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Abstract

I measure and characterize the welfare costs of consumption uncertainty
when a representative agent has recursive preferences and is exposed to long-
run consumption risk. In an endowment economy, I show that: 1) welfare costs
can be high even when risk aversion is moderate and the short-run volatility
of consumption growth is low; and 2) welfare costs are far more sensitive to
the intertemporal elasticity of substitution in consumption (IES) than to risk
aversion. In particular, welfare costs are sharply increasing in the IES. I show
that these results are preserved in a general equilibrium production economy
even though agents have access to a saving technology that allows them to
smooth consumption over time. The welfare costs are significantly higher
than those estimated by Lucas(1987). In order to compensate the agent for
aggregate uncertainty, her lifetime consumption should be increased by 200%.
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1 Introduction

A chief concern of US policymakers is the stabilization of economic growth. Such policy
goals are grounded in standard consumption-smoothing theory, which implies that in a
society averse to risk and with a preference for stable consumption over time, aggregate
consumption fluctuations produce welfare losses. Convinced by this theory, in 1978 the
US Congress ratified the Full Employment and Balanced Growth Act which mandates
that the Federal Reserve maintain both a low inflation rate and stabile economic activ-
ity. Yet, academics have been more skeptical of such policy prescriptions. For example,
Lucas(1987) argued that a further stabilization of economic activity around its long run
trend should represent only a minor concern since it could produce only small benefits. In
particular, in an endowment economy in which the representative agent has time-additive
log preferences and serially uncorrelated consumption fluctuations, Lucas(1987) calculated
that individuals would be willing to sacrifice at most .1% of their lifetime consumption for
policies devoted to removing the residual amount of aggregate risk. On the other hand,
others, as for example Tallarini(2000), have argued that once one takes into account the
information from financial markets, consumption theory can imply large welfare costs,
since the high risk premium observed in equity returns suggests that households can be
extremely averse to even small fluctuations in consumption. Because the literature has yet
to reach a consensus on how risk averse individuals are, it has also not reached a consensus

on how large are the welfare costs of stochastic fluctuations in consumption.

In this paper, I argue that the emphasis on risk aversion is misplaced. To do so, I study
the welfare costs of stochastic fluctuations in consumption in a model that can explain key
features of both quantities and asset prices with a moderate degree of risk aversion. In
order to construct this model, I refer to a body of recent finance literature that combines
recursive preferences of the type advocated by Epstein and Zin (1989) and Weil(1989) -
which allows relative risk aversion to differ from the inverse of the intertemporal elasticity
of substitution in consumption - with a consumption process that is simultaneously affected
by two different sources of uncertainty. The first, ’Short Run Risk’, generates i.i.d. shocks
to consumption growth. The second source of uncertainty, in contrast, generates small
but very persistent deviations of the consumption drift from its unconditional mean. This
latter source of uncertainty is known as 'Long Run Risk’ since it produces low frequency
fluctuations whose volatility is almost negligible over a short time-horizon but is larger

over longer horizons. Several recent papers show that such a model explains high risk



premia observed in financial market data with moderate risk aversion.!

I show that in long-run risk models with moderate risk aversion and stable short run
consumption growth, the welfare costs of stochastic fluctuation in consumption are high.
In an exchange economy, to compensate the agent for aggregate consumption uncertainty
requires an increase in his lifetime consumption ranging from 120% to 1500%. Welfare costs
are high for two reasons. First, the long-run component generates significant uncertainty
about long-run consumption growth. This feature is particularly costly for agents with
recursive preferences in which the intertemporal composition of risk matters. Second, I
show that the welfare costs are much more sensitive to the degree of patience of the agent
than to his risk aversion. The degree of patience depends both on the subjective discount
factor and the intertemporal elasticity of substitution. In particular, welfare costs increase
sharply in the intertemporal elasticity of substitution when this parameter exceeds unity.
Values for the intertemporal elasticity of substitution in excess of unity are required in
these models in order to match the observed low level of the risk free rate.

After having studied and characterized the costs in an endowment economy, I measure
the welfare costs in a general equilibrium production economy in which the long-run risk
is embedded in total factor productivity. I want to answer to two important questions.
The first question is whether long-run risk in primitive shocks get translated into long-run
risk in consumption, once the latter is endogenously determined from the former. The
second question is whether it is possible to produce smooth consumption and reasonable
co-movements in investment, output and consumption when the intertemporal elasticity
of substitution is bigger than unity. I find that the long-run risk in productivity might
propagate into consumption even when investment is free to adjust and that the model
produces reasonable results for the volatilities and the correlations of the quantities. The
implied welfare costs of aggregate consumption fluctuations are on the order of 200%. This
number is 2000 times larger than that obtained by Lucas (1987). At the same time, this
estimate is much smaller than the corresponding figure for an exchange economy. One of
the main reasons for this is that, in a production economy, a lower subjective discount
factor is required in order to match the risk free rate, in turn implying that household
utility is less sensitive to consumption risk occurring in the distant future.

The next section reviews the related literature. Section 3 characterizes welfare costs

in an endowment economy. Section 4 presents the results for the general equilibrium

'Bansal and Yaron(2004) were the first to draw out the potential importance of long-run
risk for asset pricing phenomena. See also Bansal-Gallant-Tuchen(2004), Hansen-Heaton-Li
(2005), Bansal-Dittmar-Lundblad(2005), Parker-Juillard (2005), Kiku (2005), Bansal-Dittmar-
Kiku (2005), Croce-Lettau-Ludvigson (2005), Colacito-Croce (2005).



production economy. Finally, section 5 concludes.

2 Related Literature

This paper is intended as a contribution to both the welfare costs literature and the long-
run risk literature. The most important papers related to this work are Tallarini (2000)
and Bansal and Yaron (2004).

Tallarini (2000) argued that a more reliable measure of welfare costs can be obtained
only through models that consider the information contained in asset prices. Such infor-
mation, in fact, implicitly characterizes the intertemporal marginal rate of substitution of
the representative agent, and for this reason, should be taken into account in every model
concerning intertemporal decisions. Tallarini (2000) adopts a model designed to match,
simultaneously, key features of asset prices and quantities. He is able to reverse Lucas’
results finding that a further stabilization of US consumption could produce very high wel-
fare benefits, ranging from 10% to 3572% of lifetime consumption. Tallarini obtains these
results by introducing three main modifications to the Lucas(1987) model. First, to better
reproduce the properties of consumption, he focuses on an exchange economy in which
the endowment is subject to permanent shocks.? Second, to have a volatile intertemporal
marginal rate of substitution, he increases the relative risk aversion (RRA).? Finally, to
keep the risk free rate at a low level, he changes the utility function and adopts Epstein,
Zin and Weil preferences which disentangle the RRA from the inverse of the intertemporal
elasticity of substitution (IES). Tallarini (2000) focuses on the special case in which the
IES is equal to 1 and he stresses the effect that a higher RRA can have on welfare costs.
Tallarini’s model does not solve the equity premium puzzle, meaning that extremely high
values of RRA (ranging from 44 to 100) are required in order to justify the high stock
market returns observed in the data. I extend Tallarini’s (2000) welfare calculations by
introducing adjustment costs and long-run fluctuations to a production economy in which
the agent has an IES larger than 1 and moderate risk aversion. I choose to introduce these
elements on the base of what found by Basal and Yaron(2004).

Bansal and Yaron, in fact, show that in an exchange economy with long-run risk

and Epstein-Zin-Weil preferences, it is possible to reconcile consumption and asset prices

2Tallarini(2000) also studies the case in which consumption is very persistent but the trend is
stationary. The implied welfare costs are smaller in this case. These findings are confirmed also in
Reis(2005).

3See Tallarini (2000), panel (a) of Table 2.



properties with a moderate risk aversion and an elasticity of intertemporal substitution
slightly larger than 1. I extend their results to a production economy in which the agent
is free to adjust quantities and accumulate capital. By doing so, I bridge part of the gap
between the current long-run risk literature, that takes consumption as given, and the
business cycle literature.

Reconciling asset market factors with aggregate quantities behavior has proved a chal-
lenge for modern stochastic dynamic general equilibrium models. Jerman (1998), Lettau-
Uhlig (2000), and Boldrin-Christiano-Fisher (2001) have proposed models based on pref-
erences with habit formation. In particular, Jerman (1998) is able to produce low risk free
rate, high equity premium, and high volatility for excess returns and relative volatilities
for consumption, investment, and output on the order of what is observed in the data
by introducing capital adjustment costs. However, as pointed out in Boldrin-Christiano-
Fisher (2001) and Lettau-Uhlig(2000), Jerman’s model produces a countercyclical response
of labor to a persistent shock to productivity. Boldrin-Christiano-Fisher (2001) propose
a two-sector economy that does not generate this counterfactual behavior but, unfor-
tunately, that predicts a negative serial correlation for consumption and an excessively
volatile risk free rate. By contrast, in Tallarini (2000), the interest rate and the excess
returns are overly smooth. Even if the Sharpe-ratios are close to those observed in the
asset markets, the highest annualized equity premium produced by Tallarini is .44%. In
respect of the welfare costs literature, this paper extends the analysis of Obstfeld(1994),
by examining the role of the IES in economies with long-run consumption fluctuations,
and of Reis(2005), by formally characterizing the market return mean-variance frontier.
This paper refers also to Alvarez-Jerman (2004), which adopts an approach that does not
require the specification of preferences and that instead uses asset prices alone. These
authors show that low frequency consumption fluctuations can be much more costly than
fluctuations corresponding to business cycle frequencies. Their findings appear consistent

with my results.

3 The exchange economy

In this section I solve a model with exogenous long-run risk in consumption in order to find
analytical formulas that relate welfare costs to the restrictions implied by asset prices. In
particular, I show: (1) the interaction between welfare costs and the risk free rate (through
the IES and the subjective discount factor); and (2) the link between welfare costs and
the equity premium (through the RRA).



I use an exchange economy to explore analytically the sensitivity of welfare costs to
the preference parameters and the long-run component. This is going to be helpful in

interpreting my numerical results, in the economy with endogenous production.?

3.1 Economy setup

I study an economy in which time is discrete and there is a representative agent who has

Epstein-Zin-Weil(1989) recursive preferences that take the following form:
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where 7 is the coefficient of risk aversion, V¥ is the intertemporal elasticity of substitution
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The intertemporal marginal rate of substitution of this agent is:
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In order to study the properties of this economy I specify the consumption process. I as-

sume that there is no storage technology and that the aggregate endowment has no durable

component and I model the consumption growth rate® similarly in Bansal-Yaron(2004):

Aciy1 = p+a+oey (3)

Ty = pTi_1+ og€f (4)

BRI

The parameter p is calibrated to be close to 1 while the ratio 2= is calibrated in order

4In order to compute welfare costs, it is necessary to have an accurate computation of the
level of the utility-consumption ratio at the stochastic steady state. I choose to solve the model
numerically in order to take into account possible departures from the log-normal environment and
to better determine the values of unconditional means.

5From here on, I adopt the convention of denoting log-variables in small letters. For example,
cir1 = log Cyy1, myyq = log Myqq,...

6For a more general specification see Hansen-Heaton-Li (2005)



to be small enough that consumption growth is not highly serially correlated. On the basis
of this calibration strategy, the long-run component z; is a small but persistent deviation

of the consumption drift from its unconditional mean, pu.

To account for market return data, I calibrate the preferences in order to match the
mean and the volatility of the risk free rate and the excess returns in post-war US data.
While the model specified in (1)-(5) gives precise implications for the risk free rate and
the asset paying consumption, it does not reveal how an asset that pays dividends should
be priced. In order to account for these elements, as in to Croce, Lettau and Ludvigson

(2006), I assume that the growth rate of dividends evolves in the following way:"

Adi1 = g+ ¢zt + deoes | + oger (6)
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The parameters (o4, ¢, ¢.) allow calibration of the overall volatility of dividends and their
correlation with consumption. The parameters (¢, ¢.) determine the relative importance

of the idiosyncratic shock €f,; and the long-run component.

I assume that the securities markets are complete, in order to have a simple asset
pricing model. Let V4 denote the ex-dividend price-dividend ratio of a claim to an asset
that pays a dividend stream that grows as follows (6)-(7). From the first order condition

for optimal consumption choice and the definition of returns:
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Finally, in order to specify the information set of the agent, for simplicity, I focus on the

benchmark case in which the agent has full information:
B[] = Bl | {ap €, 6 et Him—oc]

The agent observes dividend and consumption growth and their specific components.®

"Dividends are a sub-component of the total endowment; the residual part corresponds to labor
income.
8A different information structure is analyzed in Croce-Lettau-Ludvigson (2005)



3.2 The costs of uncertainty: definitions

I define the cost of uncertainty as the percentage increase of consumption A > 0 that
one must give to the agent in every period and along every history in order to make him

indifferent between the consumption process {C?} and a less risky consumption process

{C7}:
U({1+M)C%) = U({c7)

Let u/ denote the log of the utility-consumption ratio for the generic consumption process
{C7} and the following holds:?

A=log(1+A) = o — (8)

In order to have a measure of the cost, I simply compute the value of the utility-consumption
ratio in log units for the two different consumption processes and calculate their difference.
In the economy described above, given any calibration for {u,o,0,} there are three dif-

ferent consumption processes to look at:

x ® ok
C* : Aci=p

*k sk kK c
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The unconditional drift of these processes, u*, u** and p, differ from each other because
they are adjusted for a Jensen inequality term in order to keep constant the unconditional

growth rate of consumption in raw units.

The total cost of uncertainty can be computed by comparing the utility that the agent
would have in an economy with consumption {C*} with that one associated with the

process {C'}:

N = u({C7)) —u({C}) (9)

This cost can be decomposed into two parts. The cost of the idiosyncratic shock (that I

9T impose Cg = C} in order to focus only on differences in the growth rates and neglect differences
in the initial levels. I assume that U is homogeneous of degree 1.
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also denote as short-run risk) is:
A= u({C7)) —u({CT)) (10)

and, simply by calculating the difference, the cost of the long-run risk is A%t — 5",

equivalent to:

A= u({C*)) — u({C)) (11)

3.3 Welfare Costs and Asset Prices

In this section the model is solved and I show the implied expressions for welfare costs,
the risk free rate and the equity premium. When the IES is different from 1 and there is
a long-run component in consumption growth, it is impossible to find an exact solution
for the utility-consumption ratios and the welfare costs. In order to study and compute
the latter, I approximate the utility-consumption ratio. In Appendix B and Appendix
C, I detail two alternative approximation schemes. One is based on a log-linearization of
the model, the other adopts numerical integration methods. Since they produce similar
results, I focus on the log-linear approximation in order to provide simple formulas.'®
Let p” denote the unconditional mean of the consumption growth rate E[Cyy1/C]; in

order to preserve this mean I impose:

1 o2
L 2 T
i 4 12
p=H 2<U 1—p2> (12)

The log-linearization of the model produces the following result for the utility-consumption
ratio when there are both short and long-run risk:
ﬁlTT 1 5 1 .
~ - v
c =~ (=) (13)

where
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ot = de (14)

In order to find the utility consumption ratio when there is only short-run risk, it is enough

10A]] figures related to welfare costs are based on the log-linear approximation. All values
reported in tables are produced by solving the model numerically. All results concerning welfare
costs are consistent with the analytical methods in Hansen-Heaton-Li(2005).



to simply impose p = 0, = 0 in (12) - (14). In order to compute the utility consumption
ratio when there is no uncertainty at all, simply impose ¢ = 0, = p = 0.' The implied

welfare costs are:

ASTT ~ 5’70—21%587‘7‘ (15)
5T — 66(17%)[NL7.5702]
1 (517“7“)2 (5lrr
rr 2
AT '5<1_p2 Oy ) g (16)

Both the long- and the short-run risks have a permanent effect on consumption. For this
reason, the agent discounts the welfare losses over an infinite time horizon according to
the effective discount factors 6*"" (in an economy with only short-run risk) and §" (in
an economy with long-run risk).!? The welfare costs associated with the short-run risk
depend, then, on the effective discount factor §°"", the degree of risk aversion, 7, and the
volatility of the short-run news, o. The welfare costs associated with long-run risk have
a more complicated expression, but the intuition behind the formula is simple. The long-
run component, in fact, produces additional welfare losses by introducing fluctuations in
the future utility-consumption ratio. The elasticity of the latter to the long-run risk is

measured by " The welfare costs generated by the long-run component depend, then,

lrr
on the degreelgf iisk aversion, 7, the volatility of long-run news, o, and the sensitivity of
the utility function to long-run news, which is a function of both the persistence of long-
run risk, p, and the effective degree of patience of the agent, §". When measuring welfare
costs, I calibrate the preference parameters in order to match, firstly, the mean of the risk
free rate and of the excess returns. Consistent with Basal and Yaron(2004), the following

expression for the mean of the risk free rate and the equity premium is obtained:!?
f N~ _ 1
E[rj]+ 5V[r]] ~ —log(d)+ ik (17)

1 (5lrr)2 02
(1 _ p(SlTT)2 T

HTn these last two cases, the solution for the utility-consumption ratio is exact.
12This is consistent with Obstfeld’s (1994) terminology.
13See Appendix B.2 for the computations.
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The economic intuition behind this asset pricing model has largely been explained by
Bansal-Yaron(2004). I focus on the implications for welfare costs. In particular, I show
how to calibrate the consumption process and then examine the connection between asset

prices and welfare costs.

3.4 Calibrating consumption

The choice of the parameters for the long-run component is very important for the measure
of welfare costs. I start by calibrating p = .98, a benchmark value in the long-run risk
literature.'* As shown in Appendix B.2, this helps to keep the persistence of the risk free
rate and the price-dividend ratio close to the values observed in the data.

I calibrate {0, 0,} in order to determine a quarterly volatility of consumption growth
of about 1.4% and an autocorrelation of about .30. These values are in the range of
those found by Bansal-Yaron (2004), Bansal- Dittmar-Lundblan (2005), Lettau-Ludvigson
(2005), Colacite-Croce (2005) and others.

In Table 2, T report my benchmark calibration and the statistics obtained from the
simulations of the model for consumption. As in Bansal-Yaron (2004), I assume that the
agent decision horizon is monthly. I then calibrate my model at a monthly frequency,
but target quarterly statistics, as is typically done in business cycle literature. For this
reason, I simulate the model at a monthly frequency and time-aggregate the quantities to
a quarterly frequency. In order to keep the autocorrelation of the quarterly consumption
growth low, the volatility of the long-run component must be small. This explains, in this
calibration, why the volatility of the innovation to the long-run component, o, is just
4.4% of the volatility of the short-run shock, o.

3.5 Results

Given the calibration for {p, o, 0.}, the role of the preference parameters {~,d, U} is now

considered with respect to welfare costs. First the special case ¥ = 1 is considered, then

14See Bansal-Yaron (2004), Hansen-Sargent (2005), Colacito-Croce (2005), Croce-Lettau-
Ludvigson (2006), Colacito (2006)
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I examine the role of ¥ # 1.

3.5.1 The special case ¥V =1

The case in which ¥ = 1 is interesting for at least two reasons: (1) this is what Lucas(1987)
and Tallarini (2000) assumed;!® (2) it can be reinterpreted in terms of robust control.'®

In this case:

AT = 5yo?

s (19)

1 (52 1)
lrr 2

= 5|——+(y-1 o

A g 1—p? ( )(1—p5)2 1-0

(20)

Tallarini(2000) has discussed (19). I examine (20). Two different forces, the persistence
and the magnitude of the long-run component, are at work. The smaller this component
is with respect to the idiosyncratic shock (low o), the smaller is the long-run welfare cost.
On the other hand, the closer p is to unity, the higher the costs are.

In Fig. 1, in the top panel, I plot the welfare cost of the short-run risk and the total
welfare costs with respect to the risk aversion coefficient while keeping fixed the subjective
discount factor. The vertical difference between the two curves measures the welfare cost
of the long-run component. The latter represents about 80% of the total cost. Even
though the long-run component has a small volatility, its persistence amplifies the impact
on welfare costs.

In the bottom panel of Fig. 1, I graph welfare costs with respect to the subjective
discount factor §. Welfare costs are a hyperbolic function of § - as shown in equation
(19) and (20) - and move toward infinity when the discount ¢ is close to 1. The economic
intuition behind this result is straightforward and has been explained by Tallarini (2000):
when a shock has permanent effects on the levels of consumption, welfare losses induced by
this source of uncertainty are discounted over an infinite time horizon at the rate . When
the agent is very patient, § &~ 17, she gives a very high relative weight to future utility and
experiences very high welfare costs because of the uncertainty of his continuation value.

In accordance with the usual practice in the long-run risk literature, I determine the
preference parameters {d,7} with respect to their implications for the levels of equity
premium and risk free rate.

Let us first focus on the restriction imposed by the risk free rate. More precisely, taking

15When ¥ = 1 the Epstein-Zin-Weil (1989) aggregator collapses into a log function.
16See Barillas-Hansen-Sargent(2006).
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the RRA, ~, as given, I want to calibrate the subjective discount factor with respect to

its implications for the mean of the risk free rate. In this economy:
Erf] = —log(d) + p — .5(2y — 1)o? (21)

Notice that high risk aversion helps to keep the risk free rate at a low level. The intuition
behind this result is immediately apparent if we interpret these preferences in terms of
robust control. The agent, concerned about model mis-specification, prices a riskless bond
adopting a conservative evaluation of the probability densities. Because of his pessimism,
the agent focuses on the worst-case scenario and, as a result, his expected growth is
penalized and distorted downward according to o and 7. The first parameter measures
the degree of uncertainty of the economy,!” the second parameter measures the degree of
concern about mis-specification.!® A lower expectation about future consumption growth
mitigates the incentive to borrow and allows the market to clear with a lower interest rate.

Equation (21) gives expression to the subjective discount factor as a function of the

relative risk aversion and the mean of the risk free rate:
5(v,E[rf]) = exp(—E[r!]+ pu— 52y —1)0?) (22)

This is probably one of the most important equations of this paper since it shows a key
interaction between the subjective discount factor and the RRA. Welfare costs, in fact,
are crucially driven by the negative trade-off between relative risk aversion and the degree
of patience introduced by the the risk free rate equation. Note that by plugging (22) into

(19) and (20), we can now express welfare costs simply in terms of the pair (v, E[r/]).

From the data I obtain a measure for E[r/]. On the basis of the historical average of
the real return of 3-Month T-Bills in the US, from 1950:Q2 to 1990:Q1, I fix the annual
mean of the risk free rate at 1.1%. In this way, welfare costs become simply a function of
the RRA. In Fig. 2 I show that when the restriction in equation (22) is imposed, welfare
costs decrease with risk aversion. In particular, the top panel of Fig. 2 illustrates the
link between the subjective discount factor and the RRA implied by (22). According to
this link, economies with higher risk aversion are also economies in which the low level of

the risk free rate can be matched only with a lower degree of patience. A lower discount

17Tallarini(2000) interprets uncertainty of the economy as risk; Anderson et al. (2003) and
Hansen-Sargent (2007) refer to model uncertainty.

18See Barillas-Hansen-Sargent (20007) to understand this parameter in relation to the implied
detection error probabilities.
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factor limits the role of permanent uncertainty and reduces welfare costs despite higher
risk aversion.
In order to understand which RRA coefficient to adopt, I focus on the expression for

the equity premium:

5 ¢$—102
1—pdl—prg *

Blry —rf] 4 JVitE) = 260>+ (7~ Dra (23
When no long-run risk is present in the economy, p = o, = 0, the equity premium
is determined simply by v¢.0? = vycovy(Adii1, Acir1). One empirical fact is that the
contemporaneous covariance between dividend and consumption growth is very small in
the data,'?, implying that a very high risk aversion coefficient is required in order to match
the post-war annual US equity premium of about 6%.2° On the basis of equation (22),
explaining the equity premium only by means of a high risk aversion coefficient actually
produces lower welfare costs.

Conversely, when long-run risk is present in the economy, the second term in equation
(23) shows that it is possible to have a high equity premium with low risk aversion, provided
that pd ~ 17. Introducing long-run risk increases the welfare costs for two reasons: (1)
it increases the "amount of risk”; (2) according to eq. (22), it increases the effective
discount factor required to match the risk free rate level and hence, amplifies the impact
of uncertainty.

Given these relationships, it is interesting to compare an economy with long-run risk -
a la Bansal-Yaron (2004) - and one in which there is no long-run uncertainty - & la Tallarini
(2000). Panel A of Table 2 reports my alternative calibrations. Panel B compares basic
statistics obtained by simulating the model under the two alternative calibrations and
shows also their value in the data.?! The model matches the level of the equity premium
both in the economy with long-run risk and in that one with only short-run risk, but very
different levels of risk aversion must be assumed in the two cases. In an economy without
long-run risk, the high equity premium is matched with a very high risk aversion. In an

economy with long-run risk, the risk aversion is 17, a more moderate level.?2 Panel C

9The estimate of this moment depends heavily on the sample and the frequency of the data.
See for example, Bansal and Yaron (2004), Bansal Dittmar and Lundbland (2005), Colacito and
Croce (2005) and Lettau and Ludvigson (2005). I now calibrate the quarterly correlation between
dividend and consumption growth to a conservative value of 10%.

20See Appendix A. for more details on the data.

21See Appendix A. for details on the data.

22Tn the economy with long-run risk, I impose ¢. = 0 and this implies that in order to match the
contemporaneous correlation between consumption and dividend growth, a high long-run dividend
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confirms what is shown in Fig. 22. This figure shows that despite the lower risk aversion
coefficient, total welfare costs are about 24 times larger. This is primarily due to the
fact that there is now an additional source of risk. However, note also that welfare costs
associated with short-run risk are also higher, by a factor of about three. This is because
in an economy with long-run risk, I calibrate the subjective discount factor to a higher
value in an attempt to keep the implied risk free rate mean close to the value observed
in the data. In the calibration associated with long-run risk, however, it is impossible to
obtain values for the annual mean of the risk free rate smaller than 1.6%. This problem,
nevertheless, can be solved. The long-run risk literature, in fact, shows that an IES larger
than 1 helps to keep the risk free rate at low levels. For this reason, in the next section
I examine the model in the general case in which ¥ # 1, and I explore both asset prices

and welfare cost implications produced in such a framework.

3.5.2 Welfare costs with ¥ # 1

As shown in the preceding section, the IES is a crucial variable for the risk free rate and
can have important implications on the measurement of welfare costs. More generally,
examining the role played by the intertemporal elasticity of substitution is interesting
for at least two other reasons: (1) from an empirical point of view, whether the IES
is larger or smaller than 1 is still debatable;?® and (2) while long-run risk models are
typically calibrated with an TES>1, standard business cycle models with time-additive
CRRA preferences usually adopt an IES<1.24

The top panel of Fig. 3 shows welfare costs obtained in (19)-(20) as a function of the
IES. For simplicity, I fix the risk aversion at 16 and the annualized subjective discount
factor,62, at .993. Costs are increasing in the IES since the latter implicitly makes the
agent more patient. As it is possible to see in the bottom panel of Fig. 3, when the
intertemporal elasticity of substitution is higher, the effective discount rates converge
closer to 1.

It is interesting that also the composition of the total cost changes with the IES. In
particular, note that as the IES increases, welfare costs of the short-run risk become more

and more important. The bottom panel of Fig. 3 shows that this is simply due to the fact

leverage is needed, ¢, = 6.4. The high relative exposure of dividends to long-run risk produces a
high equity premium despite the moderate risk aversion.

23Gee, for example, Hall (1988), Lustig and Von Nieuwerburgh (2005), Guvenen (2005), Attanasio
and Weber (1989), Attanasio and Vissing (2005).

#1n standard RBC models ¥ = 1/y < 1.
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that the effective discount rate in economies in which there is no long-term risk, 6", is
more sensitive to the IES than is the effective discount factor in economies in which there
is long-run risk.

Let me now focus on the total welfare costs and their link with the risk free rate. Fig.
4 shows both total welfare costs and risk free rate mean as a function of the IES and
confirms the observations described in the previous sections: in economies in which there
are permanent sources of uncertainty, welfare costs are driven by the effective degree of
patience, which is tightly related to the risk free rate. In particular, targeting lower levels
of the risk free rates produces higher welfare costs.

Table 3 shows in detail the moments produced by the model when the IES is .8%° and
when it is 1.5. Focusing on panel C, under both calibrations, the same equity premium
is achieved by adjusting slightly the relative risk aversion. While the equity premium is
the same, the level of welfare costs is significantly different. Calibrating the IES to 1.5, 1
match the empirical average of the risk free rate and obtain extremely high costs, in the
order of 1512%. Calibrating the TES to .8, the risk free rate mean produced by the model
is almost two times bigger then the empirical one and costs are about 15 times lower
than before. These results confirm that the measurement of welfare cost is actually far
more sensitive to the restrictions imposed in reference to the risk free rate than to those
obtained from the equity premium. I now examine the link between welfare cost and risk

free rate with standard CRRA preferences.

3.6 Preferences or Long-Run Risk? Both.

Finally in this section, I examine implied welfare costs in an economy with long-run
risk and standard time-additive CRRA preferences by imposing the following restriction:
U = 1/4. In Fig. 5, I plot implied welfare costs and risk free rate as a function of
the risk aversion. It is important to note that the welfare costs are lower than before
by approximately two orders of magnitude. Furthermore, welfare costs are no longer
increasing in the risk aversion coefficient. These two facts are strongly correlated and
are explained as follows. A higher risk aversion implies a lower effective discount factor
and, hence, lower welfare costs. An economy with standard CRRA preferences might
underestimate welfare costs because of the implicit negative relationship between the risk
aversion coefficient and the effective discount factor. The inability of these preferences

to keep low the risk free rate with higher levels of risk aversion significantly affects their

25This is the estimate provided by Favero(2005).
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implications for welfare costs. Epstein-Zin-Weil(1989) preferences, however, solve the risk
free rate puzzle and their inclusion is then essential in disentangling risk aversion from the
degree of patience, which is one of the main determinants of welfare costs.

Notice, however, that the high welfare costs obtained in the previous sections depend
also on the presence of long-run risk, not simply on the choice of the preferences. It is
the introduction of the long-run risk that allows the tradeoff between degree of patience
and RRA - induced by the restriction on the mean of the risk free rate - to play such a
crucial role. Economies in which the growth rates are perfectly i.i.d. are economies in
which the RRA must be high to match the equity premium, in turn implying lower welfare
costs. Only after the introduction of long-run risk does attention shift toward economies
in which the risk aversion is moderate and the degree of patience is higher. Looking, for
example, at Fig. 2, it is the introduction of long-run risk that forces us to move from the
righthand side of the panels - where we have economies in the manner of Tallarini (2000)
- to the lefthand side of the panels - where we have economies as in Bansal and Yaron

(2004) with lower RRA but higher welfare costs.

4 The production economy

4.1 The role of investment

The endowment economy presented in section 3 showed that welfare costs can be quite high
even with moderate levels of risk aversion. Working with an exogenous endowment helps
to directly connect this result to the restrictions implied by asset price data. However, an
endowment economy is silent about the role that endogenous movements of capital and
investment can have on asset prices and, consequently, on welfare costs. The economy
presented in the previous section, in fact, can be seen as a special production economy
in which labor is fixed, there is no capital depreciation and, at the same time, there are
infinite capital adjustment costs. Under these restrictions, the representative agent con-
sumes the entire output in every period and his consumption growth equals the exogenous
productivity growth rate. The optimal investment is, then, zero and capital is constant
over time. In the data, however, the investment growth rate is about five times more
volatile than the consumption growth rate. The investment-output ratio, on average, is
about 20%.25 Introducing to the model our information about investment fluctuations

could potentially have important implications. For this reason, in this section I relax the

26See Appendix A. for details about the data.
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assumption of infinite adjustment costs and explicitly assume that the primary source of
long-run risk lies in the productivity growth rate. There are three important questions to
answer in order to interpret implied welfare costs in this scenario:

(1) Can long-run productivity uncertainty generate long-run consumption risk when in-
vestment is free to move?

(2) Do investment fluctuations change the properties of market returns and, hence, the
preferences calibration?

(3) Is an IES> 1 consistent with standard understanding of business cycles?

If the agent is able to use investment in order to decrease the exposure of his con-
sumption process to long-run risk, implied welfare costs decrease. Furthermore, we know
that welfare costs depend not only on the amount of long-run consumption risk but also
on the specific calibration of the preference parameters. For a given degree of long-run
consumption risk, if investment fluctuations tend to reduce the volatility of returns, a
higher risk aversion is required in order to get high equity premiums. As shown in Fig. 2,
a higher risk aversion can actually produce a reduction in welfare costs when the interest

rate is kept fixed.

These arguments give us good reasons to expect lower welfare costs in a production
economy. However, there is a third channel through which investment can affect the mea-
sure of welfare costs and it is important since it could actually increase welfare costs.
This additional channel is related to the introduction of concave capital adjustment costs
as in Jerman (1998). Barlevy (2000) shows that in economies with capital adjustment
costs, welfare costs produced by the volatility in productivity are amplified. In this kind
of environment, the volatility of the productivity shocks affects negatively the uncondi-
tional mean of the consumption growth. Let G(I/K) denote the concave adjustment cost

function, then:

Ct+1:| [Kt+1:|
. = E —E 24
N [Ct X, (24)
= u+.5G Varll/K]
<0

When uncertainty is completely removed, the representative agent experiences higher wel-
fare benefits for two reasons: 1) her consumption process is perfectly smooth, and 2) her
consumption is growing faster. In a world with uncertainty, in fact, the representative
agent must frequently adjust the investment-capital ratio. This adjustment is costly and

produces a negative income effect that has a depressing impact not only on the level of
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consumption, but also on its growth rate. This negative effect disappears once all the
uncertainty is removed. For this reason, movements in investment might actually produce

higher welfare costs.

In the next section I describe the model used to investigate the effect that investment

has on welfare costs.

4.2 The model

This section presents the model used to examine the business cycle and to evaluate welfare
costs. In order to keep the analysis as simple as possible, I focus only on the representative
agent consumption-saving problem and I keep constant the labor supply. The representa-

tive agent has preferences defined only by aggregate consumption:

_1 1
- | 1-3

o = -l s (s fui]) ™

0 < ¢

The consumption good is produced according to a constant returns-to-scale neoclassical

production function:
Y = K [Amn] '

where K; is the fixed stock of capital carried into date t, n; is the labor input at ¢ and A;
is an aggregate productivity shock. The productivity growth rate, Aa;+1 = log(Ai11/Ar),

has a long-run risk component and evolves as described below:

Aaiy1 = p+xi+0€q 1

Tt = PTi—1 1+ Oz€gy
] e (e 0)
ot 0]"]0 1
The resource constraint of this economy is:
Ci+1; < Y;
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The capital stock evolves according to:

I
K = (1 — 5k)Kt +G <Kf> K;
t

where
I L\T
ay t T
G(—t) _ ~t
K, 1\x) T®

The rate of depreciation of capital is denoted by d; and the function G(.) transforms

investment in new capital as in Jerman(1998). The agent is endowed with 7 units of time

that she can devote to leisure (denoted by l;) or labor according to the following constraint:
g+l < n

Since leisure does not appear in the utility function, the representative agent will always

find it optimal to offer n; = 7 units of labor.2”

4.2.1 Equilibrium

In this economy, the allocation that solves the planner’s problem can be decentralized
by means of competitive markets.?® It is then possible to find the competitive equilib-
rium allocation by solving the planner’s problem. Let us define the following stationary

variables:

¢ LY, K Ut}

] k = 2
{Ctvllhyt? taut} {At17At17At1’At1’At1 (5)

Let s; = [Aay, x¢, ki) denote the vector of the states of the economy. Let u(s) be the

value of the planner’s problem evaluated at the optimum for given state s. The planner’s

2T impose @ = .18. As Tallarini(2000), I consider total employment multiplied by average weekly
hours worked divided by the civilian non-istitutional population 16 years and older.
28Gee Sargent-Ljungqvist (2004).
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problem can be rewritten in the following recursive way:

u(s) = nél%/x [(1 - 5)Cl—$ + §ell=3)Aa (Es fu(s')1] 11*_% )] [
s.t.
c > 0,K>0
c+i = y= cl-a)Aajapq(1-a)
et = (1-0)k+G <;> k
= pr+oge,
Ad = p+z+oe,

I solve this problem numerically, I describe my computational methods in Appendix C.
Once the planner’s allocation is found, prices and returns can be derived from the solution
to the planner’s problem as follows. The stochastic discount factor takes exactly the same

form as that derived in (2). The risk free rate is:

L _
c v Ups1 v
Rl = E 5<6A““> —
Ct Ey [“t+17] 1=y

The marginal value of standardized capital is equal to the marginal rate of transformation

between new capital and consumption:

1
q = mar
G'(3£)
The returns per unit of normalized capital are:
Gt+1 + dig1
Rit1 = qt+1 T A1
qt
where
(s 41 Ui41
dis1 = e = g1 — 1 + @G <+>
ki1 kit kit

In accordance with Boldrin-Christiano-Fisher (1999), I introduce financial leverage. The

leveraged excess return is:
B
Ry, — Rl = (Rip - R]) (1 + )
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where B/S is the average debt-share ratio of the firm. As in Boldrin-Christiano-Fisher
(1999), I keep leverage constant and assume B/S = 2/3. Finally, wages equate the

marginal productivity of labor.

4.2.2 The definition of welfare costs

I define the cost of uncertainty similarly to that in section 3.2. Given any calibration for

{p, 0,0}, there are three different endogenous consumption processes to examine:

C*  obtained when Aaj ; = ux
C**  obtained when Aaj}, = p** + o€t 4
C  obtained when Aayi1 = p+oef | +x¢

The unconditional drifts of these processes, u*, u**

and p, differ from each other because
they are adjusted in order to keep constant the unconditional growth rate of TFP in raw
units.

Finally, I define the welfare costs generated by the adjustment costs as:
AU = u(c|0 < T < 00) — u(c|T = o0) (26)

Eq. (26) compares the utility-consumption ratios of two economies that have the same
short-run and long-run degree of uncertainty, but different elasticities for their supplies of

capital.

4.3 Model Predictions on Quantities and Prices

First, I solve the planner’s problem for different values of the IES. In particular, in order
to be able to compare my new results with those obtained in an exchange economy, I
focus on the case in which IES € {.8;1;1.5}. In Panel A of Table 4, I detail the entire
calibration. I calibrate the RRA to 16 and fix it in order to better isolate the role of the
IES. T choose the subjective discount factor so as to match the same level of the risk free
rate I obtained in the exchange economy with [ES=1.5. The elasticity of the supply curve
of capital is equal to .98, a value in line with empirical evidence.?? The parameter « is
calibrated to match the capital income share. The annualized capital depreciation rate is
6%. The annualized mean of the productivity growth rate is 2%. The volatility of the

short-run productivity shock is about 1.4 times the volatility in the exchange economy for

29 Abel (1980) reports estimates that range between .5 and 1.14; Eberly (1997) has a 95% confi-
dence interval for the US of [1.08, 1.36].
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consumption. This is required in order to match the actual volatility of the consumption
growth rate. I fix the persistence of the long-run component to .98 in order to stay as
close as possible to what happens in an exchange economy. I scale the volatility of the
long-run component so that it explains only 7% of the total volatility of the productivity
growth rate. This allows the retention of the first order autocorrelation of the quarterly
consumption growth rate in line with the data.

Before analyzing the moments produced by the model, it is important to study the
policy functions of the representative agent. In Fig. 6, I plot the optimal consumption-
productivity ratio, Cy/A;_1, and the optimal investment-productivity ratio, I;/A;_1, as a
function of the exogenous states. The panels on the left describe consumption, the panels
on the right refer to investment. The top panels refer to an economy in which the IES
is 1.5, the middle panels are obtained when the IES is 1 and the bottom two panels are
computed for an IES of .8. In each panel, there are two curves: the solid curve shows the
slope of the given policy function with respect to variations in the long-run component; the
dashed curve shows the slope of the policy function with respect to the short-run shock.
Capital is fixed at its steady state value.

For every value of the IES considered in the figure, the agent finds it optimal to respond
to positive short-run shocks by simultaneously increasing consumption and investment (all
the dashed lines are upward sloping).

The behavior of consumption and investment is instead very different with respect
to the long-run component. This is due to the fact that long-run news simultaneously
generates both an income and a substitution effect that each work in opposite directions.
The higher expected long-run productivity generates a substitution effect that increases
the opportunity cost of consumption and that tends to stimulate investment. Since output
is predetermined, an increase in investment generates a drop in consumption.

At the same time, a positive long-run shock allows the agent to feel much richer and to
desire higher consumption. The long-run component, in fact, is highly persistent and, for
this reason, a single long-run shock is able to affect the flow of expected future utility over
a very long time-horizon. A positive long-run shock translates into a remarkable increase
in the continuation value of the agent.

When the IES is low, current consumption and continuation value are complements:
the income effect dominates and the agent finds it optimal to increase consumption by
reducing investment. However, when the TES is high, the degree of substitutability between
continuation value and current consumption is high. In this case, the substitution effect

dominates and the agent finds it optimal to decrease consumption in order to increase
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investment and accumulate capital. Finally, when the IES is equal to 1 - the log-case - the
income effect and the substitution effect offset each other and the demand for new capital
tends not to move.3"

It is interesting to examine what are the quantitative implications for the growth
rates of consumption, C}, and investment, I;. Fig. 7 and Fig. 9 show the percentage
deviations from the steady state of the monthly growth rates of consumption, investment
and output realized after a single positive pulse shock to both the short-run component
(left panels) and the long-run risk (right panels). The shocks materialize only at time 2
and they are normalized according to their standard deviation (€52 = 0 and €2 = 0). A
shock to the long-run component is able to produce persistent movements in the growth
rate of consumption, investment and output. These movements are small and allow the
autocorrelation function of the quarterly consumption growth to be maintained at .35 as
shown in Panel B of Table 4. The annualized volatility of quarterly consumption growth
is about 1.35% when the IES is different from 1 and about 1.2% when the IES is 1.

In Panel B of Table 5, I report the volatility ratios produced by the model for con-
sumption, output and investment. The figures show two important features: (1) the IES
has only a modest impact on volatility ratios, implying that even with an IES> 1 in-
vestment is more volatile than consumption; (2) the model under-predicts the volatility
of investment. This problem is mostly due to adjustment costs and disappears when the
supply curve of capital is perfectly elastic, i.e., when 7 = co. In this case, the investment
growth rate becomes six times more volatile than the consumption growth rate. The fact
that investment is not very volatile implies that output growth is also less volatile than
what is implied in the data. In the data, the volatility ratio for output and consumption
is about 1.5, while the model prediction is 1.0. In Panel A of Table 5, I report contem-
poraneous correlations of quarterly growth rates of consumption, investment, output and
market returns.®' Let us focus now on the quantities. In the data, consumption growth
has a correlation of about 83% with output and 43% with investment. These correla-
tions are typically significantly higher in standard real business cycle models that ignore

the presence of long-run uncertainty in productivity. In standard models, in fact, all the

30The response of the investment growth rate depends in reality on the interaction between the
elasticity of the supply curve of capital and the IES. Since I calibrate the elasticity of capital to
a value very close to 1 (7 = .98), this functions as a useful normalization that allows an exclusive
focus on IES.

31Given that I keep fixed the supply of labor, in this economy the measured productivity growth
rate (ATF P, = Ay;—(1—«a)Any) is exactly equal to the output growth. In the data, however, these
two series have a correlation of about .7 and show different degrees of persistence. In particular,
ACF,[ATFP] = .15 while ACF;[Ay] = .4. The model cannot account for these differences.
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variables move together in response to short-run news. This is exactly what happens in
this model when the IES is 1. Even if there is long-run uncertainty, quantities do not
react to long-run news because the income effect and the substitution effect offset each
other. Hence, the correlations of the quantities are explained by the co-movements with
short-run shocks. When the IES varies from 1, the model instead produces lower con-
temporaneous correlations since the long-run news moves consumption and investment in
opposite directions, introducing a negative effect on their covariance. In order to better
match the correlations of the quantities, the IES must be other than 1. On the other
hand, taking consideration of prices implies that the IES should be calibrated at a value
above 1. Panel B of Table 4, in fact, shows that a higher IES helps to obtain higher excess
returns and lower risk free rates. When IES=.8, the implied equity premium predicted
by the model is zero, while the risk free rate is about 3.18%. When the IES=1.5, the risk
free rate declines to 1.4% and the excess return is 2%. These results show that the market
return is not particularly sensitive to IES and, for this reason, a reduction in the risk free
rate produces almost a one-to-one increase in the excess return. This result can be better
understood by focusing on the conditional covariance between the returns of capital,ri1,
and the intertemporal marginal rate of substitution (IMRS), m;1. The Euler Equation
implies that Ey[ri1 — rf¢] &= —covi(miq1,7¢41), meaning that capital must offer a higher
equity premium when its returns move in the opposite direction to that of the IMRS. In
order to characterize the conditional response of the prices, I show the impulse response
functions of the IMRS, the return to capital and the capital gain component (gi+1/q:).
Fig. 10 focuses on the case IES= .8, while Fig. 8 shows the case IES= 1.5. In both
figures, positive short-run news implies a drop in the IMRS and, at the same time, an
increase in capital returns induced by the realization of both higher dividends and capital
gains. The increase in the price of capital is induced by the positive shift of the demand
for new capital produced by the positive short-run news. The situation is different when
long-run news materializes. In this case, the demand for investment shifts upward only if
the substitution effect is stronger than the income effect, i.e., only if the IES is above 1. In
particular, when the IES is above 1, a long-run shock produces both a positive response in
returns and a very strong drop in IMRS.3? When IES< 1, the capital claim offers insurance
against long-run shocks since good news about long-run productivity growth produces a

reduction in investment and a fall in the price of capital. The implied capital loss produces

32The IMRS percentage deviation from its steady state is about -9% after short-run news and
-24% when a long-run shock materializes. This is a key feature of the Epstein-Zin-Weil (1989)
Preferences. They are very sensitive to long-run shocks and they allow the IMRS to be very volatile
in response to even small long-run fluctuations. Among others, see Croce-Lettau-Ludvigson(2005).
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low returns associated with lower IMRS. In this case, the long-run uncertainty reduces the
equity premium.

Overall, however, the highest equity premium that the model is able to produce is
only 2%. This is primarily because, under this calibration, the endogenous exposure of
the growth to consumption risk is lower than what was assumed in an exchange economy.
In an exchange economy, Ei[Adsy ;] = ¢ Ei[Aciij], j = 1,2, ... and I calibrated ¢, = 6.4.
With endogenous production, however, the expected dividend growth is only 3 times larger
than that of consumption, implying that the price-dividend ratio is less sensitive to long-
run shocks. Note also that after a short-run shock to productivity, the expected dividend
growth is negative and its absolute value is 5 times larger than that of consumption,
implying a negative (but small) drop in the price-dividend ratio.?® It is because of these
two elements that the returns are less risky than those produced in an exchange economy.

Finally, examining the second moments of the returns, it is possible to see that the
model predicts a low volatility of market excess returns. In particular, the problem is that
the volatility of the dividend growth rate is about 6%, half of that observed in the data.3*
On the other hand, the model is successfully able to keep the volatility of the risk free rate

at low levels.3®

4.4 Properties of the consumption growth rate

Before analyzing the welfare costs implied by the model, it is important to analyze the
properties of the consumption growth rate. If we let ¢; = Cy/A; denote the consumption-

productivity ratio, the growth rate of consumption can be rewritten as:

Aciy1 = Aagyr + Aciq

33When a short-run shock materializes, the agent responds by increasing investment. After the
shock, the agent begins to sustain consumption growth above its unconditional mean by consuming
the extra units of capital just accumulated. This implies that the dividend-productivity ratio
declines, in turn pushing the growth rate of dividends below its unconditional average.

34Tn order to better match the observed correlation between market returns and aggregate quan-
tities, dividends should have an extra component that is volatile but uncorrelated with the pro-
ductivity shocks. This suggests that a more sophisticated leverage process that is able to introduce
dividend-specific shocks is required.

35Models with habits typically produce volatile risk free rates, see for example Jerman(1998) and
Boldrin-Christiano-Fisher (2000). Epstein and Zin (1989) preferences allow, instead, the IMRS to
have a small conditional volatility and, at the same time, a high unconditional volatility.
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The first term shows movements in consumption growth induced by exogenous produc-
tivity growth fluctuations. The second term, however, captures endogenous movements
induced by the optimal response of the agent to the exogenous shocks. If the agent keeps
constant the consumption-productivity ratio over time (Ac¢;41 = 0 for any ¢), his con-
sumption process has the same properties as the productivity process and therefore it has
the same exposure to both long- and short-run risk. However, this is not what the model
predicts. The previous section, in fact, shows that consumption growth is smoother than
productivity growth (cac &~ .670), implying that the agent moves ¢; counter-cyclically
and let the consumption process be less exposed to productivity shocks. Fig. 11 plots
the impulse response functions of both the productivity growth and the consumption-
productivity ratios with respect to both short-run and long-run news when the IES is
1.5 and all other parameters are calibrated as in Table 4. When a positive short-run
shock materializes (at time ¢t = 2), the consumption-productivity ratio drops since the
agent responds by increasing also investment. After the first period, the growth rate of
productivity goes back to precisely zero while that of consumption remains positive, even
if very close to zero. The agent, in fact, uses the extra capital accumulated in the first
period in order to keep the growth rate of consumption above its steady state over a longer
time-horizon. This effect is both very persistent - the decay rate of Ac; after the initial
shock is about .9953 - and very small, almost invisible in the figure. In order to capture
it, in the bottom-left panel of Fig. 11, I plot the spectral density of consumption growth
generated by short-run risk. The same panel shows the theoretical spectral density of the
productivity short-run risk.?® The spectrum of short-run productivity shock is perfectly
flat, while that of consumption growth has a spike at low frequencies. This shows that
the model introduces a moderate amount of endogenous persistence in the growth rate
of consumption even after a simple #d shock. Something similar happens when long-run
news materializes. When the shock arrives, the agent responds immediately by increasing
investment and letting the consumpion-productivity ratio decline. After the initial fall,
consumption growth becomes positive but remains smaller than the growth rate of pro-
ductivity for the remaining plotted periods. The growth rate of productivity, however,
declines more quickly than the consumption growth rate and, after about 150 months, it
becomes smaller than the consumption growth rate. In particular, after the initial shock,
consumption growth decays at a rate of about .9838, while the productivity growth rate’s
decay rate is p = .98. This is engendered by endogenous capital accumulation dynamics:

the agent accumulates extra units of capital for many periods and, in a second moment

36In Appendix D.1, I show in detail how these spectral densities are computed.
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(150 months in this case), begins to use them to sustain consumption growth over a longer
time-horizon. The implied spectral density of consumption growth (bottom-right panel
of Fig. 11) now has a pronounced spike at low frequencies, showing that long-run risk
in productivity can generate long-run risk in consumption. Fig. 14 shows the theoretical
spectral density of the exogenous consumption process used in the exchange economy, the
theoretical spectral density of the productivity growth rate, and the spectral density of the
endogenous consumption process generated by the model with production when ¥ = 1.5.
The consumption growth spectral density produced by the model with production is very
close to that of the process assumed in an endowment economy. However, the model
with production reallocates part of the volatility from the higher to the lower frequencies,
producing more long-run consumption risk than that in an exchange economy. Note that
such change in spectral density has only a modest effect on the autocorrelation of the
quarterly consumption growth rate. This autocorrelation, in fact, is now .36 (it was .32

in an exchange economy), a value still close to what is observed in the data.

Finally, in Fig. 13 I show the contribution of both the short- and long-run component
to the long-horizon variances in the productivity growth rate (right panel) and the con-
sumption growth rate (left panel). I define the variance of the productivity growth rate at
the horizon h as: Var[Aa,;p;]/h. Since I assume that long- and short-run news is uncor-

related, the previous long-horizon variance is easily decomposed into two subcomponents:

h—1 h
Var[Aagpp]/h = Var Z Tipk—1| /h+Var Z ea’t+k] /h

k=1 k=1

Varl'™(Aa) Vary™ (Aa)

In the right panel of Fig. 13, the solid line shows that the contribution of short-run risk to
the long-horizon variance is constant across horizons, because the short-run risk is ¢.i.d.
The dashed line, however, shows that the variance of consumption attributable to the long-
run component increases over longer time horizons and actually becomes dominant after
about 15 periods. This is due to the fact that the long-run component is persistent and
its auto-covariances play an important role in amplifying the long-horizon productivity
variance. I proceed in an analogous way to examine the long-horizon variance of the con-
sumption growth rate.?” The left panel of the figure confirms that, for any horizon h, the

variances of both the long- and short-run components of consumption growth are smaller

37T describe in more detail the computations for the long-horizon variance of consumption in
Appendix D.2.
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than those of productivity growth. Consumption is then smoother than productivity over
both shorter and longer horizons. Note that the variance induced by the short-run shock
is not flat across time-horizons. In accordance with prior observation, variance actually
increases slightly because of the small endogenous persistence in consumption growth in-
troduced by the model. Finally, the long-run productivity component is able to generate
a strong increase in the variance of consumption over longer time-horizons similar to what
occurs in the productivity growth process. In the next section, I study the impact of this

effect on welfare costs.

4.5 Welfare costs, IES and risk free rate.

In the previous section we have seen that the endogenous consumption growth rate has
a spectral density similar to that observed in an endowment economy, but also a higher
level of long-run uncertainty. For this reason, when the preference parameters are kept
unchanged, welfare costs in a production economy are higher than those observed in an
exchange economy. In particular, when the risk aversion, the IES, and the monthly subjec-
tive discount factors are calibrated as in Table 3, the total welfare costs generated by the
productivity uncertainty range from 2512% (when IES=1.5 and the RRA=16) to 560%
(when the IES is .8 and the RRA is 20). As in an exchange economy, the IES and the
implied effective discount factor continue to play a very important role.

At the same time, however, the higher exposure of consumption to long-run risk implies
that the risk free rate mean is lower than that obtained in an endowment economy. In
order to offset this effect, I calibrate the subjective discount factor to .99923, a value that
allows to match the risk free rate mean in an exchange economy in the case of IES=1.5.3%
This adjustment, even if apparently small, has a strong negative effect on the level of
welfare costs. As is apparent in Panel C of Table 4, the total welfare costs range now
from 404% (IES=1.5) to 218% (IES=.8). The welfare costs are still increasing in the IES,

but the lower subjective discount factor allows them to be much smaller.3® Although this

38 Another way to decrease the risk free rate would be to decrease the persistence of the long-
rung component in productivity. I prefer to lower the subjective discount factor since this helps
to better match both the risk free rate and the mean of the investment-output ratio observed in
the data.

39Notice that now the moving average representation of the consumption process is slightly
different from that used in an exchange economy. When IES # 1, the consumption growth
process is very sensitive to contemporaneous innovations in the long-run component. In section
B.4.1 of the appendix, I show that when the IES is below 1, this response tends to increase welfare
costs. This explains why the welfare costs with IES=.8 are much larger in a production economy
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modification of the calibration allows the matching of the level of the risk free rate when
the TES is 1.5, the equity premium is far from what is observed in the data. As in an
exchange economy, I adjust my relative risk aversion in order to match a higher level of
equity premium. In the next section, I describe how I change the calibration and I show
the implications on welfare costs, prices, and quantities. Before concluding this section, let
us briefly examine the welfare costs produced by the introduction of the adjustment cost
(A2, In Panel C, we can see that A\*¥ ranges from 5% to 7%, consistent with Barlevy’s
(2004) estimates that go from 7% to 10%. These costs are remarkable in absolute terms
and are quite large if compared to Lucas’ results. Note, however, that they represent
about 2% of the total welfare costs and do not significantly change the basic intuitions

developed in the previous sections.

4.6 Welfare costs and equity premium

In order to better match the equity premium, the relative risk aversion premium is in-
creased to a value of 30. This value is still reasonably low given the well known difficulties
in producing high equity premiums in production economies. Tallarini (2000), for exam-
ple, using a risk aversion of 100, obtains an annualized equity premium of just .04%, about
100 times smaller than in the data. A risk aversion of 30 is a plausible value given the
recent empirical findings in Attanasio and Vissing (2005).

In my benchmark calibration, I fix the IES at a value of 2. This value is consistent with
what is estimated by Basal-Gallant-Tauchen (2004), Colacito-Croce (2005), Bansal-Kiku-
Yaron (2006) and Attanasio and Vissing (2005). As shown before, this helps to better
match the unconditional correlation between investment and consumption growth and the
maintenance of the risk free rate at low levels.

Given higher risk aversion, a higher IES and a higher degree of long-run risk, the risk
free rate tends to be lower than what was reported in the previous tables. In order to keep
the risk free rate in line with my previous calibrations, I lower the subjective discount
factor and I calibrate § = .9873. This helps to keep the investment-output ratio low.*0 All
other parameters remain unchanged.

I report the main results produced by this calibration in Table 6. The implied equity
premium is now 4.8%. This value is slightly below the historical mean of the CRPS stock

market excess returns.*! However, it is in line with the estimates reported by Fama-French

than in an exchange economy.
40Under this calibration, at the steady state, this ratio is 25% (in the data, it is about 20%).
41See Appendix A. for more details about the data.
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(2000).

The risk free rate has an annual mean of 1.2% and is smoother than the excess returns.
Similar to what is observed in the data, its volatility is about 10 times smaller than the

volatility of market returns.

Increasing the IES from 1.5 to 2 does not change the main properties of consumption.
The annualized volatility of quarterly consumption growth is still 1.4% and its autocor-
relation function is .35. In order to better compare the consumption process generated
by the model to the data, in Fig. 14 I plot the spectrum of the quarterly growth rate
of consumption. In particular, the dashed line shows the spectral density estimated from
the data, while the other lines show the bottom 2.5%, the median, and the top 97.5%
percentile of the distribution of quarterly spectral densities generated by simulating the
model with production.*? If we focus on the business cycle frequencies, [.2 - .8], we see
that the median spectral density produced by the model is reasonably close to its em-
pirical counterpart. More generally, the model is able to capture the decline over higher
frequencies of the empirical density. Note also that the spectrum estimated from the data
strays outside the confidence interval generated by the model only for frequencies higher

than .75, equivalent to cycles with duration shorter than 8 quarters.

The contemporaneous correlation with investment growth is about 50%, a value that
is close to what is observed in the data. Investment is 1.3 times more volatile than

consumption.

The welfare costs associated with this calibration are about 200%. They are two times
smaller than those obtained in the previous section matching a lower equity premium.
This is primarily due to the fact that the higher risk aversion required to match the equity
premium allows me to keep low the risk free rate with a lower subjective discount factor

inducing a drastic reduction in welfare costs.

As seen in section 3, the trade-off between RRA and subjective discount factor pro-
duced by the risk free rate mean is crucial for welfare costs. Examining a production
economy suggests that the calibration of the RRA has to be higher than what is usually
assumed in the long-run risk literature. The implied total welfare costs are still signifi-

cantly bigger than what is usually obtained with models that focus only on quantities.

42Tn order to generate these distributions, I simulate the model with a production economy over
a sample of 600 months, time-aggregate the quantities to quarterly frequencies, and compute the
implied growth rates for consumption. I repeat this procedure 500 times in order to generate a
sample of spectral densities.
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5 Conclusion

This paper measures and characterizes the welfare costs of consumption uncertainty when
a representative agent has generalized recursive preferences and is exposed to long-run
consumption risk. Working with an endowment economy, I show that: first, welfare costs
can be high even when risk aversion is moderate and short-run volatility of consumption
growth is low; second, welfare costs are far more sensitive to the intertemporal elasticity
of substitution in consumption (IES) than to risk aversion. In particular, welfare costs are
increasing sharply in the ITES when that parameter exceeds unity. I then solve a stochastic
growth model with long-run risk in productivity growth and show that: (1) assuming an
IES bigger than 1 does not alter the basic properties of consumption and investment; (2)
long-run risk in productivity may propagate in consumption even when investment is free
to adjust; (3) the main asset price implications of the model remain unchanged; and (4)
the main implications for welfare costs are preserved. In a production economy, the total
welfare costs of aggregate consumption fluctuations are on the order of 200%, a number
that is about 2000 times larger than that obtained by Lucas(1987).

There is a number of directions in which this work could be fruitfully extended.

First, in this paper I assume a constant supply of labor in order to keep the analysis as
simple as possible. However, labor fluctuations can have an important impact on welfare
costs and should be taken into account in future research. In particular, it will be especially
important to study the implications that the model has on the relationship between labor

income, aggregate variables and capital returns.

Second, as we have seen, the model predicts excessively smooth investment growth
rates. This is induced by the presence of concave adjustment costs. Boldrin-Christiano-
Fisher(2004) show that a model with habits and real rigidities can partially solve this
problem and simultaneously produce volatile returns and investment. It would be im-
portant to reexamine the relation between investment, returns and welfare costs in a
model with long-run risk, Epstein-Zin-Weil preferences and pre-determined investment as

in Boldrin-Christiano-Fisher.

Finally, this paper remains silent about the effective role that policymakers can adopt
to stabilize consumption fluctuations. A recent paper by Panageas and Yu (2006) shows
that long-run movements in consumption can be generated by technological innovations
embodied in new vintages of capital stocks. Given the high welfare costs of long-run
fluctuations, I believe that one of the next steps for this field of research should be the ex-

amination of the effective role of policies directed toward stabilizing long-run technological
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adoption processes and R&D activity.
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Appendix A. Data.

In order to compute the spectral densities of consumption I use data on real per capita
consumption from the Campbell(2003). Data are quarterly observations on private con-
sumption of nondurables and services from 1970.Q1 to 1998.Q8. When I produce joint
statistics about consumption and investment, I use the following quarterly data from BEA:

(1) Real Private Fixed Investment, seasonally adjusted in billions of chained 2000
dollars, from 1947:Q1 to 2005:Q2;

(2) Real Personal Consumption of Nondurables and Services, seasonally adjusted in
billions of chained 2000 dollars, from 1947:Q1 to 2005:Q2;

I compute output as sum of consumption and investment. I exclude the government
expenditure.

I measure inflation by the CPI index, from 1947:Q1 to 2005:Q2. In order to take into
account seasonality, I smooth inflation by computing in every quarter the average of the
last four quarterly inflation rates.

The risk free rate is measured by the return of the 3-Months t-Bills minus the realized
inflation, from 1947:Q1 to 2003:Q2.

The market returns (from 1947:Q2 to 2003:QQ2), the annualized price-dividend ratio
(from 1947:Q1 to 2002:Q4) and the dividends(from 1947:Q1 to 2003:Q3) are from CRSP.

From the BLS I obtain both a time-series for the Civilian Employment-Population
Ratio (from 1948:Q1 to 2005:Q2) and data on Average Weekly Hours (Total Private In-
dusties, from 1964:Q1 to 2005:Q2). I measure labor by multiplying the average weekly
hours worked by the civilian employment-population ratio. I then normalize the series
dividing it by 7*16 (a measure of the total number of workable hours in a week).

Finally, I compute the total factor productivity in log units as:

tfpe = output, — (1 — «v)labory
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Appendix B. A Log-Linear Approximation

In this section of the appendix I derive the main results that regard the exchange economy.
I characterize first the asset pricing implications of the model. I finally link the utility-

consumption ratio to the price-consumption ratio.

B.1 The Economy

The representative agent has the following preferences:

1

1

1 1
-5 [ 1-%

_1 ==
U = |(1-8)C, " +6E, [UQQ] o (B.1)
The endowment process is:
Aciy1r = p+x+ o€y (B.2)
Ty = Pri_1+ oz€;

i

BRI

There is a redundant asset paying a dividend process with the following growth rate:
Adiyy = pa+ ¢xi+ Geoeiq + 0actiy (B.3)

where the shock €/, ~ 4.i.d.N(0,1) is uncorrelated with all the other shocks. Let C
denote the variance-covariance matrix of the vector of shocks €41 =
then:

c d T
€1 €41 6t+1}’

(B.4)

Q

Il
o O =
o = O
_ o O

B.2 The Asset Pricing Results.
B.2.1 Risk Free Rate and Consumption Returns.

The case ¥ # 1.

Let Ptc denote the ex-dividend price of a claim to an asset that pays a consumption stream
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C; measured at the end of time ¢. Define:

th = PtC/Ct
Reg1 = (PG +Ci)/ PP

Let log variables be denoted by small letters. The Campbell-Shiller log linearization of

the returns implies:

oo o0 ]
Wer = We+ Z keE[Acii14i] — Z KeEt[Tet+144)
i=0 i=0

_ eap(wd)
14 exp(we) (B:5)

When Epstein-Zin preferences are adopted, v # 1/, and (B.15) holds, a log-linearization

of the first order conditions of the representative agent implies:

1 —-1/v
M1 = M — —Xetp — Kcua:pem,t—l-l — YO€ct+1 (B6)
g 1 — pKe
1 1-1/0
Tet+l = Tc+ Ext + ﬂcwaxfz,t—i—l + 0€ctt1
C
1
ree = Tf+ @1}
_ 1-1/v
Wep = We+ —X¢
’ 1 —Kep

Given the results above, the Euler Equation for the asset that pays consumption - evaluated

at x4=0 - provides the following non linear equation in x.:

Ko = 66(1—é)(u—.5(7—1)Var[a€c,t+1+ﬁc(1—pﬁc)710z€z,t+1]) (B?)
Rewrite the stochastic discount factor m;y; and the return in vector form:

. 1
Mip1 =M = Fleg + i€yt

Iy = |: —yo 0 _HCZ:L{Q\sz }

_ 1
Tet+l = Te + Eﬂft + e

FCE[U 0 nc%aw]
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Remember that:
Et[rfiﬂ] = —Cov (mt+1 - Et[mt+1],7“c,t+1 - Et[rc,t—l—l]) - -5V(7“c,t+1 - Et[rc,t—l—l])
Then the following holds:
Ey[ret 1] = —TnCT, — 5I.CT.,

By rearranging the definition of the stochastic discount factor with Epstein-Zin(1989)

preferences, 1 get:

1 1-6 1
Birg) = —1og) + 358 + D B Vi
_ -7
=1z 1/

So, it follows that:

1 1- 1
Elrs] = —log(d) + G+ ( ; ) (-TmCT, — STeCT,) — 5o TnCT,

We are now able to find the intercept of the log stochastic discount factor:
J— 9 exr
m=0logd — Nla + (0 = 1) (E[re"] + Elry])

The special case ¥ = 1.
When ¥ = 1 it’s possible to find a closed form solution for both the stochastic discount

factor and the risk free rate. In particular:

Myp1 =M — Tey + Dipegpn (B.8)
I, = [ —vo 0 —5;’_—7}150x }
m = log(6) — pu — .5(y — 1)*T,CT’,

I, = [ c 0 1_%59501; ]
Tt = ﬁ + Tt
77 = —log(d) + p+ .5 ((v — 1)°I",CT, — T',,CTY,)
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B.2.2 Dividend Returns.

Let PP denote the ex-dividend price of a claim to an asset that pays a consumption stream

D; measured at the end of time ¢.Define:

Was = PP /D,
Rygs1 = (PEy + Dija)/PP

A log-linearization of the Euler Equation implies:

91V
W4t = Wq + T rm / Tt (B.9)
— Kap
1 —1/v
T+l =Td + go + %d?_pﬁdexﬂ%l +0q€q i1+ PeO€c i1 (B.10)

Now rewrite the returns of the asset paying dividends in vector form:

1
Tdi+1 = Td + =Tt + g€

]
o= [ Ge0 0g ﬁd‘z{:;ﬁfox ]

Given the results above, the Euler Equation for the asset that pays dividend - evaluated

at z; = 0 - provides the following non linear equation in kKg4:
kg = em+u+.5Var[(Fm+Fd)et+1]

The equity premium in this case is:

Ei[rg% 1] = —T'mCly — 5L4CTy,
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B.3 The Utility-Consumption Ratio

The case ¥ # 1

Epstein-Zin-Weil(1989) preferences are homogeneous-homothetic, this implies that:

e _ [(1 - 5)Wt} =

G G
Where % , is the wealth-consumption ratio at time ¢ defined by the budget constraint of

the representative household:
Wit1 = Ry 1 (W — Cy)

where R, ;41 is the return of wealth. In this economy there is just one asset providing
total consumption, so Ry 41 = Rei+1. In order to satisfy feasibility, W; = Ptc + Cy.

Hence:

Ut 1_1A
o = a=oWe + 173 (B.11)

The utility-consumption ratio at the steady state is derived as:

— 1
Uu |1- I
C  |1-k.

When no long-run risk is introduced in the model (p = o, = 0) this formula is exact.
Finally, notice that 6" = k. and that in order to recover *" it is enough to impose

p =0z =01in (B.7). If one log-linearizes (B.11) the following is true:

KRe

U = U+ Tt

1 — pKe

The special case ¥ =1

In this case the utility-consumption ratio is exactly:

Uy = fy + T (B.12)

1—po

o 52

fu = = |p+5(1—7)

T3 20%—1—.5(1—7)02

(1= pd)
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B.4 The Welfare Costs

Remember that in order to keep constant the growth rate of consumption in levels the
following restriction is imposed:
o2

€T
1—p2)

p = pb—50%-
pt = E[Ci/CY)

The special case ¥ =1
Just apply the definition of cost and use p,, as it is derived in (B.12) in order to get:

0
1-46

AT = 5yo? (B.13)

52 , 0

lrr - -1
A il R i rumrr vl K way

(B.14)

The case ¥ # 1

In this case the welfare costs are:

srr 1 ST nr
A = 1_L(log(l—5 ) —log(1 — &™)
v
1
AT —(log(1 = 8"") — log(1 — 6°"))
v

where:

0" = keandopy=0=p=0
0" = keand o, =p=0,0#0
O = koand oy #£0,p £ 0,0 #0

A log-linearization of log(1 — §°™") with respect to 0% around & = 0 implies:

srr

- 2
N et

A log-linearization of log(1 — 6!") with respect to o2 around & = 0 implies:

(5lrr)2 ) 5lrr

l ~
AT x5 (1 _ pdlrr)2 Ox 1— 5lrr

—1
1_p2+(v )
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B.4.1 A special case

Assume that:

Aciy1r = p+xe+oe g+ 06 (B.15)

R X
Ty = PTi—1+ 06

HEEBIEN)

The implied welfare costs of the long-run component is:

} 1 lrr 2 5 5!7"7’
oo -1 I
A 5 1_p2+<7 )<0+1_p5lrr> 0—1’1_517’7‘

If & = 0, the costs are as big as those ones obtained in the previous section. If § > 0

- this is, for example, true in production economy when ¥ < 1 - the welfare costs are
even bigger because future consumption and future continuation value co-move together.
Finally when 6 < 0 - this is, for example, true in production economy when ¥ > 1 - the
welfare costs are smaller since future consumption and future utility-consumption ratio

move in opposite directions.

Appendix C. Computational methods for the en-
dowment economy

All the results produced in the tables regarding the exchange economy are obtained by

employing computational methods. The following sections explain which methods I use.

C.1 Value Function

The case ¥ # 1,0, #0,p#0

In order to compute the welfare costs I need to solve for the utility-consumption ratios.
Given a consumption process as in (B.15) the associated utility-consumption ratio can be
found solving the following functional equation:

T

1
0 T

U
G@) = |1-0)+3E,

U 1= ,
(Gt o) commrni
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The contraction mapping theorem applies. All I have to do is to discretize the problem.I
2 2
discretize the support of x using J equidistant points on the interval [—5% + 5%}
and I discretize the distribution of a shock € ~ N(0,1) generating a grid over the interval
[-5 + 5] with I equidistant points €1,...,€e7. The probability that I assign to a generic

point ¢; is:

2
67.561-

Zz‘lzl e=5e

I interpolate the utility-consumption ratio using a cubical polynomial:

b =

%(l‘,) — [1 .7)/ x/Q $/3}ﬁ

where 3 is a vector of coefficients that I recover by OLS, so that 3 = (X'X)"1X'Z(X)

and X is the associated collocation matrix. I define:
sij = [1 (prj+o0.6) (prj+0z6)* (px;+ 0s6)]

At this point I guess By and I iterate until convergence the following operator:

g

v | 1=

I I
) (SUREI b9 S BREE L
k

%

jo= 1,2,...J

U
Pry1 = (X,X)_leg(X)nH

All the other cases
When ¥ = 1 and when ¥ # 1 but at the same time o, = p = 0, it is possible to obtain
exact close form solutions for the utility-consumption ratio as explained in the previous

section.

C.2 Price-Dividend Ratio

The special case ¥ =1

I compute the price-dividend ratio schedules by minimizing the Euler Equation errors.
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When there is the long-run risk, I iterate until convergence the following recursion:

I 1 I
Vd(ﬂUj)nJrl _ ZZZepm—xj—wekJr(l—y)Uuozei(1+Sﬂﬁg)eud+¢w]~+¢306k+adez¢l¢i¢k
11=1
Bl o= (X'X) X'V,

n

=1

I construct the grids for the state and the shocks exactly as described in the previous
section. I interpolate the price-dividend ratio using the same cubical polynomial. When

dividends and consumption growth are both 4id, I compute the level of the price dividend

as:
Q
d _
Vo= 1-Q
I I
QO = ZZe#m+#d+(¢>c*'y)06k+0del¢l¢k
k=11=1

The case ¥ # 1
When W ## 1 and there is long-run Risk in consumption and dividends, first of all I solve for

the utility-consumption ratio and I find 8. Then I iterate until convergence the following

recursion:
I
C1;,C5C 1_
Vi@ = Y )T (0 e
i=1
where
Ci; _ Setd—Trt(d—7)z;
I
Cy = elbemock gy
k=1
I
Cs = €Ud6k¢k
k=1
4
I I 1—ry
=1 k= 1
gl = (X'X)TWX'VHX),
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I construct the grids and I interpolate the price-dividend function exactly as shown before

for the utility-consumption ratio.

Appendix D. Production Economy

The problem that I have to solve is:

s = [Aa z k]
-1 L
u(s) = max [(1 )b 4 el )b < Bfu(y )} o3
s.t.
c > 0,k>0
c+i = y=elmdapegi-a)
Fefe = (1-0k+G <;) k
o = pr+ose,
Ad = ptatog,
A

x

This problem can be solved by standard value function iterations. I program my algorithm
in Fortran, Compaq Visualizer 6.a-professional, by HP.

The first thing I do is to discretize the state space. I use: (1) N, equidistant points for
Aa on the interval [—-2std[Aa] +2std[Aal]; (2) N, equidistant points for x on the interval
[—2std[z] + 2std[x]]; (3) Nk equidistant points for k on the interval [.1k%¢ 1.9k%%]. Where
k*® is the value of capital at the deterministic steady state. At this point I guess a value
function u(Aa,x, k), that is an array N, x N; X Ni. From now one, similarly to what

’:” to indicate all the elements in one dimension. So, for example,

done in Fortran, I use
u(:, 2, k) indicates all the values of the utility function with respect to the state Aa, given
x = x; and k = k;. Now I am ready to start an iteration, I list below the required steps:
STEP 1: Computing Q(Aa,z, k) = E[u(Ad, ', k)1 7].

I discretize a shock distributed according to a standard normal as in Appendix C. T use
N, points. Looking at the definition of F [ul(l_m, it is possible to see that this object is
in reality invariant with respect to Aa. The only two variables that have predictive power

and really matter for the conditional expected value are k and x. So, in order to make
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fast this step, for every (x;, k;) in the grid, I compute the following expression:

Ns Ns

H(wi k) =Y Y u(p+zi+ oen, px + ozep, ki)' sy
h=1f=1

I compute H (z;, k;) only Nj x N, times and then impose Q(:, z;, k;) = H(z;, k;). In order to
compute H (-,-) I have to be able to compute u(u+x;+oep, pr+oz€r, k). The initial guess
gives information only on u(Aaj, x;, ki), so I need to be able to approximate and interpolate
u(-, -, k;) on points that are outside the grid of the states. For given ki, log(u(:,:, k;)) gives
me a set of points - over a two-dimensional surface - which I approximate using a tensor
product of Chebyshev polynomials in Aa and x. This surface is very close to be linear, so |
don’t need many polynomials to produce a good approximation. In particular, the number
of polynomial is smaller than Na, X N, and for this reason I compute the polynomials
coefficients by a standard projection method (for every k; in the grid, I apply OLS on
log(u(:,:, k1)), using as regressors all the polynomials I have in Aa and x). Once I have
the Chebyshev coefficients, I interpolate log(u) in correspondence of the generic points
(1 + i + o€p, px + oz€r, k). Once this is done, it is immediate to compute H.

STEP 2: iterpolating Q(Aa,z, k) with respect to capital.

I want to solve the maximization problem by applying a standard Newton-algorithm to
the control variable k’. In order to apply this algorithm I need to be able to evaluate the
right hand side of my recursion for every admissible value of the control variable &’. This
means that I have to be able to evaluate @ for every feasible value of capital k’. For every
x; in my grid, I project through OLS-method log(H (z;,:)) on a constant, log(?) and
log(?)2, where: K indicates the vector that collects the log-values of capital in my grid
and log(?)2 is a vector collecting the square of log-values of capital. This transformation
is very useful since log(H (z;,:)) is very close to be linear in log-capital and allows me to
have very small interpolation residuals (in the order of 1.e-6, log units). For every x;, I
run this OLS interpolation and I get an OLS coefficients-vector that I denote as §;. At
this point, using the interpolation implies the following fast way to evaluate the expected
value of future utility at &': H(z;, k") = exp([1 k' (K')?]3;).

STEP 3: maximizing
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Given a the state, s = [ Aa; z; k; |, I solve the following maximization problem:

1—1 —_T

max [u_akké+ﬁékim%<mmukwyﬁwgv?ﬂlW
- s.t.

Z' — e(l—a)Aa]‘k,fc,ﬁ(l—O&) —c

(1-8)+G ()
K= ky
eAaj
K> 0

I solve this problem using the Fortran subroutine 'DUVMIF’. The subroutine evaluates
also the objective function at the optimum and allows me to update the value function.
STEP 4: stopping rule.

Once done with step 3, I measure the distance between the new value function, u/, and

W)~ —(w)*
=5

1
the initial one using a standard sup-norm. If I e 1e-81 stop. Otherwise

I use the new value function as initial guess and I go back to STEP 1.

D.1 Spectrum

Given a stochastic process X, its spectral density evaluated at the frequency f is:
1 o
S = — cos(k
x(f) o kzoo’)’k (kf)

where

Ve = cov( Xy, Xi—i)

Given the following moving average representation for X:

[oe)

X X

Xt = Zej €t—j
j=0

the auto-covariances can be computed in the following way:
oo
X pX 2
M= 0707 (o)
j=0
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Notice also that given two orthogonal stochastic processes X and Y, the spectrum of their

sum is equal to the sum of their spectral densities:

Sx+v)(f) = Sx(f) + Sy (f)

If we neglect non linear terms, the consumption growth rate obtained by the model can
be represented as:

00 00
ACt+1 — Ac= Z 0;?63;’,5_]‘ + E 0?6a7t_j
Jj=0 Jj=0

7/

Aclrr AcSTT
The IRF produced by giving a one-pulse positive shock to the short-run component gives
me the sequence {9}10}, which allows me to compute the auto-covariances and the spectral

lrr

density of Ac""". The IRF produced by giving a one-pulse positive shock to the long-run

component gives me the sequence {0;’?036}, which allows to compute the auto-covariances

STT

and the spectral density of Ac®". Since the long-run component news are orthogonal to

the short-run news, the spectral density of the consumption growth is equal to the sum of
the spectral densities of the consumption growth sub components that I denoted as Ac®™"
and A, Finally, note that:

(1) when I compute the monthly spectral density, for computational reasons I truncate
the moving average and I consider only the first 200 coefficients (i.e. I compute the IRF.s
only for 200 periods);

(2) in order to have a consistent estimate of the spectrum of the quarterly consumption
data I actually compute Sx(f) = % Zi:l yreos(kf)(1 — %);

(3) when I compute the quarterly spectral density produced by the model I use the same
formula that I apply to the data: Sx(f) = 5 S kcos(kf)(1 — g)

D.2 Long Horizon Variance

Let me define the long-run variance of the monthly productivity growth rate at the horizon
h as: Var[Aasyp)/h- Since I assume that the long-run and the short-run news are uncor-

related, I can easily decompose the previous long horizon variance in two subcomponents:

h—1 h

Var[Aay pyl/h = Var Z Tirp—1| /h+Var Z ea7t+k] /h
k=1 k=1
Varl™™ (Aa) Vary™ (Aa)

46



Since the short-run risk in productivity is i.i.d., Vary""(Aa) = o. The long-run component

is, instead, persistent over time and for this reason:

h
Varl™(Aa) = Var(z Z (x)
J =

If we neglect non linear terms, the consumption growth rate obtained in the production

economy can be represented as:

o0 (o]
X a
Aciy1 — Ac = E 93- €xt—j T E 9j €a,t—j
J=0 J=0

~~

Aclrr AcSTT

The coefficients {07,607} can be recovered from the IRFs of the model as shown in the

previous section. The auto-covariances generated by the short-run news can be computed

in the following way:
oo
7=0

The implied long-run variance is computed as follows:

Vary™ (Ac) = A2 + Z

k:

Similarly, the auto-covariances generated by the long-run news can be computed as:
= Z 0707
The implied long-run variance is computed as follows:
9 h—1
Varj"(Ac) = ~§ + 7 > (h=k)yi
k=1

For computational reasons I truncate the moving average and I consider only the first 300

fonta: 300
coefficients: {67, 67}57.
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TABLE 1
CALIBRATION WITH LONG RUN CONSUMPTION RISK

Parameter Value Moment Model
uk 1645% E[C41/Cy) 1.99%
o A4e-2 std[Cyi1/CY] 1.39%

Oz 4.4%0 ACF1[Cy41/C] .32

) .98 ACF[p; — di] .97

All the statistics are based on quarterly data and are annualized. The entries for the model
are based on 500 simulations each with 840 monthly observations that are time-aggregated

to a quarterly frequency.
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TABLE 2
THE SPECIAL CASE

U=1

Panel A: Calibration

pk o O P b P 04 0 gt
LRR 1645% Ade-2 4.4%c 98 64 0 9o .9999 17
NO LRR 1645%  .48¢-2 0 0 0 9 855 .99435 280
Panel B: Statistics
DATA LRR NO LRR
E[Cy41/CY] 02.00 02.00 02.00
std[Cyy1/Cl 01.30 01.39 01.39
ACF1[Cyy1/CY] 32.00 31.00 21.00
PAcAd 10.00 11.00 11.00
std[Dyy1/ Dy 12.00 12.00 12.00
Elriy1 — 1] 06.00 06.01 06.05
E[r!] 01.10 01.70 01.06
std[rpeq — 7] 16.40 19.20 14.20
std[r]] 01.35 00.53 0
std[p; — dy] 40.00 18.00 0
ACF1[p; — dy] 97.00 97.00 -
Panel C: Welfare Costs
) y E [rf] E [T.ez] \tot e ASTT
DATA - - 1.10 6.00 - - -
LRR 19999 17 1.70 6.01 907 743 164
NO LRR 99435 280  1.06 6.05 57 - 57

In Panel A, monthly calibrations for the model with and without LRR are provided. In

Panel B, all the statistics are annualized and multiplied by 100. The entries for the models

are based on 500 simulations each with 840 monthly observations that are time-aggregated

to a quarterly frequency. In this table ,udL = . In Panel C, the welfare costs are multiplied

by 100.
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TABLE 3
THE ROLE OF ¥ # 1

Panel A: Calibration

L

m o o p ¢ ¢ 04 0 gl
T=15 1645%  Ade-2  4.4%c .98 64 0 90 .99945 16
U=238 1645%  Ade-2  4.4%c .98 64 0 90 .99945 20
Panel B: Statistics
DATA U=238 U=15
E[Cy41/C] 02.00 02.00 02.00
std[Cy11/Cy) 01.30 01.39 01.39
ACF1[Cyy1/CY] 32.00 31.00 31.00
PAcAd 10.00 11.00 11.00
std[Dyy1/Dy] 12.00 12.00 12.00
Elre —rf] 06.00 06.17 06.15
E[r]] 01.10 02.88 01.40
std[rpe1 — 7] 16.40 19.20 19.80
std[r]] 01.35 00.66 00.35
std[py — dy] 40.00 18.40 20.00
ACF1[p; — dy] 97.00 97.00 97.00
Panel C: Welfare Costs
5 v E [Tf] E [rex] A\tot Nrr ASTT
DATA - - 1.10 6.00 - - -
T=15 99945 16 1.40 6.15 1512 498 1014
U=238 99945 20  2.88 6.17 124 103 21

In Panel A, monthly calibrations for the model with LRR are provided. In Panel B, all

the statistics are annualized and multiplied by 100. The entries for the models are based

on 500 simulations each with 840 monthly observations that are time-aggregated to a

quarterly frequency. In this table udL = p. In Panel C, the welfare costs are multiplied

by 100.
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TABLE 4
THE ROLE OF ¥ WITH PRODUCTION

Panel A: Calibration

e o O p Og ! T 0 y

165%  .60%  5.5%c .98 5% .33 .98 .99923 16

Panel B: Statistics

DATA U =38 U=1 U=15
E[Cy11/C] 02.00 01.91 01.92 01.93
std[Cyy1/Cl 01.30 01.34 01.22 01.36
ACF[Cty1/CY] 32.00 35.00 36.00 36.00
PAcAd 10.00 95.00 97.31 89.00
std[Dy41/ Dy 12.00 05.20 05.60 06.40
E[rd, , — ] 06.00 00.00 00.85 02.00
E[r/] 01.10 03.18 02.46 01.36
std[rd, , — r]] 16.40 02.50 02.40 03.10
std[r]] 01.35 00.72 00.62 00.46
std[p — dy] 40.00 18.70 19.10 20.00
ACF1[p; — dy] 97.00 98.00 98.00 98.00
Panel C: Welfare Costs

) y E [Tf] E [,r.ea:] \tot )\lrr ASTT )\adj
DATA - - 110  6.00 - - - -
T=15 99923 16 140 200 404 300 104 6.6
U=1 99923 16 246  0.85 254 220 34 54
U=238 99923 16 318  0.00 218 196 22 5.3

Panel A shows the benchmark monthly calibration. In Panel B, all the statistics are
annualized and multiplied by 100. The entries for the models are based on 500 simulations
each with 600 monthly observations that are time-aggregated to a quarterly frequency. In
this table [ = .82. In Panel C, the welfare costs are multiplied by 100.
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TABLE 5
QUARTERLY SECOND MOMENTS WITH ADJUSTMENT COSTS

Panel A: Cross Correlations

DATA T =15
AY; AL AC, AY, AL AC
Al .85 Al .86
AC, .83 43 AC, .96 .70
rd 12 .02 18 rd 57 75 42
U =1 U=.23
AY; Al AC AY,; AL AC;
Al .99 Al 93
AC, 99 .99 ACy .99 87
rd .70 .70 .70 rd .65 .69 61

Panel B: Volatility Ratios

oay/oac oar/oac
DATA 1.5 5
v =15 1.01 1.10
v=1 1.00 0.99
v=2.8 0.98 1.01

Panel A reports contemporaneous cross correlations between quantities for different cal-
ibrations of W. All the other parameters of the model are calibrated as in Table 4. The
entries for the models are based on 500 simulations each with 600 monthly observations
that are time-aggregated to a quarterly frequency. In this table [ = .82. Panel B reports

volatility ratios.
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TABLE 6
PropucTiON ECcONOMY: BENCHMARK CALIBRATION

Panel A: Calibration

uk o Oz P O Q@ T 2 5
165% .60%  55%0c .98 5% .33 98 98 30 2

Panel B: General Statistics

Mean St.Dev. ACF4
Model Data Model Data Model Data
C'H.l/C't 2.0 2.0 14 14 .35 .32
I /1 2.0 2.4 1.8 7.0 .30 )
I/ 25 20 0.5 2.0 98 97
rdo —rf 4.8 6.0 4.0 16.0 .05 01
rf 1.2 1.1 34 1.5 97 .90
Py — dy 3.25 3.2 11 .35 .98 .96
Panel C: Cross Correlations
DATA MODEL
AY; AL AC AY,; Al AC
Al .85 AL .75
AC .83 43 AC .94 Rl
rd 12 .02 18 rd .50 .76 29
Panel D: Welfare Costs
)\tot )\lrr ASTT
MODEL 200 147 53

Panel A shows the benchmark monthly calibration.

In Panel B, all the statistics are

annualized and multiplied by 100. The entries for the models are based on 500 simulations
each with 600 monthly observations that are time-aggregated to a quarterly frequency. In

this table [ = .82. In Panel C, the welfare costs are multiplied by 100.
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The Costs of Uncertainty when  $=0.99435

250 T T T

% units

The Costs of Uncertainty when  y=17
T T

1000 T T T T

800

600 —

400 —

% units

200 —

0.9945 0995 09955 0.996 0.9965 0.997 0.9975 0.998 0.9985 0.999 0.9995

F1G. 1 - THE WELFARE COSTS AS A FUNCTION OF (7,J)

The parameters {u”, p, 0,0, } are calibrated to the values reported in Table 1. The
[ES=1. The cost functions are multiplied by 100.
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1.001

8(y) = exp(-E[r '] + p - 2(.5y-1)0?)
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FIG. 2 - THE WELFARE COSTS AS A FUNCTION OF (v, E[r/])

The parameters {u”, p, 0,0, } are calibrated to the values reported in Table 1. The
[ES=1, the cost functions are multiplied by 100. In the top panel the annualized
mean of the risk free rate is 1.1%.
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Welfare Costs when y=16 and &=0.99945
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Effective Discount Factors when  y=16 and &=0.99945
T

0.9999
0.9998
0.9997
0.9996
0.9995
0.9994
0.9993
0.9992
0.9991

Fi1G. 3 - THE WELFARE COSTS AS A FUNCTION OF W

The parameters {u”, p,o,0,} are calibrated to the values reported in Table 1. In
the top panel, the cost functions, are multiplied by 100 and are computed using a
log-linearization of the model. The bottom panel shows how the effective discount
factors change with the intertemporal elasticity of substitution.
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Total Welfare Costs when y=16 and 6=0.99945

1500 tot
=

% units
5
S

a
=]
o

v
Risk Free Rate when y=16 and 6=0.99945

2:8 F T T T T

% annualized units

g

Fi1G. 4 - THE WELFARE COSTS AND THE RISK FREE RATE

The parameters {u”, p, 0,0, } are calibrated to the values reported in Table 1. The
cost functions and the annualized risk free rate are multiplied by 100 and are com-
puted using a log-linearization of the model.
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F1G. 5 - THE SPECIAL CASE ¥ = 1/v

The parameters {u”, p, 0,0, } are calibrated to the values reported in Table 1. The
cost functions and the risk free rate are multiplied by 100 and are computed using
a log-linearization of the model.
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Fi1c. 6 - THE PorLicy FUNCTIONS AND W

All the parameters are calibrated to the values reported in Table 4. The policy
functions are computed numerically. In every panel, the solid line shows the policy
function as a function of x. The dashed line, instead, shows the policy function as
a function of €,. Finally, notice that in this figure i, = I;/A; 1 and ¢, = C;/A; 1.
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Fi1G. 7 - QUANTITIES IMPULSE RESPONSE FUNCTIONS WHEN W = 1.5

This figure shows monthly log-deviations from the steady state. Units are multiplied
by 100. All the parameters are calibrated to the values reported in Table 4. The
policy functions are computed numerically.
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Fi1Gc. 8 - PrICES IMPULSE RESPONSE FUNCTIONS WHEN W = 1.5

This figure shows monthly log-deviations from the steady state. Units are multiplied
by 100. All the parameters are calibrated to the values reported in Table 4. The
policy functions are computed numerically.
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F1G. 9 - QUANTITIES IMPULSE RESPONSE FUNCTIONS WHEN W = .8

This figure shows monthly log-deviations from the steady state. Units are multiplied
by 100. All the parameters are calibrated to the values reported in Table 4. The
policy functions are computed numerically.
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Fi1c. 10 - PrIicESs IMPULSE RESPONSE FUNCTIONS WHEN U = .8

This figure shows monthly log-deviations from the steady state. Units are multiplied
by 100. All the parameters are calibrated to the values reported in Table 4. The
policy functions are computed numerically.
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Fi1c. 11 - QUANTITIES IRF.S AND SPECTRAL DENSITIES (¥ = 1.5)

This figure shows monthly log-deviations from the steady state of both consumption
and productivity growth after the arrival of short-run news (top left panels) and long-
run news(top right panels). Units are multiplied by 100. The bottom two panels
show the implied spectral densities. All the parameters are calibrated to the values
reported in Table 4. The policy functions are computed numerically.
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F1G. 12 - SPECTRAL DENSITIES (¥ = 1.5)

This figure shows numerical spectral densities for the monthly growth rates of con-
sumption and productivity. The productivity growth rate AA is calibrated as in
Table 4. The consumption growth rate ACT® ("PE’ = Production Economy) is ob-
tained by solving the model with production according to the calibration reported
in Table 4. The consumption growth rate AC*¥ ("EE’ = Endowment Economy) is
obtaining from the endowment economy calibrated as in Table 3.
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F1c. 13 - LONG HORIZON VARIANCES (U = 1.5)

This figure shows long horizon variances for the monthly growth rates of consump-
tion and productivity. In the right panel, Vari™(Aa) = Var [ZZ: xt+k_1} /h and

Var;™ (Aa) = Var [22:1 €a’t+k:| /h. 1 adopt analogous definitions for Vari™(Ac)

and Vary™(Ac). The productivity growth rate Aa is calibrated as in Table 4. The
consumption growth rate Ac is obtained by solving the model with production ac-
cording to the calibration reported in Table 4.
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F1G. 14 - SPECTRUM OF QUARTERLY CONSUMPTION

The dashed line shows the spectral density of US quarterly consumption of non-
durables and services from 1970:q1 to 1998:q2. The solid lines show the 2.5th and
97.5th percentiles of the distribution of the spectral density of time aggregated quar-
terly consumption growth generated by simulating 500 times samples of 600 months.
The remaining line shows the median of the distribution of the spectrum generated
by the model with production. The parameters adopted are reported in Table 6.

70



