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1. GAMMA FUNCTION

The Gamma function is defined by the following equation:

(1) T(n) = /O T lemndy

for any z > 0. One can easily prove that the following identities
hold: I'(1) =1, T (3) = ymand I'(n) = (n — 1)['(n — 1).

2. GAMMA DISTRIBUTIONS

A positive real random variable has a gamma distribution with
parameters o > 0 (shape) and 3 > 0 (scale) iff its density is given by
the following equation:

2) (@) = Cla, B)~) x a0l

where C(a, ) = I'(«)5* is the constant of integration. We will de-
note X ~ G(a, ). In DYNARE this distribution may be specified
as a prior in the est imated_params block (GAMMA_PDF). The user
has to specify the expectation and standard deviation of the distri-
bution... And DYNARE computes a and 3 from these moments by
inverting the following formulas:
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which can be done by hand in this case (o« = g—z and § = %). In
choosing the moments of the prior gamma distribution it may be
useful to know that the mode of this distribution is (o« — 1) for any

. . 2_ 2
a > 1, or, in terms of the first and second order moments, ©“—<




2.1. Gamma type 2 & 1 distributions. Let X > 0 be a real random
variable with a gamma distribution parametrized by a shape 7 > 0
and scale 2 > 0. We will denote X ~ G5(v,s) = G (%,2) and say
that X has a gamma-2 distribution. Let Y = v/ X, we say that Y has
a gamma-1 distribution and denote Y ~ G;(v,s). These distribu-
tion are not implemented in DYNARE, but can be easily built from
the gamma distribution. The density of the gamma-2 distribution
is easily obtained from density of the gamma distribution. The first
two moments of the gamma-2 distribution are directly obtained from
equations (3). The density of the gamma-1 distribution is defined as

follows:

Few) = (i) x diyh—%y)‘

where h(z) = \/z and fx denotes the density of the gamma-2 distri-

bution: )
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Substituting fx and the A~! into the definition of fy, we get:
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so that:

(4) friy)=C (5 %) ylen

where C(a, ) = C(a, 3)/2 is the constant of integration. The expec-
tation of this distribution is defined by:

So that

) p=1/=




and the variance is given by:
(6) ot == =
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2.2. Chi-squared and Exponential distributions. A number of dis-
tributions may be defined as special cases of the Gamma distribu-
tion. A chi-squared distribution with v degrees of freedom, 2(v), is
a gamma distribution: G (%,2). The chi-squared prior is not imple-
mented in DYNARE but obviously the user can obtain it by carefully
choosing the expectation and variance of the gamma prior (that is,
by setting 1 = v and 0® = 2v). As long as the variance is twice the
expectation, the prior is a chi-squared distribution. An exponential
distribution with expectation A1, £()), is also a gamma distribution:
G (1, %) Again the exponential prior is not implemented in DYNARE
but is obtained from the gamma distribution as long as the prior ex-
pectation is the squared root of the prior variance. As a consequence,
by using the gamma prior and setting ;1 = o the user chooses a dis-
tribution whose mode is zero.

2.3. Shifted gamma distribution. The support of the gamma distri-
bution is usually the positive real line. In DYNARE the user has the
possibility to shift the support of this distribution. This may be use-
tul, for instance, if someone wants to estimate the elasticity of substi-
tution of a CES production function with the belief that this elasticity
has to be greater than one (Cobb-Douglas technology). The density
is then defined with three parameters oo > 0 (shape), 3 > 0 (scale)
and ¢ (location, the lower bound of the distribution’s support):

)
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where the constant of integration is defined as before. Obviously this
shift affects the first moment (1 = 0 + a/3).

3. INVERTED GAMMA DISTRIBUTION

Let X be a gamma distributed random variable with shape param-
eter @ > 0 and scale parameter 3 > 0. Then Z = X! is said to be
inverted gamma distributed, Z ~ IG(«, ), and one can show that
the density of this random variable is defined by:
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where C(«, 3) = I'(a) 3 is the constant of integration.

Proof. Let fx denote the density of the gamma distribution and de-

fine h(z) = 1. The density of the inverted gamma distribution is

defined as follows:

d

f2(2) = fx(h7'(2)) % &h_l(z)
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The expectation and variance are given by :
. 1
- Bla—1

o? for any a > 2
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This system of equations can be solved for the shape and scale pa-
rameters:

(10) 1
]

This distribution is not implemented in DYNARE. Finally the mode

of this distribution is given by m and is always strictly positive.

3.1. Inverted gamma-2 and gamma-1 distributions. Let X > O be a
real random variable with a gamma-2 distribution, X ~ G (%, 2).
Y = X! is said to have an inverted gamma-2 distribution ¥ ~
IG5 (v, s). From equation (8), the density is given by:
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and from equation (9) we obtain the first two moments:
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The inverted gamma-2 distribution is implemented in DYNARE as
a prior (INV_GAMMA2_PDF). The user has to specify ; and o, and
DYNARE solves system (12) for the scale and shape parameters:
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to use an inverted gamma distribution as a prior, then he should
use the INV_GAMMA2_PDF word in the est imated_params block’.
This distribution is often used as a prior for the variance of a struc-

(13)

The mode of this distribution is > 0. Note that if someone wishes

tural shock or measurement error. In practice we instead usually
define the priors over standard deviations®, that is over the square
root of the variance. This motivates the definition of the inverted
gamma-1 distribution. Let Let X > 0 be a real random variable with
a gamma-1 distribution, X ~ G; (v,s). Y = X! is said to have an
inverted gamma-1 distribution Y ~ IG;(v, s). The density is given

by:

~ (v 2\ ! _ s
14 =C|( 3, - e
1) 1 =E(5.2) v
Proof. Let fx denote the density of the gamma-1 distribution and
define h(z) = 1/x. The density of the inverted gamma-1 distribution

is defined as follows:

IThe only difference between an inverted gamma distribution and the inverted
gamma-2 distribution is in the definition of the shape and scale parameters. Be-
cause the distributions are defined from the first and second moments, this differ-
ence does not matter.

’It is the only way with DYNARE.



Expectation and variance are defined by

aicy
(15) 2 T(3)
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Proof. The first moment is defined by:

The second un-centered moment is defined by:
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So that 0® = 25 — /2.
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The inverted gamma-1 distribution is implemented in DYNARE as
a prior (INV_GAMMA1_ PDF or INV_GAMMA_PDF). The user has to
specify ¢ and o, and DYNARE solves system (15) for the scale and

shape parameters. There is no closed form solution in this case, a



numerical approach is used. DYNARE first solves for v in the follow-
ing equation:

or (g)z,f = (02 + 1) (v —2)T (” - 1)2
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and then computes:
s= (0" +u)(v—2)

Thisis donein themfile inverse_gamma_specification.m. Note
that in the case of an infinite variance we have a closed form solution:

v =2
2
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Finally the mode of this distribution is s, /%5 > 0 and converges to
s as v gets larger.



