
Caṕıtulo 1

Model - Endowment Economy

1.1 The model

� Endowment

Yt = (Λy)eεy (1.1)

� Household

We denote the unrestricted agent by ”u” and the restricted ones by ”r1”, ”r2” and ”r3”.

→ Utility Function

Et
∞∑
s=0

βsj ln(Cjt+s) (1.2)

for j=u,r1,...,r3.

→ Budget Constraint: unrestricted1

PtC
u
t +But +

∑
i

(1 + ζi,t)Pi,tB
i,u
t ≤ Rt−1B

u
t−1 +

∑
i

∞∑
s=1

κs−1Bi,ut−s + PtY
i
t + Pff,ut − Tut . (1.3)

or

PtC
u
t +But +

∑
i

(1 + ζi,t)Pi,tB
i,u
t ≤ Rt−1B

u
t−1 +

∑
i

Pi,tRi,tB
i,u
t−s + PtY

i
t + Pff,ut − Tut . (1.4)

where i = r1, ..., r3.

→ Budget Constraint: restricted (i)

PtC
i
t + Pi,tB

i,i
t ≤

∞∑
s=1

κs−1Bi,it−s + PtYt + Pff,it − T it . (1.5)

1Note that Pi,t =
1

Ri,t−κi
and Pi,t(s) = κsPi,t, where Pi,t(s) is the today’s price of a long-term bond issued s

periods ago.
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or

PtC
i
t + Pi,tB

i,i
t ≤ Pi,tRi,tB

i,i
t−s + PtYt + Pff,it − T it . (1.6)

for i = r1, ..., r3.

� Financial Firms Profits

Pfft = ωu

(∑
i

ζi,tPi,tB
i,u
t

)
(1.7)

� Government Policies

→ Central Bank rule:

Rt
R

=

[(
Πt

Π

)φπ]
eεm,t . (1.8)

→ Government budget constraint:

Bt +
∑
i

Pi,tB
i
t = Rt−1,tBt−1 +

∑
i

(1 + κPi,t)B
i
t−1 + PtGt − Tt. (1.9)

where i = r1, ..., r3

→ Supply of long-term bonds:

Pi,tB
L,i
t

Pt
= ΓeεB,i,t (1.10)

for i = r1, ..., r3

→ Real primary fiscal surplus:

Tt
Pt
−Gt = Φ

(
Bt +

∑
i

Pi,t−1B
i
t−1

Pt−1

)φT
eεT,t (1.11)

→ Government spending:

ln(
Gz,t

Gz
) = εG,t (1.12)

� Transaction Costs

Transaction costs are function of the detrended real value of long-term bonds plus an error:

ζt,i ≡ Ψεζ,t,i (1.13)

1.2 Solving the model

� CPO’s
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[∂Cut ] :
1

Cut
= λut Pt (1.14)

[∂Bt] : λut = βuEt[λut+1Rt] (1.15)

[∂Bi,ut ] : λut (1 + ζi,t)PL,i,t = βuEt
[

RL,i,t+1

RL,i,t+1 − κi
λut+1

]
(1.16)

[∂Cit ] :
1

Cit
= λitPt (1.17)

[∂Bi,it ] : λit = βiEt
[

RL,i,t+1

RL,i,t+1 − κi
λit+1

]
(1.18)

� Aggregation:

→ Sum the Budget Constraints:

ωuPtC
u
t +

∑
i ωiPtC

i
t +Bt + ωu

∑
i ζi,tPL,i,tB

L,i,u
t +

∑
i PL,i,t

(
ωuB

L,i,u
t + ωiB

L,i,i
t

)
=

Rt−1Bt−1 +
∑
i PL,i,t

(
ωuB

L,i,u
t−1 + ωiB

L,i,i
t−1

)
+ Pt (ωuYu +

∑
i ωiYi) + Pfft − Tt

Substituting (1.9 ) and (1.7) above we have:

ωuC
u
t +

∑
i

ωiC
i
t = Yt −Gt (1.19)

1.3 Normalizing

Consider the following normalization:

� Ξjt ≡ λ
j
tPt,∀j

� Bz,t ≡ Bt/Pt

� BL,iz,t ≡ B
l,i
t /Pt,∀i

� Tz,t ≡ Tt/Pt

� other xt: xz,t = xt.

Yz,t = (Λy)φyeεy (1.20)

Rt
R

=

[(
Πt

Π

)φπ]
eεm,t . (1.21)
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Bz,t +
∑
i

Pi,tB
L,i
z,t =

Rt−1,tBz,t−1

Πt
+
∑
i

(1 + κPi,t)B
L,i
z,t−1

Πt
+Gz,t − Tz,t. (1.22)

Pi,tB
L,i
z,t = ΓeεB,i,t (1.23)

for i = r1, ..., r3

Tz,t −Gz,t = Φ

(
Bz,t +

∑
i

Pi,t−1B
L,i
z,t−1

)φT
eεT,t (1.24)

ln(
Gz,t
Gz

) = εG,t (1.25)

ζt ≡ Ψεζ,t (1.26)

1

Cuz,t
= Ξut (1.27)

Ξut = βuEt[
Ξut+1Rt

Πt+1
] (1.28)

Ξut (1 + ζi,t)PL,i,t = βuEt
[

RL,i,t+1

RL,i,t+1 − κi
Ξut+1

Πt+1

]
(1.29)

1

Ciz,t
= Ξit (1.30)

for i = r1, ..., r3

ΞitPL,i,t = βiEt
[

RL,i,t+1

RL,i,t+1 − κi
Ξit+1

Πt

]
(1.31)

for i = r1, ..., r3

ωuC
u
z,t +

∑
i

ωiC
i
z,t = Yz,t −Gz,t (1.32)

1.4 Steady-State

Yz = (Λy)φy (1.33)

Tz = −Bz −
∑
i

1

RL,i − κi
BL,iz +

RtBz
Π

+
∑
i

(1 + κPL,i)B
L,i
z

Π
+Gz (1.34)

PiB
L,i
z = Γ (1.35)
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for i = r1, ..., r3

Tz −Gz = Φ

(
Bz +

∑
i

PiB
L,i
z

)φT
(1.36)

1

Cuz
= Ξu (1.37)

Rt =
Π

βu
(1.38)

RL,i =
(1 + ζi,t)Π

βu
(1.39)

for i = r1, ..., r3

1

Ciz
= Ξit (1.40)

for i = r1, ..., r3

βi =
βu

(1 + ζ)
(1.41)

for i = r1, ..., r3

ωuC
u
z +

∑
i

ωiC
i
z = Yz −Gz (1.42)

1.5 Log-linearization

Ŷz,t = εy,t (1.43)

Ξ̂jt = −Ĉjt (1.44)

for j = u, r1, ..., r3.

Ξ̂ut = rt + Et
(

Ξ̂ut+1 − πt+1

)
(1.45)

ζ̂i,t + Ξ̂ut =
Ri

Ri − κ
ri,t + Et

(
Ξ̂ut+1 − πt+1 −

κi
Ri − κi

ri,t+1

)
(1.46)

for i = u, r1, ..., r3

Ξ̂it =
Ri

Ri − κi
ri,t + Et

(
Ξ̂it+1 − πt+1 −

κi
Ri − κi

ri,t+1

)
(1.47)

for i = r1, ..., r3
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B̂z,t +
∑
i
Biz/Bz
Ri−κi B̂

i
z,t = β−1

u

(
B̂z,t−1 + rt−1

)
+
∑
i
Biz/Bz
Ri−κi β

−1
i B̂iz,t−1

+
∑
i
Biz/Bz
Ri−κi

(1−Π−1κi)Ri
Ri−κi ri,t + Gz

Bz
Ĝz,t

− Yz
Bz
T̂z,t −

(
β−1
u +

∑
i
Biz/Bz
Ri−κi β

−1
i

)
(πt).

with

Tz,t ≡ Tz + YzT̂z,t ⇒ T̂z,t =
Tz,t
Yz
− Tz
Yz

and i = r1, ..., r3

B̂iz,t −
Ri

Ri − κi
ri,t = εB,i,t (1.48)

for i = r1, ..., r3 and j = r1, ..., r3

T̂z,t −GzĜz,t
Tz −Gz

=
φT

Bz +
∑
i

Biz
Ri−κi

BzB̂z,t−1 +
∑
j

Bjz
Rj − κj

(
B̂jz,t−1 −

Rj
Rj − κj

rj,t−1

)+ εT,t (1.49)

where j = r1, ..., r3

Ĝz,t = εG,t (1.50)

rt = φππt + εm,t (1.51)

ζ̂i,t = εζ,i,t (1.52)

for i = u, r1, ..., r3

Ŷz,t =
∑
i

ωiC
i
z

Yz
Ĉiz,t +

Gz
Yz
Ĝz,t (1.53)

where i = u, r1, ..., r3
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1.6 Simplifications Log-Lin Model

Substituting 1.43, 1.44, 1.51, 1.50 and 1.52:

− Ĉut = φππt + εm,t + Et
(
−Ĉut+1 − πt+1

)
(1.54)

εζ,i,t − Ĉut =
Ri

Ri − κ
ri,t + Et

(
−Ĉut+1 − πt+1 −

κi
Ri − κi

ri,t+1

)
(1.55)

for i = u, r1, ..., r3

− Ĉit =
Ri

Ri − κi
ri,t + Et

(
−Ĉit+1 − πt+1 −

κi
Ri − κi

ri,t+1

)
(1.56)

for i = r1, ..., r3

B̂z,t +
∑
i
Biz/Bz
Ri−κi B̂

i
z,t = β−1

u

(
B̂z,t−1 + (φππt−1 + εm,t−1)

)
+
∑
i
Biz/Bz
Ri−κi β

−1
i B̂iz,t−1

+
∑
i
Biz/Bz
Ri−κi

(1−Π−1κi)Ri
Ri−κi ri,t + Gz

Bz
εG,t

− Yz
Bz
T̂z,t −

(
β−1
u +

∑
i
Biz/Bz
Ri−κi β

−1
i

)
(πt).

with

Tz,t ≡ Tz + YzT̂z,t ⇒ T̂z,t =
Tz,t
Yz
− Tz
Yz

and i = r1, ..., r3

B̂iz,t −
Ri

Ri − κi
ri,t = εB,i,t (1.57)

for i = r1, ..., r3 and j = r1, ..., r3

T̂z,t −GzεG,t
Tz −Gz

=
φT

Bz +
∑
i

Biz
Ri−κi

BzB̂z,t−1 +
∑
j

Bjz
Rj − κj

(
B̂jz,t−1 −

Rj
Rj − κj

rj,t−1

)+ εT,t (1.58)

where j = r1, ..., r3

εy,t =
∑
i

ωiC
i
z

Yz
Ĉiz,t +

Gz
Yz
εG,t (1.59)

where i = u, r1, ..., r3
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1.6.1 More simplifications

Substituting 1.57 in the system and 1.54 in 1.55

− Ĉut = φππt + εm,t + Et
(
−Ĉut+1 − πt+1

)
(1.60)

εζ,i,t + φππt + εm,t =
Ri

Ri − κ
ri,t + Et

(
− κi
Ri − κi

ri,t+1

)
(1.61)

for i = u, r1, ..., r3

− Ĉit =
Ri

Ri − κi
ri,t + Et

(
−Ĉit+1 − πt+1 −

κi
Ri − κi

ri,t+1

)
(1.62)

for i = r1, ..., r3

B̂z,t +
∑
i
Biz/Bz
Ri−κi

(
Ri

Ri−κi ri,t + εB,i,t

)
= β−1

u

(
B̂z,t−1 + (φππt−1 + εm,t−1)

)
+
∑
i
Biz/Bz
Ri−κi β

−1
i

(
Ri

Ri−κi ri,t−1 + εB,i,t−1

)
+
∑
i
Biz/Bz
Ri−κi

(1−Π−1κi)Ri
Ri−κi ri,t + Gz

Bz
εG,t

− Yz
Bz
T̂z,t −

(
β−1
u +

∑
i
Biz/Bz
Ri−κi β

−1
i

)
(πt).

with

Tz,t ≡ Tz + YzT̂z,t ⇒ T̂z,t =
Tz,t
Yz
− Tz
Yz

and i = r1, ..., r3

T̂z,t −GzεG,t
Tz −Gz

=
φT

Bz +
∑
i

Biz
Ri−κi

BzB̂z,t−1 +
∑
j

Bjz
Rj − κj

(εB,j,t−1)

+ εT,t (1.63)

where j = r1, ..., r3

εy,t =
∑
i

ωiC
i
z

Yz
Ĉiz,t +

Gz
Yz
εG,t (1.64)

where i = u, r1, ..., r3
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1.6.2 And more simplifications

Substituting 1.61 in 1.62

− Ĉut = φππt + εm,t + Et
(
−Ĉut+1 − πt+1

)
(1.65)

εζ,i,t + φππt + εm,t =
Ri

Ri − κ
ri,t + Et

(
− κi
Ri − κi

ri,t+1

)
(1.66)

for i = u, r1, ..., r3

− Ĉit + EtĈit+1 = εζ,i,t + φππt + εm,t + Et (−πt+1) (1.67)

for i = r1, ..., r3

B̂z,t +
∑
i
Biz/Bz
Ri−κi

(
Ri

Ri−κi ri,t + εB,i,t

)
= β−1

u

(
B̂z,t−1 + (φππt−1 + εm,t−1)

)
+
∑
i
Biz/Bz
Ri−κi β

−1
i

(
Ri

Ri−κi ri,t−1 + εB,i,t−1

)
+
∑
i
Biz/Bz
Ri−κi

(1−Π−1κi)Ri
Ri−κi ri,t + Gz

Bz
εG,t

− Yz
Bz
T̂z,t −

(
β−1
u +

∑
i
Biz/Bz
Ri−κi β

−1
i

)
(πt).

with

Tz,t ≡ Tz + YzT̂z,t ⇒ T̂z,t =
Tz,t
Yz
− Tz
Yz

and i = r1, ..., r3

T̂z,t −GzεG,t
Tz −Gz

=
φT

Bz +
∑
i

Biz
Ri−κi

BzB̂z,t−1 +
∑
j

Bjz
Rj − κj

(εB,j,t−1)

+ εT,t (1.68)

where j = r1, ..., r3

εy,t =
∑
i

ωiC
i
z

Yz
Ĉiz,t +

Gz
Yz
εG,t (1.69)

where i = u, r1, ..., r3
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1.6.3 And more...

Substituting 1.68

− Ĉut = φππt + εm,t + Et
(
−Ĉut+1 − πt+1

)
(1.70)

εζ,i,t + φππt + εm,t =
Ri

Ri − κ
ri,t + Et

(
− κi
Ri − κi

ri,t+1

)
(1.71)

for i = u, r1, ..., r3

− Ĉit + EtĈit+1 = εζ,i,t + φππt + εm,t + Et (−πt+1) (1.72)

for i = r1, ..., r3

B̂z,t +
∑
i
Biz/Bz
Ri−κi

(
Ri

Ri−κi
ri,t + εB,i,t

)
= β−1

u

(
B̂z,t−1 + (φππt−1 + εm,t−1)

)
+
∑
i
Biz/Bz
Ri−κi

β−1
i

(
Ri

Ri−κi
ri,t−1 + εB,i,t−1

)
+
∑
i
Biz/Bz
Ri−κi

(1−Π−1κi)Ri
Ri−κi

ri,t +
Gz
Bz
εG,t

− Yz
Bz

(Tz −Gz)

 φT

Bz+
∑
i

Biz
Ri−κi

(
BzB̂z,t−1 +

∑
j

Bjz
Rj−κj

(
εB,j,t−1

))
+ εT,t

+GzεG,t


−
(
β−1
u +

∑
i
Biz/Bz
Ri−κi

β−1
i

)
(πt).

where i = r1, ..., r3

εy,t =
∑
i

ωiC
i
z

Yz
Ĉiz,t +

Gz
Yz
εG,t (1.73)

where i = u, r1, ..., r3
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