| — sz 7.
® If o7 — 0 (calibration) then E[u] — 1.

# Not so simple if the model is non linear in the estimated
parameters... In general we have to follow a simulation
based approach to get the posterior distributions and
moments.

o -
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Model comparison (I)

- .

#® Suppose we have two models A and B (with two
associated vectors of deep parameters 6 4 and 05)
estimated using the same sample Y.

#® For each model 7 = A, B we can evaluate, at least
theoretically, the marginal density of the data
conditional on the model:

p(YT‘I) = /@ p(HI’I) X p(YTwI,I)dHI

by integrating out the deep parameters 67 from the
posterior kernel.

® p(Yr|Z) measures the fit of model 7.

o -
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model A
model B

p(Yr|A)

p(Yr|B)

" .
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Model comparison (I

=

Suppose we have a prior distribution over models: p(.A)
and p(B).

Again, using the Bayes theorem we can compute the
posterior distribution over models:

B p(Z)p(Yr|T)
p(Z|Y7) = > 745 P(X)p(Y7|T)

This formula may easily be generalized to a collection of
N models.

Posterior odds ratio:
p(AYT) p(A)p(Yr|A)

p(BIYT)  p(B) p(Yr|B) J
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In practice ...

=

We may be interested In:

s Estimating some posterior moments.

s Estimating the posterior marginal density to compare
models.

We can do it by hand for linear models (for instance
VAR models) by carefully choosing the priors. ..

... But it's impossible for DSGE models.

We use a simulation based approach.

-
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Metropolis algorithm (1)
-

1. Choose a starting point 8° & run a loop over 2-3-4.

2. Draw a proposal 8* from a jumping distribution
J(O* |07 = N0 X))
3. Compute the acceptance ratio

L pOYr) _ K(07|Yr)
p(0 ' Yr) K6 Yr)

4. Finally

6*  with probability min(r, 1)
0" = t—1 - J
0 otherwise.
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posterior kernel

-
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posterior kernel

80 91 — 9*
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posterior kernel

07

: -
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°

Metropolis algorithm (1)
-

How should we choose the scale factor ¢ (variance of
the jumping distribution) ?

The acceptance ratio should be strictly positive and not
too important.

How many draws ?
Convergence has to be assessed...

Parallel Markov chains — Pooled moments have to be
close to Within moments.

-
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Approximation of the marginal density

- .

# By definition we have:

p(Yr|A) = /@ p(6.4Y 7, A)p(6.4]4)d6.4

# By assuming that the posterior density is gaussian
(Laplace approximation) we have the following
estimator:

P(Y1|A) = (2m)2[Sgn | 2p(074[ Y1, A)p(67] A)

where 8’} is the posterior mode.

o -
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Harmonic mean (1)

f.o Note that T

f(6.4) _ f(04)p(0A|YT,A)
& [pr\A)p(YTwA, Yy ‘9““’ “4] = [, T Ao

where f Is a density function.
# The right member of the equality, using the definition of
the posterior density, may be rewritten as

/ f(0.4) (04| A)p(YT|04,A) 10
o4 P(OAlAP(YT|04,A) [g, P(OAA)DP(Y 1|04, A)d6 4

# Finally, we have

f(04) B Jo , f(6)d6
L E [p(9A|A)p(YT|9A,A) ‘OA,A] = Jo , P(041A)p(Y116.4,.A)d6 4 J
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Harmonic mean (ll)

-

® So that T

f(0.4)
p(0.4lA)p(YT|04, A

—1

p(Yr|A) =E

)‘HA,A

# This suggests the following estimator of the marginal
density

(YrlA) 1233 FO)
(Y| A) =
e 00 (Y760, A)

# Each drawn vector HS{) comes from the
Metropolis-Hastings monte-carlo.

o -
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Harmonic mean (Il

- .

# The preceding proof holds if we replace f(6) by 1
%+ Simple Harmonic Mean estimator. But this estimator
may also have a huge variance.

# The density f(6#) may be interpreted as a weighting
function, we want to give less importance to extremal
values of 4.

#® Geweke (1999) suggests to use a truncated gaussian
function (modified harmonic mean estimator).

o -
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DSGE model (1)

- .

# Any DSGE model may be represented as follows

Et [f@(?ﬁ—kl; Yty Yt—1, Gt)] =0

o with:
> Et [Et_|_1] =0

s I [€t+1€;+1} = 2

® where:
s y Is the vector of endogenous variables,
» ¢ Is the vector of exogenous stochastic shocks,
s 0 1s the vector of deep parameters.

o -
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DSGE model (Il, solution)

- .

# We linearize the model around a deterministic steady
state y(0) (such that fy (,7,y,0) = 0).

# Solving the linearized version of this model (with dynare
for instance), we get a state space reduced form
representation:

y, = My(0) + My
Uy = gy(e)?jt—l ‘|‘gu(9)€t
K [eteﬂ —

]

€

# The reduced form is non linear in the deep
parameters...

-
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DSGE model (lll, Kalman filter)

- .

# ... Butlinear in the endogenous and exogenous
variables. So that the likelihood may be evaluated with
a linear prediction error algorithm.

o Kalman Filter recursion, fort=1,.... T
ve = Y —y(0) — Mg,
FF = MPM +V
Ky = g,0)PM'E?
U1 = gy(0)9 + Koy
Pir1 = gy(0)Pe(gy(0) — K M) + gu(0)Xegu(0)

with initial conditions y; and P;.

o -
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DSGE model (1V, likelihood & posterior)

-

9
9

-

We have to estimate 6, >, and V
The log-likelihood is defined by :

Tk
log L(O|]YT) = — log 2T — — Zlog |Fy| — ngFt_lvt
23

where the vector 6 contains the k£ parameters to be
estimated (0, vech (X¢) and vech (V)).

The log posterior kernel is then defined by :

log K(6]Y3) = log L(6]Y?) + log p(6)

-
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Rabanal & Rubio-Ramirez 2001 (1)

- .

# New keynesian models.

# Common equations :
o Y =K1 — o(re — EtApiv1 + Eigeyr1 — gt)
e = ap + (1 — 0)ny
mcy = Wy — Pt + Ny — Yt
mrs; = Ty 4+ yne — gy
Tt = PrTt—1 + (1 — pr) [%TApt + /Yyyt] + 2t
Wy — pt = Wi—1 — pr—1 + Awy — Apy
at, gr ~ AR(1), z;, \; are gaussian white noises.

e o o o o @

o -

Slides.tex — ESTIMATION of a DSGE MODEL — STEPHANE ADJEMIAN —16/10/2005 — 21:37 — p. 28/:



Rabanal & Rubio-Ramirez 2001 (ll)

- .

# Baseline sticky prices model (BSP) :
o Ap; = PBE |Apiy1 + kp(mes + At))
& Wt — Pt = MTSy
# Sticky prices & Price indexation (INDP) :
o Apy = WApi—1 +7E [Apir1 + Ky (meg + M) |
® Wi — Py = MTSy
# Sticky prices & wages (EHL) :
o Ap; = BE; [Apig1 + kp(mer + At)]
o Awy = OE; [Awis1] + Ky mrsy — (wy — py)]
# Sticky prices & wages + Wage indexation (INDW) :

o Awi — alApi_1 =
L BE; [Aws1] — aBAp + Ky [mrsy — (wy — py)] J
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DYNARE ()

var agnc ms npier rwwnf vy; _T
varexo e_a e g e | ame_ns,;
paraneters invsig delta ....
nodel (11 near);
y=y(+1)-(1/invsig)~(r-pie(+l)+g(+1)-9);
y=a+( 1l-del ta)=*n;

NC=r W+n-y;

end:;

-

Slides.tex — ESTIMATION of a DSGE MODEL — STEPHANE ADJEMIAN —16/10/2005 — 21:37 — p. 30/«



DYNARE (Il)

est i mat ed_par ans;
stderr e _a, uniformpdf,,, 0, 1;
stderr e |lam wuniformpdf,,, 0,1,

rhb:ﬁﬁiforandf,,,O,l;
ganpi e, nornmal pdf, 1.5, O0.25;

end;
varobs pier y rw

estimati on(datafi |l e=dat araba, first obs=10,
....,hMh_jscal e=0.5);

o -
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Posterior mode
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Posterior distributions (I)
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Posterior distributions (1)
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Posterior distributions (l11)
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