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1. A SMALL TWO COUNTRY, TWO SECTOR DSGE MODEL

1.1. Aggregate investment and consumption

There are two tradable intermediate goods (n = A,B) that are produced in two countries (i = 1, 2) which can be used for
consumption and investment

Iit = [γ
1
θ (JiA,t)

1− 1
θ + (1− γ)

1
θ (JiB,t)

1− 1
θ ]

θ
1−θ(1a)

P i =
[
γ(P iA)1−θ + (1− γ)(P iB)1−θ

] 1
1−θ

(1b)

Cit = [γ
1
θ (CiA,t)

1− 1
θ + (1− γ)

1
θ (CiB,t)

1− 1
θ ]

θ
1−θ(1c)

The elasticity of substitution between good A and good B is θ, the elasticity of substitution between Home and Foreign produced
goods is η.

The demand equations are:

CiA = (γ)

[
P iA
P i

]−θ
Ci(2a)

CiB = (1− γ)

[
P iB
P i

]−θ
Ci(2b)

JiA = (γ)

[
P iA
P i

]−θ
Ii(3a)

JiB = (1− γ)

[
P iB
P

]−θ
Ii(3b)

1.2. Maximization problem

There are two countries i = 1, 2 that produce two tradable goods, A and B. The consumer of country 1 maximizes:

L = Et

∞∑
j=0

βj

[
C1−φ
t+j

1− φ

]
+ βjλt+j [PA,t+jwA,t+jLA,t+j + PB,t+jwB,t+jLB,t+j + PA,t+jrA,t+jKA,t+j + PB,t+jrB,t+jKB,t+j

− Pt+jCt+j − PA,t+jIA,t+j − PB,t+jIB,t+j
− et+j

∑
s(t+j+1)

ξs(t+j+1)Bs(t+j+1) + et+jBt+j

+ βjqA,t+j [(1− δ)KA,t+j + IA,t+j ]

+ βjqB,t+j [(1− δ)KB,t+j + IB,t+j ]

(4)

where e denotes the nominal exchange rate.

The firm that produces A maximizes:

ΠiA = (Ki
A,t)

αA (AitL
i
A,t)

1−αA︸ ︷︷ ︸
Y i
A

−riA,tK
i
A,t − w

i
A,tL

i
A,t(5)

The firm that produces B maximizes:

ΠiB = K
αB
B,t(A

i
tL
i
B,t)

1−αB︸ ︷︷ ︸
Y i
B

−riB,tKB,t − w
i
B,tL

i
B,t(6)

Technology follows an autoregressive process:

ln(Ai) = ρln(Ait−1) + εit(7)

where ρ < 1 and ε, ε∗ are white noise.

1.3. First order conditions

The first order conditions in country 1 are:
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∂L
∂Ct+j

= 0 ⇔
C−φt+j

Pt+j
= λt+j(8a)

∂L
∂IA,t+j

= 0 ⇔ qA,t+j = λt+jPA,t+j(8b)

∂L
∂IB,t+j

= 0 ⇔ qB,t+j = λt+jPB,t+j(8c)

∂L
∂KA,t+j+1

= 0 ⇔ βλt+j+1PA,t+j+1rA,t+j+1 = 0(8d)

∂L
∂KB,t+j+1

= 0 ⇔ βλt+j+1PB,t+j+1rB,t+j+1 = 0(8e)

∂L
∂Bs(t+j+1)

= 0 ⇔ λs(t+j)es(t+j)ξs(t+j+1) = βProb[s(t+ j + 1)]λs(t+j+1)es(t+j+1)(8f)

the first order conditions in country 2 (here denoted by ∗ to avoid (further) confusion) are:

∂L∗

∂C∗t+j
= 0 ⇔

(C∗t+j)
−φ

P∗t+j
= λ
∗
t+j(9a)

∂L∗

∂I∗A,t+j
= 0 ⇔ q

∗
A,t+j = λ

∗
t+jP

∗
A,t+j(9b)

∂L∗

∂I∗B,t+j
= 0 ⇔ q

∗
B,t+j = λ

∗
t+jP

∗
B,t+j(9c)

∂L∗

∂K∗A,t+j+1

= 0 ⇔ βλ
∗
t+j+1P

∗
A,t+jr

∗
A,t+j+1 = 0(9d)

∂L∗

∂K∗B,t+j+1

= 0 ⇔ βλ
∗
t+j+1P

∗
B,t+jr

∗
B,t+j+1 = 0(9e)

∂L∗

∂Bs(t+j+1)

= 0 ⇔ λ
∗
s(t+j)ξs(t+j+1) = βProb[s(t+ j + 1)]λ

∗
s(t+j+1)(9f)

The first order conditions of the firms are:

∂ΠA,t+j

∂KA,t+j
= 0⇔ rA,t+j = αA

YA,t+j

KA,t+j
(10a)

∂ΠA,t+j

∂LA,t+j
= 0⇔ wA,t+j = (1− αA)

YA,t+j

LA,t+j
(10b)

∂ΠB,t+j

∂KB,t+j
= 0⇔ rB,t+j = αB

YB,t+j

KB,t+j
(10c)

∂ΠB,t+j

∂LB,t+j
= 0⇔ wB,t+j = (1− αB)

YB,t+j

LB,t+j
(10d)

∂Π∗A,t+j

∂K∗A,t+j
= 0⇔ r∗A,t+j = αA

Y ∗A,t+j

K∗A,t+j
(10e)

∂Π∗A,t+j

∂L∗A,t+j
= 0⇔ w∗A,t+j = (1− αA)

Y ∗A,t+j

L∗A,t+j
(10f)

∂Π∗B,t+j

∂K∗B,t+j
= 0⇔ r∗B,t+j = αB

Y ∗B,t+j

K∗B,t+j
(10g)

∂Π∗B,t+j

∂L∗B,t+j
= 0⇔ w∗B,t+j = (1− αB)

Y ∗B,t+j

L∗B,t+j
(10h)

1.4. Complete Markets condition

Combining the 2 bond and 2 consumption equations from both countries we obtain (j=0):

(11)
λ∗
s(t+1)

λ∗
s(t)

=
λs(t+1)

λs(t)

es(t+1)

es(t)
⇔

C
−φ
t+1

C
−φ
t

(C∗t+1)
−φ

(C∗t )
−φ

=
et
P∗t
Pt

et+1
P∗t+1

Pt+1

⇔

U′t+1

U′t
U′∗t+1

U′∗t

=

etP
∗
t

Pt
et+1P

∗
t+1

Pt+1

Because the two countries are ex-ante symmetrical, the price levels equalize between countries because of PPP, the above
equation reduces to:

(12) λ = λ∗
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1.5. Market clearing and resource constraints

Aggregate output:

Y = PAYA + PBYB(13a)

Y ∗ = P ∗AY
∗
A + P ∗BY

∗
B(13b)

Resource contraints:

YA + Y ∗A = CA + C∗A + JA + J∗A(14a)

YB + Y ∗B = CB + C∗B + JB + J∗B(14b)

Aggregate investment:

I = IA + IB(15a)

I∗ = I∗A + I∗B(15b)

1.6. Steady State values

The law of motion of capital implies: Kn,t+1 = (1 − δ)Kn,t + In,t ⇔ Kss
n = (1 − δ)Kss

n + Issn ⇔ Kss
n =

Issn
δ
⇔ δ =

Issn
Kssn

⇔
Issn = δKss

n . Therefore, the consumer first order conditions reduce to

qssn = λssP ssn(16a)

P ssn βλssrssn + βP ssn λss(1− δ)− P ssn λss = 0(16b)

Combining these conditions with the first order conditions from the firm problem and assuming that Ass = 1 it follows that in
steady state

rssn =
1

β
− 1 + δ = αn

[
Kss
n

AssLssn

]αn−1

⇔
Kss
n

Lssn
=

[
rssn
αn

] 1
αn−1

(17a)

PAwA = PBwB = Pn(1− αn)

[
Kss
n

Lssn

]αn
(17b)

From the two preceding equations and assuming that P ssA = 1 it follows that

P ssB =
(1− αA)

[
rss

αA

] αA
αA−1

(1− αB)
[
rss

αB

] αB
αB−1

(18a)

P ss =
[
γ11−θ + (1− γ)(P ssB )1−θ

] 1
1−θ

(18b)

Assume that labor supply equals one (LA = LB = L∗A = L∗B = 1). Using this equation we can back out the wages:

wssA = (1− αA)

[
rss

αA

] αA
αA−1

(19a)

wssB =
wssA
P ssB

= (1− αB)

[
rss

αB

] αB
αB−1

(19b)

From the preceding equation we can back out the steady state consumption demands

Css = Yss − Iss(20a)

CssA = γ

[
P ssA
P ss

]−θ
Css(20b)

CssB = (1− γ)

[
P ssB
P ss

]−θ
Css(20c)

If the two countries are symmetric, P = P ∗ and therefore e = e∗ = 1.

Kss
n =

[
rssn
αn

] 1
αn−1

AssLssn =
Issn
δ

(21a)

Issn = δ

[
rssn
αn

] 1
αn−1

AssLssn(21b)

Y ssn =

[
rssn
αn

] αn
αn−1

AssLssn(21c)
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To backing out the sectoral labor supplies is more difficult. Aggregate domestic output is given by Y = PAYA+PBYB . Because
supply equals demand in equilibrium, YB = CBH + JBH +C∗BF + J∗BF and YA = CAH + JAH +C∗AF + J∗AF . We can substitute
our demand equations (6) and (7) into the market clearing conditions (49) and (50) to obtain

YA = γ

[
PA

P

]−θ
[ωC + ωI + (1− ω)I∗ + (1− ω)C∗]⇔ YAPA = γP θP 1−θ

A [...](22a)

YB = (1− γ)

[
PB

P

]−θ
[ωC + ωI + (1− ω)I∗ + (1− ω)C∗]⇔ YBPB = (1− γ)P θP 1−θ

B [...](22b)

Y = γP θP 1−θ
A [...] + (1− γ)P θP 1−θ

B [...] = [γP 1−θ
A + (1− γ)P 1−θ

B ]P θ[...] = P 1−θP θ[...](22c)


