
Technical Appendix to �Bayesian Estimation of
an Open-Economy Model with Imperfect

Pass-Through�

Adolfson, Laséen, Lindé and Villani

November 17, 2013

Abstract

These notes describes the log-linearization of the model in Adolfson
(2007, JIE) in some detail along with some other stu¤.
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1 Pro�t maximization under �exible prices

1.1 Some preliminaries

Start with some preliminaries;

The aggregate production function of the �nal goods �rm (which translates

the di¤erentiated intermediate products into a composite �nal good) follows

Yt =

24 1Z
0

Y
1

�f;t

it di

35�f;t ; 1 � �f;t <1: (1)

The corresponding aggregate price index is obtained by solving the problem

min
Yit

Z =

1Z
0

PitYit di; (2)

s.t. Yt =

24 1Z
0

Y
1

�f;t

it di

35�f;t = 1
The �rst order condition of this minimization follows

Pit � ��
�
�f;t

�
(Yt)

1
�f;t

��f;t�1 1

�f;t
(Yit)

1
�f;t

�1
�
= 0: (3)

Yit =

�
Pit
��

� �f;t
1��f;t

Yt: (4)

Inserting this into the composite consumption index (equation (1)) yields:

Yt =

264 1Z
0

0@�Pit
��

� �f;t
1��f;t

Yt

1A 1
�f;t

di

375
�f;t

=

�
1
��

� �f;t
1��f;t

1Z
0

h
(Pit)

1
1��f;t di

i�f;t
Yt:
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Simplifying:

��
�f;t

1��f;t =

24 1Z
0

(Pit)
1

1��f;t di

35�f;t : (5)

The Lagrange multiplier of the minimization problem in equation (2), ��, can be

de�ned as the aggregate price index since it is the cost of one extra unit of the

composite good. Solving for � yields

�� =

24 1Z
0

(Pit)
1

1��f;t di

351��f;t � Pt: (6)

The demand for each intermediate good is obtained by maximizing:

max
Yit

Yt =

24 1Z
0

Y
1

�f;t

it di

35�f;t ; (7)

s.t. Z =

1Z
0

PitYit di:

The �rst order condition with respect to good i and j yields:

�f;tY
�f;t�1
t

1

�f;t
Y

1
�f;t

�1
it � �Pit = 0; (8)

�f;tY
�f;t�1
t

1

�f;t
Y

1
�f;t

�1
jt � �Pjt = 0: (9)

or,

Y
�f;t�1
t Y

1��f;t
�f;t

it

Pit
=
Y
�f;t�1
t Y

1��f;t
�f;t

jt

Pjt
: (10)

The relative demand for the two products can then be written:
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Yit =

�
Pjt
Pit

� �f;t
�f;t�1

Yjt: (11)

Inserting this into the expenditure function above yields:

Z =

1Z
0

Pit

�
Pjt
Pit

� �f;t
�f;t�1

Yjt di (12)

= (Pjt)
�f;t
�f;t�1 Yjt

24 1Z
0

(Pit)
1

1��f;t di

35 : (13)

Use the aggregate price index in equation (6) to rewrite this as

Z = (Pjt)
�f;t
�f;t�1 Yjt (Pt)

1
1��f;t

:
(14)

Inserting this into equation (11) implies:

Yit = (Pit)
�f;t

1��f;t Z (Pt)
�1

1��f;t
:

= (Pit)
�f;t

1��f;t
Z

Pt
Pt (Pt)

�1
1��f;t

:

=

�
Pit
Pt

� �f;t
1��f;t Z

Pt
: (15)

Also using that Z = PtYt implies that the demand for �rm i�s product can be

written as

Yit =

�
Pt
Pit

� �f;t
�f;t�1

Yt: (16)

We also want to de�ne the price elasticity of demand which is useful in the
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pro�t maximization. Di¤erentiate equation (16) with respect to the price

@Yit
@Pit

=
�f;t

1� �f;t
(Pit)

�f;t
�f;t�1

�1
(Pt)

�f;t
�f;t�1 Yt:

Multiply this expression by Pit and divide by Yit to obtain the price elasticity

of demand

@Yit
@Pit

Pit
Yit

=
�f;t

1� �f;t
Pit
Pit

1

Yit

�
Pt
Pit

� �f;t
�f;t�1

Yt

=
�f;t

1� �f;t
: (17)

1.2 The domestic �rms�optimization problem

Under �exible prices the domestic �rm i faces the following maximization prob-

lem every period

max
Pit

PitYit �MCtYit �MCt�: (18)

The �xed cost � (in real terms) enters the production function in order to make

pro�ts zero in steady state. However, we do not want to make it a¤ect the

pricing decision in this maximization problem why it is translated into nominal

terms by MCt. [Can it be entirely redundant in the �ex price case?]

The �rst order condition yields

Yit + Pit
@Yit
@Pit

�MCt
@Yit
@Pit

= 0: (19)

Multiply by Pit and divide by Yit to obtain
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Pit + Pit
@Yit
@Pit

Pit
Yit

�MCt
@Yit
@Pit

Pit
Yit

= 0; (20)

Pit(1 +
@Yit
@Pit

Pit
Yit
) =MCt

@Yit
@Pit

Pit
Yit

: (21)

Insert equation (17), which yields

Pit(1 +
�f;t

1� �f;t
) =MCt

�f;t
1� �f;t

: (22)

Simplify to obtain the standard �rst order condition of a monopolist

Pit = �f;tMCt; (23)

where the price is set as a markup (�f;t) over marginal cost.

1.2.1 Cost minimization

Assume now that Pi;t is given. Then the �rm must produce Yi;t. The domestic

�rm i�s cost minimization in period t follows:

min
Ki;t;Xi;t

WtR
f
tXi;t +R

k
tKi;t + �tPi;t

�
Yi;t � z1��t �tK

�
i;tX

1��
i;t + zt�

�
: (24)

The �rst order conditions with respect to Xi;t and Ki;t are

WtR
f
t = (1� �)�tPi;tz1��t �tK

�
i;tX

��
i;t (25)

Rkt = ��tPi;tz
1��
t �tK

��1
i;t X1��

i;t (26)

Combining these two equations yield the following condition

Xi;t

Ki;t
=

Rkt

WtR
f
t

1� �
�

: (27)
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Solve for �i;t in equation (26):

�t =
1

�
Rkt

1

Pi;tz
1��
t �t

�
Xi;t

Ki;t

���1
: (28)

Use the conditon above to obtain:

�t =
1

�
Rkt

1

Pi;tz
1��
t �t

 
Rkt

WtR
f
t

1� �
�

!��1
(29)

=

�
1

1� �

�1���
1

�

�� �
Rkt
�� �

WtR
f
t

�1�� 1

z1��t �t

1

Pi;t
: (30)

�tPi;tcan be interpreted as the nominal marginal cost since this is the nominal

cost of producing one extra unit of the domestic good. Consequently, �t is the

real marginal cost.

1.3 The importing �rms�optimization problem

Equivalently under �exible prices, an importing �rm i faces the following max-

imization problem:

max
Pm;cit

Pm;cit Cmit � StP �t Cmit : (31)

The �rst order condition for the price of consumption goods yields after some

rearranging

Pm;cit (1 +
@Cmit
@Pm;cit

Pm;cit

Cmit
) = StP

�
t

@Cmit
@Pm;cit

Pm;cit

Cmit
: (32)

The demand for �rm i�s product follows

Cmit =

�
Pm;cit

Pm;ct

���m;ct

Cmt

=

�
Pm;cit

Pm;ct

���m;ct

!c

�
Pmt
P ct

���c
Ct:
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Di¤erentiate this with respect to Pm;cit , and rearrange to obtain the price elas-

ticity of demand �rm i faces:

@Cmit
@Pm;cit

Pm;cit

Cmit
= ��m;ct

�
Pm;cit

Pm;ct

���m;ct �1
1

Pm;ct

Cmt
Pm;cit

Cmit

= ��m;ct :

Insert this in the �rst order condition above, which yields the standard monop-

olistic price setting:

Pm;cit =
�m;ct

�m;ct � 1StP
�
t : (33)

2 Pro�t maximization under sticky prices

2.1 Import price determination using Calvo price setting

The composite import products that enters the households�consumption and

investment are de�ned as follows

Cmt =

24 1Z
0

(Cmit )
�
m;c
t �1
�
m;c
t di

35
�
m;c
t

�
m;c
t �1

; �m;ct > 1; (34)

Imt =

24 1Z
0

(Imit )

�
m;i
t �1

�
m;i
t di

35
�
m;i
t

�
m;i
t �1

; �m;it > 1; (35)

with the corresponding price indices:

Pm;ct =

24 1Z
0

(Pm;cit )
1��m;ct di

35
1

1��m;ct

; (36)

Pm;it =

24 1Z
0

�
Pm;iit

�1��m;it

di

35
1

1��m;it

; (37)
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There exists a continuum of importing intermediate (consumption and invest-

ment) �rms that supplies these di¤erentiated goods. Each of them faces a

random probability (1� �m) that he/she can change (i.e. reoptimize) her price

in any period. Since all �rms are alike the subscript i can be dropped. Let

the reoptimized price for an imported consumption good (investment good) be

denoted Pm;cnew;t(P
m;i
new;t). With probability �

m the �rm does not reoptimize, and

its price in period t + 1 follows Pm;ct+1 = �m;ct Pm;cnew;t (P
m;c
t+1 = �m;it Pm;inew;t). The

price in period t + j is then
�
�m;ct �m;ct+1:::�

m;c
t+j�1

�
Pm;cnew;t: The consumption and

investment �rm face the following optimization problem, respectively:

max
Pm;cnew;t

Et
1X
j=0

(��m)
j
�t+j [

��
�m;ct �m;ct+1:::�

m;c
t+j�1

�
Pm;cnew;t

�
Cmit+j

�St+jP �t+jCmit+j � St+jP �t+jzt+j�m;c]; (38)

max
Pm;inew;t

Et
1X
j=0

(��m)
j
�t+j [

��
�m;ct �m;ct+1:::�

m;c
t+j�1

�
Pm;inew;t

�
Imit+j

�St+jP �t+jImit+j � St+jP �t+jzt+j�m;i]; (39)

where � is a stochastic discount factor. Pro�ts are also discounted by �t; the

marginal utility of the nominal income because pro�ts are maximized conditional

upon the utility of the households since households and �rms pool their resources

in the end of each period?? [can I show which is the relevant discount factor?! -

does it depend on taxes?; see eq. (3.5 in Jesper�s notes)]. [If we allow a positive

markup we need to deduct a �xed cost here, or we transfer the pro�ts into the

household budget constraint!!]. �m;c and �m;i are �xed costs (in real terms) that

enter the �rms�optimization problem because we want to impose that import

9



pro�ts are zero in steady state.

The demand for an imported consumption good i and an investment good

i, respectively is given by

Cmit =

�
Pm;cit

Pm;ct

���m;ct

Cmt ;

Imit =

 
Pm;iit

Pm;it

!��m;it

Imt ;

Inserting this in the maximization problem above, and rearranging

max
P c;mnew;t

Et
1P
j=0

(��m)
j
�t+j [

��
�m;ct �m;ct+1:::�

m;c
t+j�1

�
Pm;cnew;t

�1��m;ct+j
�
Pm;ct+j

��m;ct+j Cmt+j

�St+jP �t+j [
��
�m;ct �m;ct+1:::�

m;c
t+j�1

�
Pm;cnew;t

���m;ct+j
�
Pm;ct+j

��m;ct+j Cmt+j ]]:

(40)

max
P i;mnew;t

Et
1P
j=0

(��m)
j
�t+j [

��
�m;ct �m;ct+1:::�

m;c
t+j�1

�
Pm;inew;t

�1��m;it+j
�
Pm;it+j

��m;it+j

Imt+j

�St+jP �t+j [
��
�m;ct �m;ct+1:::�

m;c
t+j�1

�
Pm;inew;t

���m;it+j
�
Pm;it+j

��m;it+j

Imt+j ]]:

(41)

The �rst order condition with respect to the price of the consumption good

in equation (40) is

Et
1P
j=0

(��m)
j
�t+j [(1� �m;ct+j)

�
Pm;cnew;t

���m;ct+j
�
�m;ct �m;ct+1:::�

m;c
t+j�1

�1��m;ct+j
�
Pm;ct+j

��m;ct+j Cmt+j

+�m;ct+j

�
Pm;cnew;t

���m;ct+j�1 ��m;ct �m;ct+1:::�
m;c
t+j�1

���m;ct+j
�
Pm;ct+j

��m;ct+j Cmt+jSt+jP
�
t+j ] = 0:

(42)

Et
1P
j=0

(��m)
j
�t+j

�
�m;ct �m;ct+1:::�

m;c
t+j�1

���m;ct+j
�
Pm;ct+j

��m;ct+j Cmt+j
�
Pm;cnew;t

���m;ct+j�1�

[(1� �m;ct+j)
�
�m;ct �m;ct+1:::�

m;c
t+j�1

�
Pm;cnew;t + �

m;c

t+jSt+jP
�
t+j ] = 0:

Et
1P
j=0

(��m)
j
�t+j

�
�m;ct �m;ct+1:::�

m;c
t+j�1

���m;ct+j
�
Pm;ct+j

��m;ct+j Cmt+j
�
Pm;cnew;t

���m;ct+j�1�

[
�
�m;ct �m;ct+1:::�

m;c
t+j�1

�
Pm;cnew;t �

�m;ct+j

(�m;ct+j�1)
St+jP

�
t+j ] = 0:

Multiply through by
�
Pm;cnew;t

��(��m;ct+j�1)
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Et
1P
j=0

(��m)
j
�t+j

�
�m;ct �m;ct+1:::�

m;c
t+j�1

���m;ct+j
�
Pm;ct+j

��m;ct+j Cmt+j�

[
�
�m;ct �m;ct+1:::�

m;c
t+j�1

�
Pm;cnew;t �

�m;ct+j

(�m;ct+j�1)
St+jP

�
t+j ] = 0:

(43)

To rewrite this in terms of stationary variables, multiply and divide by Pm;ct+j :

Et
1P
j=0

(��m)
j
�t+j

�
�m;ct �m;ct+1:::�

m;c
t+j�1

���m;ct+j
�
Pm;ct+j

��m;ct+j Cmt+jP
m;c
t+j �

[
(�m;ct �m;ct+1 :::�

m;c
t+j�1)P

m;c
new;t

Pm;ct+j
� �m;ct+j

(�m;ct+j�1)
St+jP

�
t+j

Pm;ct+j
] = 0:

(44)

Rearrange and use the fact that Pm;ct+j � Pm;ct �m;ct+1�
m;c
t+2:::�

m;c
t+j :

Et
1P
j=0

(��m)
j
�t+jP

m;c
t+j

�
�m;ct �m;ct+1:::�

m;c
t+j�1

���m;ct+j
�
Pm;ct �m;ct+1�

m;c
t+2:::�

m;c
t+j

��m;ct+j Cmt+j�

[
(�m;ct �m;ct+1 :::�

m;c
t+j�1)P

m;c
new;t

Pm;ct �m;ct+1�
m;c
t+2 :::�

m;c
t+j

� �m;ct+j

(�m;ct+j�1)
St+jP

�
t+j

Pm;ct+j
] = 0:

(45)

Multiply through by (Pm;ct )
��m;ct+j . This implies

Et
1P
j=0

(��m)
j
 mt+j

�
(�m;ct �m;ct+1 :::�

m;c
t+j�1)

(�m;ct+1�
m;c
t+2 :::�

m;c
t+j )

���m;ct+j

Cmt+j�

[
(�m;ct �m;ct+1 :::�

m;c
t+j�1)

(�m;ct+1�
m;c
t+2 :::�

m;c
t+j )

Pm;cnew;t

Pm;ct
� �m;ct+j

(�m;ct+j�1)
St+jP

�
t+j

Pm;ct+j
] = 0;

(46)

where  mt+j � �t+jP
m;c
t+j : Stationarize with the technology shock zt:

Et
1P
j=0

(��m)
j
 mt+j

�
(�m;ct �m;ct+1 :::�

m;c
t+j�1)

(�m;ct+1�
m;c
t+2 :::�

m;c
t+j )

���m;ct+j

zt+jC
#
t+j�

[
(�m;ct �m;ct+1 :::�

m;c
t+j�1)

(�m;ct+1�
m;c
t+2 :::�

m;c
t+j )

Pm;cnew;t

Pm;ct
� �m;ct+j

(�m;ct+j�1)
St+jP

�
t+j

Pm;ct+j
] = 0;

(47)

where C#t+j =
Cmt+j
zt+j

:

Equivalently, the �rst order condition with respect to the imported invest-

ment good is:

Et
1P
j=0

(��m)
j
�t+j

�
�m;it �m;it+1:::�

m;i
t+j�1

���m;it+j
�
Pm;it+j

��m;it+j

Imt+j�

[
�
�m;it �m;it+1:::�

m;i
t+j�1

�
Pm;inew;t �

�m;it+j

(�m;it+j�1)
St+jP

�
t+j ] = 0:

(48)

or, in terms of stationary variables:

Et
1P
j=0

(��m)
j
 it+j

�
(�m;it �m;it+1:::�

m;i
t+j�1)

(�m;it+1�
m;i
t+2:::�

m;i
t+j)

���m;it+j

zt+jI
#
t+j�

[
(�m;it �m;it+1:::�

m;i
t+j�1)

(�m;it+1�
m;i
t+2:::�

m;i
t+j)

Pm;inew;t

Pm;it

� �m;it+j

(�m;it+j�1)
St+jP

�
t+j

Pm;it+j

] = 0;

(49)
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where  it+j = �t+jP
i
t+j .

2.1.1 Log-linearizing the import price equation (consumption good)

Rewriting the import price equation for the consumption good:

Et
1P
j=0

(��m)
j
 mz;t+j

�
(�m;ct �m;ct+1 :::�

m;c
t+j�1)

(�m;ct+1�
m;c
t+2 :::�

m;c
t+j )

���m;ct+j

C#t+j�

[
(�m;ct �m;ct+1 :::�

m;c
t+j�1)

(�m;ct+1�
m;c
t+2 :::�

m;c
t+j )

epm;ct � �m;ct+j

(�m;ct+j�1)
mcm;ct+j ] = 0;

(50)

where  mz;t+j = �t+jP
m;c
t+j zt+j ; epm;ct =

Pm;cnew;t

Pm;ct
; and mcm;ct+j =

St+jP
�
t+j

Pm;it+j

:We will

use a �rst order Taylor approximation around the steady state to log-linearize

the price equation. This is obtained by totally di¤erentiating equation (47) and

evaluating it in steady-state:1

dF = Fepdepm;ct +Fmcdmc
m;c
t+j+F�md�

m;c
t +F�md�

m;c
t+j+F d 

m
z;t+j+FCdC

#
t+j+F�d�

m;c
t+j :

(51)

dF

F
= Fepdepm;ct

epm;cepm;cF + Fmcdmc
m;c
t+j

mcm;c

mcm;cF
+ F�md�

m;c
t

�m;c

�m;cF

+F�md�
m;c
t+j

�m;c

�m;cF
+ F

 
d mz;t+j

 mz
 mz F

+ FCdC
#
t+j

C#

C#F
+ F�d�

m;c
t+j

�m;c

�m;cF
:(52)

0 = epm;cFep depm;ctepm;c +mcm;cFmc dmc
m;c
t+j

mcm;c
+ �m;cF�m

d�m;ct

�m;c
+ �m;cF�m

d�m;ct+j

�m;c

+ mz F 
d mz;t+j
 mz

+ C#FC
dC#t+j
C#

+ �m;cF�
d�m;ct+j

�m;c
: (53)

1To see this, note the following. A �rst order Taylor approximation of G(Xt; Yt) =

lnF (Xt; Yt) = lnF (elnXt ; elnYt ) around the steady state implies:

G ' G(elnX ; elnY ) +GX(lnXt � lnX) +GY (lnYt � lnY );

ln
�
F (Xt;Yt)
F (X;Y )

�
' 1

F (X;Y )
FxX(lnXt � lnX) + 1

F (X;Y )
FY Y (lnYt � lnY ):

This is equivalent to: dF (Xt;Yt)
F (X;Y )

' 1
F (X;Y )

FxX
dXt
X

+ 1
F (X;Y )

FY Y
dYt
Y
:
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0 = epm;cFepbepm;ct +mcm;cFmccmcm;ct+j + �
m;cF�mb�m;ct + �m;cF�mb�m;ct+j

+ mz F 
b mz;t+j + C#FC bC#t+j + �m;cF�db�m;ct+j ; (54)

where a hat denotes the log deviation from steady state (i.e., xt = dxt
x =

lnXt� lnX). Note that in steady-state; C#t+j and  
m
z;t+j are constants, C

# and

 mz ;respectively, and epm;c = �m;c

(�m;c�1)mc
m;c; �m;ct = �; and (

�m;ct �m;ct+1 :::�
m;c
t+j�1)

(�m;ct+1�
m;c
t+2 :::�

m;c
t+j )

=

�m;ct

�m;ct+j
= �

� = 1:

Start by di¤erentiating equation (47) with respect to the variables epm;ct ,

mcm;ct+j , �
m;c
t , �m;ct+j ,  

m
z;t+j , C

#
t+j , and �

m;c
t+j , and evaluating all the �rst order

conditions in steady-state:

@F

@epm;ct

=

1X
j=0

(��m)
j
 mz C

#

=
1

(1� ��m) 
m
z C

#: (55)

@F

@mcm;ct+j

= � (��m)j  mz C#
�m;c

(�m;c � 1) ; 8 j � 0;

i.e.,

@F

@mcm;ct+j

= �
1X
j=0

(��m)
j
 mz C

# �m;c

(�m;c � 1) : (56)

Regarding the derivatives with respect to �m;ct and �m;ct+j , note that epm;c =
�m;c

(�m;c�1)mc
m;c in steady state, why we only have to di¤erentiate with respect

to the �m;c�terms within brackets. Note also that epm;c = 1 in steady state.
@F

@�m;ct

=
1X
j=1

(��m)
j
 mz C

#

�
1

�

�

=
��m

(1� ��m) 
m
z C

#

�
1

�

�
: (57)

@F

@�m;ct+j

= (��m)
j
 mz C

#

�
�1
�

�
; 8 j > 0;
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i.e.,

@F

@�m;ct+j

= �
1X
j=1

(��m)
j
 mz C

#

�
1

�

�
: (58)

Note again that bracket is zero in steady state (i.e. epm;c = �m;c

(�m;c�1)mc
m;c) so

the derivatives with respect to  mz;t+j and C
#
t+j are zero;

@F

@ mz;t+j
= 0; (59)

@F

@C#t+j
= 0: (60)

Since the bracket is zero in steady state this implies that we only have to dif-

ferentiate with respect to the �m;ct+j�terms within brackets.

@F

@�m;ct+j

= (��m)
j
 mz C

#mcm;c
�
�1(�m;c � 1)�1 � �m;c(�1)(�m;c � 1)�2

�
=

(��m)
j
 mz C

#mcm;c

(�m;c � 1)2 [�(�m;c � 1) + �m;c ]

=
(��m)

j
 mz C

#mcm;c

(�m;c � 1)2 :

i.e.,

@F

@�m;ct+j

=

1X
j=0

(��m)
j
 mz C

#mcm;c

(�m;c � 1)2 : (61)

Collecting terms and inserting in equation (53):

0 =
1

(1� ��m) 
m
z C

#epm;c depm;ctepm;c �
1X
j=0

(��m)
j
 mz C

# �m;c

(�m;c � 1)mc
m;c

dmcm;ct+j

mcm;c

+
��m

(1� ��m) 
m
z C

#

�
1

�

�
�
d�m;ct

�
�

1X
j=1

(��m)
j
 mz C

#

�
1

�

�
�
d�m;ct+j

�

+
1X
j=0

(��m)
j
 mz C

#mcm;c

(�m;c � 1)2 �m;c
d�m;ct+j

�m;c
: (62)
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Rearranging, the Taylor expansion is;

0 =
 mz C

#

(1� ��m)
bepm;ct +

��m mz C
#

(1� ��m) b�m;ct

�
1X
j=1

(��m)
j
 mz C

#b�m;ct+j

�
1X
j=0

(��m)
j
 mz C

#epm;ccmcm;ct+j

+
1X
j=0

(��m)
j
 mz C

#

(�m;c � 1)2 epm;cb�m;ct+j :

Solving for bept
bept =

(1� ��m)
 mz C

#
[
(���m) mz C#
(1� ��m) b�m;ct +

1X
j=1

(��m)
j
 mz C

#b�m;ct+j

+

1X
j=0

(��m)
j
 mz C

#cmcm;ct+j �
1X
j=0

(��m)
j
 mz C

#

(�m;c � 1)2 b�m;ct+j ]: (63)

bept = ���mb�m;ct +(1���m)
1X
j=1

(��m)
j b�m;ct+j+(1���

m)
1X
j=0

(��m)
j

�cmcm;ct+j �
1

(�m;c � 1)2b�m;ct+j

�
:

(64)

From the aggregate price index follows that the average price in period t is:

Pm;ct =

24 1Z
0

(Pm;cit )
1��m;ct di

35
1

1��m;ct

=

264
0B@�mZ

0

�
Pm;ct�1�

m;c
t�1
�1��m;ct +

1Z
�m

�
Pm;cnew;t

�1��m;ct

1CA di

375
1

1��m;ct

=
h
�m
�
Pm;ct�1�

m;c
t�1
�1��m;ct + (1� �m)

�
Pm;cnew;t

�1��m;ct

i 1

1��m;ct : (65)

Dividing:

1 =

"
�m
�
�m;ct�1
�m;ct

�1��m;ct

+ (1� �m)
�
Pm;cnew;t

Pm;ct

�1��m;ct
# 1
1��m;ct

: (66)
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Linearize equation (66). Start by taking both sides to the power of 1��m;ct :

D =

"
�m
�
�m;ct�1
�m;ct

�1��m;ct

+ (1� �m)(epm;ct )1��
m;c
t

#
= 1: (67)

Di¤erentiating this and evaluating in steady state:

@D

@epm;ct

= (1� �m;c)(1� �m): (68)

@D

@�m;ct�1
= (1� �m;c)�m 1

�
: (69)

@D

@�m;ct

= �(1� �m;c)�m 1
�
: (70)

Di¤erentiating with respect to �m;ct we require the derivative with respect to a

power. Note that

f(�m;ct ) = x1��
m;c
t = e

ln
�
x1��

m;c
t

�
= e(1��

m;c
t ) ln x:

Then, di¤erentiating this expression with respect to �m;ct :

@f

@�m;ct

= e(1��
m;c
t )(ln x)(� lnx)

= � (lnx)x
1��m;ct :

It is important to note, that x is de�ned as; x = ~pm;c and x = �=� in equation

(67). In each case, x = 1 in steady state. Note also that ln(1) = 0; so b�m;ct does

not appear in the linear expansion of (67).

Collecting terms and rearranging:

0 = dD = (1� �m;c)(1� �m)epm;c depm;ctepm;c
+(1� �m;c)�m 1

�
�
d�m;ct�1
�

� (1� �m;c)�m 1
�
�
d�m;ct

�
:
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or,

(1� �m)bepm;ct + �m
�b�m;ct�1 � b�m;ct

�
= 0:

Solving for bept : bept = �m

(1� �m)
�b�m;ct � b�m;ct�1

�
= 0: (71)

Inserting equation (71) in equation (64):

�m

(1� �m)
�b�m;ct � b�m;ct�1

�
= ���mb�m;ct

+(1� ��m)
1X
j=1

(��m)
j b�m;ct+j + (1� ��

m)

1X
j=0

(��m)
j

�cmcm;ct+j �
1

(�m;c � 1)2b�m;ct+j

�
:

Simplifying and rearranging:

[1 + (1� �m)�] b�m;ct � b�m;ct�1

=
(1� �m)(1� ��m)

�m

1X
j=1

(��m)
j b�m;ct+j

+
(1� �m)(1� ��m)

�m

1X
j=0

(��m)
j

�cmcm;ct+j �
1

(�m;c � 1)2b�m;ct+j

�
: (72)

Lead this expression forward by one period and multiply by ��m:

��m [1 + (1� �m)�] b�m;ct+1 � ��
mb�m;ct

=
��m(1� �m)(1� ��m)

�m

1X
j=1

(��m)
j b�m;ct+j+1

+
��m(1� �m)(1� ��m)

�m

1X
j=0

(��m)
j

�cmcm;ct+j+1 �
1

(�m;c � 1)2b�m;ct+j+1

�
:

��m [1 + (1� �m)�] b�m;ct+1 � ��
mb�m;ct

=
(1� �m)(1� ��m)

�m

1X
j=2

(��m)
j b�m;ct+j

+
(1� �m)(1� ��m)

�m

1X
j=1

(��m)
j

�cmcm;ct+j �
1

(�m;c � 1)2b�m;ct+j

�
: (73)
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Subtract equation (73) from equation (72), to obtain:

[1 + (1� �m)� + ��m] b�m;ct � ��m [1 + (1� �m)�] b�m;ct+1 � b�m;ct�1

=
(1� �m)(1� ��m)

�m
(��m) b�m;ct+1

+
(1� �m)(1� ��m)

�m
(��m)

0

�cmcm;ct � 1

(�m;c � 1)2b�m;ct

�
: (74)

Combining terms:

[1 + (1� �m)� + ��m] b�m;ct � b�m;ct�1

= ��m [1 + (1� �m)�] b�m;ct+1 + (1� �
m)(1� ��m)�b�m;ct+1

+
(1� �m)(1� ��m)

�m

�cmcm;ct � 1

(�m;c � 1)2b�m;ct

�
: (75)

Note that we can simplify using the following;

��m + ��m(1� �m)� + (1� �m)(1� ��m)�

=

�
��m

�
+ ��m(1� �m)

�
� + [(1� �m)� ��m(1� �m)]�

= [�m + (1� �m)]�

= �:

Thus,

[1 + �] b�m;ct � �b�m;ct+1 � b�m;ct�1 =
(1� �m)(1� ��m)

�m

�cmcm;ct � 1

(�m;c � 1)2b�m;ct

�
:

(76)

or,

b�m;ct =
�

1 + �
Etb�m;ct+1+

1

1 + �
b�m;ct�1+

(1� �m)(1� ��m)
�m(1 + �)

�cmcm;ct � 1

(�m;c � 1)2b�m;ct

�
:

(77)
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2.1.2 Log-linearizing the imported pricing equation (investment good)

Equivalently, the log-linearized pricing equation for the imported investment

goods follows:

b�m;it =
�

1 + �
Etb�m;it+1+

1

1 + �
b�m;it�1+

(1� �m)(1� ��m)
�m(1 + �)

�cmcm;it � 1

(�m;c � 1)2b�m;it

�
:

(78)

2.2 Domestic price determination using Calvo price set-

ting

As above, each domestic �rm faces a random probability (1 � �d) that he/she

can reoptimize her price in any period. Since all �rms are equal (facing the

same Calvo probability of a price change) the subscript i can be dropped. The

reoptimized price is denoted Pnew;t. With probability �d the �rm does not

reoptimize, and its price in period t + j is (�t�t+1:::�t+j�1)Pnew;t: The �rm

faces the following optimization problem:

max
Pnew;t

Et
1P
j=0

�
��d
�j
�t+j [((�t�t+1:::�t+j�1)Pnew;t)

�
(�t�t+1:::�jt+j�1)Pnew;t

Pt+j

�� �f;t
�f;t�1

Yt+j

�MCt+j

�
(�t�t+1:::�jt+j�1)Pnew;t

Pt+j

�� �f;t
�f;t�1

Yt+j �MCt+jzt+j�]:

(79)

Note that the �xed cost zt� (denoted in real terms) enters the production func-

tion in order to make pro�ts zero in steady state. However, we do not want this

to have an a¤ect on the pricing decision why it is translated into nominal terms
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in the pro�t maximization by MCt (rather than the price, Pnew;t).

The �rst order condition yields:

Et
1P
j=0

�
��d
�j
�t+j [

�1
�f;t�1 (Pnew;t)

�
�f;t
�f;t�1

�
�t�t+1:::�

j
t+j�1

�1� �f;t
�f;t�1 (Pt+j)

�f;t
�f;t�1 Yt+j

+
�f;t
�f;t�1 (Pnew;t)

�
�f;t
�f;t�1

�1
(�t�t+1:::�t+j�1)

�
�f;t
�f;t�1 (Pt+j)

�f;t
�f;t�1 Yt+jMCt+j ] = 0:

(80)

Et
1P
j=0

�
��d
�j
�t+j (�t�t+1:::�t+j�1)

�
�f;t
�f;t�1 (Pt+j)

�f;t
�f;t�1 Yt+j�

[ �1
�f;t�1 (�t�t+1:::�t+j�1) (Pnew;t)

�
�f;t
�f;t�1 +

�f;t
�f;t�1 (Pnew;t)

�
�f;t
�f;t�1

�1
MCt+j ] = 0:

(81)

Multiply and divide by Pt+j :

Et
1P
j=0

�
��d
�j
�t+j (�t�t+1:::�t+j�1)

�
�f;t
�f;t�1 (Pt+j)

�f;t
�f;t�1 Yt+jPt+j�h

(�t�t+1:::�t+j�1)Pnew;t
Pt+j

� �f;tMCt+j
Pt+j

i
= 0:

(82)

Use the fact that Pt+j � Pt�t+1�t+2:::�t+j

Et
1P
j=0

�
��d
�j
�t+j (�t�t+1:::�t+j�1)

�
�f;t
�f;t�1 (Pt�t+1�t+2:::�t+j)

�f;t
�f;t�1 Yt+jPt+j�h

(�t�t+1:::�t+j�1)Pnew;t
Pt�t+1�t+2:::�t+j

� �f;tMCt+j
Pt+j

i
= 0:

(83)

Multiply through with (Pt)
�

�f;t
�f;t�1 . This implies:

Et
1P
j=0

�
��d
�j
�t+j

�
(�t�t+1:::�t+j�1)
(�t+1�t+2:::�t+j)

�� �f;t
�f;t�1 Yt+jPt+j�h

(�t�t+1:::�t+j�1)
(�t+1�t+2:::�t+j)

Pnew;t
Pt

� �f;tMCt+j
Pt+j

i
= 0

(84)

Rearrange and stationarize with the technology shock zt:

Et

1X
j=0

�
��d
�j
 t+j (Xt;j)

�
�f;t
�f;t�1 zt+jY

#
t+j

�
Xt;j

Pnew;t
Pt

� �f;tMCt+j
Pt+j

�
= 0;

(85)
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F = Et
1X
j=0

�
��d
�j
 z;t+j (Xt;j)

�
�f;t
�f;t�1 Y #t+j [Xt;jept � �f;tmct+j ] = 0; (86)

where  t+j � �t+jPt+j ; Xt;j � (�t�t+1:::�t+j�1)
(�t+1�t+2:::�t+j)

= �t
�t+j

; andY #t+j =
Yt+j
zt+j

: z;t �

�tPtzt; ept = Pnew;t
Pt

, and mct = MCt
Pt

:

2.2.1 Log-linearizing the domestic price equation

We will use a �rst order Taylor approximation around the steady state to log-

linearize the price equation. This is obtained by totally di¤erentiating equation

(86) and evaluating it in steady-state:2

dF = Fepdept + Fmcdmct+j + F�d�t+j + F�d�t + F�f d�f;t+j : (87)

dF

F
= Fepdept epepF +Fmcdmct+j mcmcF

+F�d�t+j
�

�F
+F�d�t

�

�F
+F�f d�f;t+j

�f
�fF

:

(88)

epFep deptep +mcFmc
dmct+j
mc

+ �F�
d�t+j
�

+ �F�
d�t
�
+ �fF�f

d�f;t+j
�f

= 0: (89)

epFepbept +mcFmccmct+j + �F�b�t+j + �F�b�t + �fF�f b�f;t+j = 0; (90)

where a hat denotes the log deviation from steady state (i.e., xt = dxt
x =

lnXt� lnX). Note that in steady-state; Y #t+j and  z;t+j are constants, Y # and

 z;respectively, ep = �fmc = 1; �t = �, and Xt;j =
�
� = 1.

2To see this, note the following. A �rst order Taylor approximation of G(Xt; Yt) =

lnF (Xt; Yt) = lnF (elnXt ; elnYt ) around the steady state implies:

G ' G(elnX ; elnY ) +GX(lnXt � lnX) +GY (lnYt � lnY );

ln
�
F (Xt;Yt)
F (X;Y )

�
' 1

F (X;Y )
FxX(lnXt � lnX) + 1

F (X;Y )
FY Y (lnYt � lnY ):

This is equivalent to: dF (Xt;Yt)
F (X;Y )

' 1
F (X;Y )

FxX
dXt
X

+ 1
F (X;Y )

FY Y
dYt
Y
:
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Start by di¤erentiating equation (86) with respect to the variables ept, st+j ,
�t+j , �t and �f;t+j ; evaluating all the �rst order conditions in steady-state:

@F

@ept =
1X
j=0

�
��d
�j
 zY

#

=
1

(1� ��d)
 zY

#: (91)

@F

@mct+j
= �

�
��d
�j
 zY

#�f ; 8 j � 0;

i.e.,

@F

@mct+j
=

1

�
X
j=0

�
��d
�j
 zY

#�f : (92)

Regarding the derivatives with respect to �t and �t+j , note that ep = �fmc

in steady state why we only have to di¤erentiate with respect to the ��terms

within brackets.

@F

@�t
=

1X
j=1

�
��d
�j
 zY

#

� ep
�

�

=
��d

(1� ��d)
 zY

#

�
1

�

�
: (93)

@F

@�t+j
=
�
��d
�j
 zY

#ep��1
�

�
; 8 j > 0;

i.e.,

@F

@�t+j
=

1X
j=1

�
��d
�j
 zY

#

�
�1
�

�
: (94)

Note again that ep��fmc is zero in steady state why we only have to di¤erentiate
with respect to the �f;t+j-terms within brackets.

@F

@�f;t+j
= �

�
��d
�j
 zY

#mc; 8 j � 0;

i.e.,

@F

@�f;t+j
= �

1X
j=0

�
��d
�j
 zY

#mc: (95)

22



Collecting terms and inserting in equation (89):

0 =
1

(1� ��d)
 zY

#epdeptep +
��d

(1� ��d)
 zY

#

�
1

�

�
�
d�t
�

�
1X
j=1

�
��d
�j
 zY

#

�
1

�

�
�
d�t+j
�

1

�
X
j=0

�
��d
�j
 zY

#�fmc
dmct+j
mc

�
1X
j=0

�
��d
�j
 zY

#�fmc
d�f;t+j
�f

: (96)

Taking into account that �fmc = ep = 1 and rearranging, the Taylor expansion
is, consequently;

0 =
 zY

#

(1� ��d)
bept + ��d zY

#

(1� ��d)
b�t � 1X

j=1

�
��d
�j
 zY

#b�t+j
�

1X
j=0

�
��d
�j
 zY

#
�cmct+j + b�f;t+j� : (97)

Solving for bept
bept =

(1� ��d)
 zY

#
[
(���d) zY #

(1� ��d)
b�t + 1X

j=1

�
��d
�j
 zY

#b�t+j
+

1X
j=0

�
��d
�j
 zY

#
�cmct+j + b�f;t+j�]: (98)

bept = ���db�t+(1���d) 1X
j=1

�
��d
�j b�t+j+(1���d) 1X

j=0

�
��d
�j �cmct+j + b�f;t+j� :

(99)

From the aggregate price index follows that the average price in period

t is:

Pt =

264
0B@�dZ

0

(Pt�1�t�1)
1

1��f;t +

1Z
�d

(Pnew;t)
1

1��f;t

1CA di

375
1��f;t

=
h
�d (Pt�1�t�1)

1
1��f;t + (1� �d) (Pnew;t)

1
1��f;t

i1��f;t
: (100)
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Dividing:

1 =

"
�d
�
�t�1
�t

� 1
1��f;t

+ (1� �d)
�
Pnew;t
Pt

� 1
1��f;t

#1��f;t
: (101)

Linearize equation (101). Start by taking both sides to the power of 1
1��f;t :

D =

"
�d
�
�t�1
�t

� 1
1��f;t

+ (1� �d)
�
Pnew;t
Pt

� 1
1��f;t

#
= 1: (102)

Di¤erentiating this and evaluating in steady state:

@D

@ept = (1� �d)
(1� �f )

: (103)

@D

@�t�1
=

�d

(1� �f )
1

�
: (104)

@D

@�t
=

��d

(1� �f )
1

�
: (105)

Di¤erentiating with respect to �f;t we require the derivative with respect to a

power. Note that

f(�f;t) = x
1

1��f;t = e
ln

 
x

1
1��f;t

!
= e

1
1��f;t

ln x
:

Then, di¤erentiating this expression with respect to �f;t:

@f

@�f;t
= e

1
1��f;t

ln x
(lnx)

�
�1

(1� �f;t)2
(�1)

�
= (lnx)x

1
1��f;t

�
1

(1� �f;t)2

�
:

It is important to note, that x is de�ned as; x = ~p and x = �=� in equation

(102). In each case, x = 1 in steady state. Note also that ln(1) = 0; so �̂f;t does
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not appear in the linear expansion of (102). Consequently, collecting terms and

rearranging:

dD =
(1� �d)
(1� �f )

epdeptep +
�d

(1� �f )
1

�
�
d�t�1
�

� �d

(1� �f )
1

�
�
d�t
�
= 0:

or,

(1� �d)bept + �d (b�t�1 � b�t) = 0:
Solving for bept : bept = �d

(1� �d)
(b�t � b�t�1) = 0: (106)

Inserting equation (106) in equation (99):

�d

(1� �d)
(b�t � b�t�1) = ���db�t + (1� ��d) 1X

j=1

�
��d
�j b�t+j

+(1� ��d)
1X
j=0

�
��d
�j �cmct+j + b�f;t+j� :

Simplifying:

h
1 + (1� �d)�

i b�t � b�t�1 = (1� �d)(1� ��d)
�d

1X
j=1

�
��d
�j b�t+j (107)

+
(1� �d)(1� ��d)

�d

1X
j=0

�
��d
�j �cmct+j + b�f;t+j� :

Lead this expression forward by one period and multiply by ��d :

��d
h
1 + (1� �d)�

i b�t+1 � ��db�t = ��d(1� �d)(1� ��d)
�d

1X
j=1

�
��d
�j b�t+j+1

+
��d(1� �d)(1� ��d)

�d

1X
j=0

�
��d
�j �cmct+j+1 + b�f;t+j+1� ;

��d
h
1 + (1� �d)�

i b�t+1 � ��db�t = (1� �d)(1� ��d)
�d

1X
j=2

�
��d
�j b�t+j(108)

+
(1� �d)(1� ��d)

�d

1X
j=1

�
��d
�j �cmct+j + b�f;t+j� :
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Subtract equation (108) from equation (107), to obtain:

h
1 + (1� �d)� + ��d

i b�t � ��d h1 + (1� �d)�i b�t+1 � b�t�1
=

(1� �d)(1� ��d)
�d

�
��d
� b�t+1 + (1� �d)(1� ��d)

�d
(��)

0
�cmct + b�f;t� :(109)

Combining terms:

h
1 + (1� �d)� + ��d

i b�t � b�t�1
= ��d

h
1 + (1� �d)�

i b�t+1 + (1� �d)(1� ��d)�b�t+1 + (1� �d)(1� ��d)
�d

�cmct + b�f;t� ;(110)

[1 + �] b�t � �b�t+1 � b�t�1 = (1� �d)(1� ��d)
�d

�cmct + b�f;t� ; (111)

or,

b�t = �

1 + �
Etb�t+1 + 1

1 + �
b�t�1 + (1� �d)(1� ��d)

�d(1 + �)

�cmct + b�f;t� : (112)

2.3 Export price determination using Calvo price setting

The exporting �rms buy the �nal domestic good and di¤erentiates it by brand

naming. Subsequently they sell the (continuum of) di¤erentiated goods to the

households in the foreign market. The marginal cost is the input price MCdft =

P dt . The exporting �rms face the following demand for each product i :

Xdf
i;t =

 
P dfi;t

P dft

!� �x;t
�xt�1

Xdf
t ; (113)

where it is assumed that the export prices are invoiced in the local currency

of the export market. Note that we allow for di¤erent elasticities between the

di¤erentiated goods abroad and at home. The steady state markup thus di¤ers
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between the domestic and the export market (�f and �x, respectively). Note

also that the steady state markup is one in the export market;

P df =
P

S
: (114)

Furthermore we assume that prices are sticky in the foreign currency, follow-

ing the Calvo model, so that there will be incomplete exchange rate pass-through

in the export market. Each export �rm faces a random probability (1 � �df )

that he/she can reoptimize her local currency price in any period. Since all �rms

are equal (facing the same Calvo probability of a price change) the subscript i

can be dropped. The reoptimized price (in foreign currency) is denoted P dfnew;t.

With probability �df the export �rm does not reoptimize, and its price in period

t+ j is
�
�dft �

df
t+1:::�

df
t+j�1

�
P dfnew;t: The export �rms maximize pro�ts (denoted

in the local currency) taking into account that there might not be a chance to

optimally change the price:

max
Pdfnew;t

Et
1P
j=0

�
��df

�j
�t+j [

��
�dft �

df
t+1:::�

df
t+j�1

�
P dfnew;t

��
(�dft �

df
t+1:::�

df
t+j�1)P

df
new;t

Pdft+j

�� �x;t
�xt�1

Xdf
t+j

�MCdft+j
St+j

�
(�dft �

df
t+1:::�

df
t+j�1)P

df
new;t

Pdft+j

�� �x;t
�xt�1

Xdf
t+j �

MCdft+j
St+j

zt+j�
df ]:

(115)

Note that we assume that the stochastic discount factor ��t+j is the same for

the exporting �rms as the domestic �rms. The �rst order condition yields:

Et
1P
j=0

�
��df

�j
�t+j [

�1
�x;t�1

�
P dfnew;t

�� �x;t
�x;t�1

�
�dft �

df
t+1:::�

df
t+j�1

�1� �x;t
�xt�1

�
P dft+j

� �x;t
�xt�1

Xdf
t+j

+
�x;t
�xt�1

�
P dfnew;t

�� �x;t
�xt�1

�1 �
�dft �

df
t+1:::�

df
t+j�1

�� �x;t
�xt�1

�
P dft+j

� �x;t
�xt�1

Xdf
t+j

MCdft+j
St+j

] = 0:

(116)
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Et
1P
j=0

�
��df

�j
�t+j

�
�dft �

df
t+1:::�

df
t+j�1

�� �x;t
�x;t�1

�
P dft+j

� �x;t
�x;t�1

Xdf
t+j�

[ �1
�x;t�1

�
�dft �

df
t+1:::�

df
t+j�1

��
P dfnew;t

�� �x;t
�x;t�1

+
�x;t
�x;t�1

�
P dfnew;t

�� �x;t
�x;t�1

�1 MCdft+j
St+j

] = 0:

(117)

Multiply and divide by P dft+j :

Et
1P
j=0

�
��df

�j
�t+j

�
�dft �

df
t+1:::�

df
t+j�1

�� �x;t
�x;t�1

�
P dft+j

� �x;t
�x;t�1

Xdf
t+jP

df
t+j��

(�dft �
df
t+1:::�

df
t+j�1)P

df
new;t

Pdft+j
� �x;tMCt+j

St+jP
df
t+j

�
= 0:

(118)

Use the fact that P dft+j � P dft �
df
t+1�

df
t+2:::�

df
t+j

Et
1P
j=0

�
��df

�j
�t+j

�
�dft �

df
t+1:::�

df
t+j�1

�� �x;t
�x;t�1

�
P dft �

df
t+1�

df
t+2:::�

df
t+j

� �x;t
�x;t�1

Xdf
t+jP

df
t+j��

(�dft �
df
t+1:::�

df
t+j�1)P

df
new;t

Pdft �dft+1�
df
t+2:::�

df
t+j

� �x;tMCdft+j

St+jP
df
t+j

�
= 0:

(119)

Multiply through with
�
P dft

�� �x;t
�x;t�1 . This implies:

Et
1P
j=0

�
��df

�j
�t+j

�
(�dft �

df
t+1:::�

df
t+j�1)

(�dft+1�
df
t+2:::�

df
t+j)

�� �x;t
�x;t�1

Xdf
t+jP

df
t+j��

(�dft �
df
t+1:::�

df
t+j�1)

(�dft+1�
df
t+2:::�

df
t+j)

Pdfnew;t

Pdft
� �x;tMCdft+j

St+jP
df
t+j

�
= 0

(120)

Rearrange and stationarize with the technology shock z�t+j :

Et

1X
j=0

�
��df

�j
 dft+j

 
�dft

�dft+j

!� �x;t
�x;t�1

z�t+jX
#df
t+j

"
�dft

�dft+j

P dfnew;t

P dft
�
�x;tMCdft+j

St+jP
df
t+j

#
= 0;

(121)

F = Et
1X
j=0

�
��df

�j
 z;t+j

 
�dft

�dft+j

!� �x;t
�x;t�1

X#df
t+j

"
�dft

�dft+j
ept � �x;tmcdft+j

#
= 0;

(122)

where  dft+j � �t+jP
df
t+j ; and X

#df
t+j =

Xdft+j
z�t+j

: z;t � �tP
df
t z

�
t ; epdft =

Pdfnew;t

Pdft
, and

mcdft =
MCdft
StP

df
t

:
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2.3.1 Log-linearizing the export price equation

A �rst order Taylor approximation around the steady state is obtained by totally

di¤erentiating the export price equation (122) and evaluating it in steady-state.

A hat denotes the log deviation from steady state (i.e., xt = dxt
x = lnXt �

lnX). Note that in steady-state; X#df
t+j and  

df
z;t+j are constants, X

#df and

 dfz ;respectively, epdf = �xmc
df = 1; �t = �, and Xt;j =

�
� = 1.

i.e.,

Totally di¤erentiating (noting that the term within brackets is zero in steady

state):

0 =
1

(1� ��df )
 dfz X

#df epdf depdftepdf +
��df

(1� ��df )
 dfz X

#df

�
1

�df

�
�df

d�dft
�df

�
1X
j=1

�
��df

�j
 dfz X

#df

�
1

�df

�
�df

d�dft+j

�df
�

1X
j=0

�
��df

�j
 dfz X

#df�xmc
df
dmcdft+j
mcdf

�
1X
j=0

�
��df

�j
 dfz X

#dfmcdf�x
d�x;t+j
�x

: (123)

Taking into account that �xmcdf = epdf = 1 and rearranging, the Taylor expan-
sion is, consequently;

0 =
 dfz X

#df

(1� ��df )
bepdft + ��df dfz X

#df

(1� ��df )
b�dft � 1X

j=1

�
��df

�j
 dfz X

#dfb�dft+j
�

1X
j=0

�
��df

�j
 dfz X

#df
�cmcdft+j + b�x;t+j� : (124)

Solving for bepdft
bepdft = ���dfb�dft +(1���df ) 1X

j=1

�
��df

�j b�dft+j+(1���df ) 1X
j=0

�
��df

�j �cmcdft+j + b�x;t+j� :
(125)
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From the aggregate price index follows that the average price in period

t is:

P dft =

�
�df
�
P dft�1�

df
t�1

� 1
1��x;t

+ (1� �df )
�
P dfnew;t

� 1
1��x;t

�1��x;t
: (126)

Dividing:

1 =

24�df  �dft�1
�dft

! 1
1��x;t

+ (1� �df )
 
P dfnew;t

P dft

! 1
1��x;t

35
1��x;t

: (127)

Linearize equation (127). Start by taking both sides to the power of 1
1��f;t :

D =

24�df  �dft�1
�dft

! 1
1��x;t

+ (1� �df )
 
P dfnew;t

P dft

! 1
1��x;t

35 = 1: (128)

Di¤erentiating with respect to �x;t we require the derivative with respect to a

power. Note that

f(�x;t) = x
1

1��x;t = e
ln

�
x

1
1��x;t

�
= e

1
1��x;t

ln x
:

Then, di¤erentiating this expression with respect to �x;t:

@f

@�x;t
= e

1
1��x;t

ln x
(lnx)

�
�1

(1� �x;t)2
(�1)

�
= (lnx)x

1
1��x;t

�
1

(1� �x;t)2

�
:

It is important to note, that x is de�ned as; x = ~pdf and x = �=� in equation

(128). In each case, x = 1 in steady state. Note also that ln(1) = 0; so �̂x;t

does not appear in the linear expansion of (128). Totally di¤erentiating (128)

and evaluating in steady state:

dD =
(1� �df )
(1� �x)

epdf depdftepdf +
�df

(1� �x)
1

�df
�df

d�dft�1
�df

� �df

(1� �x)
1

�df
�df

d�dft
�df

= 0:
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Solving for bepdft :

bepdft =
�df

(1� �df )

�b�dft � b�dft�1� = 0: (129)

Inserting equation (129) in equation (125):

�df

(1� �df )

�b�dft � b�dft�1� = ���dfb�dft + (1� ��df ) 1X
j=1

�
��df

�j b�dft+j
+(1� ��df )

1X
j=0

�
��df

�j �cmcdft+j + b�x;t+j� :
Simplifying:

h
1 + (1� �df )�

i
�dft � b�dft�1 = (1� �df )(1� ��df )

�df

1X
j=1

�
��df

�j b�dft+j(130)
+
(1� �df )(1� ��df )

�df

1X
j=0

�
��df

�j �cmcdft+j + b�x;t+j� :
Lead this expression forward by one period and multiply by ��df :

��df
h
1 + (1� �df )�

i b�dft+1 � ��dfb�dft =
(1� �df )(1� ��df )

�df

1X
j=2

�
��df

�j b�dft+j(131)

+
(1� �df )(1� ��df )

�df

1X
j=1

�
��df

�j �cmcdft+j + b�x;t+j� :
Subtract equation (131) from equation (130), to obtain:

h
1 + (1� �df )� + ��df

i b�dft � ��df h1 + (1� �df )�i b�dft+1 � b�dft�1
=

(1� �df )(1� ��df )
�df

�
��df

� b�dft+1 + (1� �df )(1� ��df )
�df

(��)
0
�cmcdft + b�x;t� :(132)

Combining terms and simplifying:

h
1 + (1� �df )� + ��df

i b�dft � b�dft�1
= ��df

h
1 + (1� �df )�

i b�dft+1 + (1� �df )(1� ��df )�b�dft+1 + (1� �df )(1� ��df )
�df

�cmcdft + b�x;t� ;(133)
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or,

b�dft =
�

1 + �
Etb�dft+1 + 1

1 + �
b�dft�1 + (1� �df )(1� ��df )

�df (1 + �)

�cmcdft + b�x;t� : (134)

Note that the marginal cost is the input price MCdft = P dt . Consequently,

mcdft =
MCdft
StP

df
t

= Pt
StP

df
t

: Log-linearizing this expression and evaluating in steady

state (mc = P
SPdf

):

mcdfcmcdft =
P

SP df
bPt � P

S

1

P df
bP dft � P

P df
1

S
bSt; (135)

cmcdft =
� bPt � bP dft � bSt� : (136)

Using this expression in the log-linearized Phillips curve relation, the export

in�ation will follow

b�dft =
�

1 + �
Etb�dft+1 + 1

1 + �
b�dft�1 + (1� �df )(1� ��df )

�df (1 + �)

� bPt � bP dft � bSt + b�x;t� :
(137)

Note also that the deviations from the Law of One Price will follow

cmcdft = bPt � bP dft � bSt
= cmcdft�1 + b�t � b�dft ��bSt (138)
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3 Log-linearization of foc:s for u, q, b*, and the

UIP

3.1 Log-linearizing the capital utilization equation

The �rst order condition for capital utilization follows

F =  z;t
�
(1� �kt )rkt � a0(ut)

�
= 0: (139)

Note that in steady state the following holds;  z;t is a constant  z, u = 1,

a(u) = a(1) = 1; (1� �k)rk = a0(u). The Taylor expansion can be written as

dF

F
=  zF 

d z;t
 z

+ �kF�
d�kt
�k

+ rkFr
drkt
rk

+ uFu
dut
u
= 0: (140)

Di¤erentiating equation (139) with respect to the variables  z;t, �
k
t , r

k
t and ut,

and evaluating these derivatives in steady state:

@F

@ z;t
= 0:

@F

@�kt
= � zrk:

@F

@rkt
=  z(1� �k):

@F

@ut
= � za00(u):

Collecting terms and inserting in equation (140) implies that the Taylor expan-

sion follows:

0 = �k(� zrk)b�kt + rk z(1� �k)brkt + u[� za00(u)]but: (141)

Dividing by  zr
k(1� �k)

0 = � �k

(1� �k)b�kt + brkt � a00(u)

(1� �k)rk but:
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Let �a = a00

a0

0 = brkt � �abut � �k

(1� �k)b�kt : (142)

Solving for but:
but = 1

�a
brkt � 1

�a

�k

(1� �k)b�kt : (143)

3.2 Log-linearizing the real cash balances equation

The �rst order condition for the real cash balances is given by

�qtV
0(
Qt
ztPt

)
1

zt
�
�
1� �kt

�
 t (Rt�1 � 1) = 0: (144)

Note that the V(.) function is given by V (:) = Aq
(:)
1��q

1��q
; so this can be

written

F = �qtAqq
��q
t �

�
1� �kt

�
 z;t (Rt�1 � 1) = 0: (145)

Di¤erentiating equation (145) with respect to the variables �qt , qt, �
k
t ,  z;t,

and Rt�1, and evaluating in steady state

@F

@�qt
= Aqq

��q : (146)

@F

@qt
= ��q�qAqq��q�1: (147)

@F

@�kt
=  z (R� 1) : (148)

@F

@ z;t
= �

�
1� �k

�
(R� 1) : (149)

@F

@Rt�1
= �

�
1� �k

�
 z: (150)
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After collecting terms the Taylor expansion follows:

0 = �qAqq
��qb�qt � q�q�qAqq��q�1bqt + �k z (R� 1)b�kt

� z
�
1� �k

�
(R� 1) b z;t �R �1� �k� z bRt�1: (151)

Note that the following holds in steady state (see Jesper�s notes; equation 9.27

(q_ss))

Aqq
��q =

�
1� �k

�
 z (R� 1) :

Inserting this implies

0 = �q
�
1� �k

�
 z (R� 1)b�qt � �q�q �1� �k� z (R� 1) bqt

+�k z (R� 1)b�kt �  z �1� �k� (R� 1) b z;t �R �1� �k� z bRt�1:(152)
Dividing by

�
1� �k

�
 z (R� 1)

0 = �qb�qt � �q�qbqt + �k

1� �k b�kt � b z;t � R

R� 1
bRt�1: (153)

Solving for bqt;and noting that �q=1 in steady state:
bqt = 1

�q

�b�qt + �k

1� �k b�kt � b z;t � R

R� 1
bRt�1� : (154)

3.3 Log-linearizing the foreign bonds equation

The �rst order condition for the holding of foreign bonds follow

F = � z;tSt + �Et
�
 z;t+1
�z;t+1

St+1
�t+1

�
R�t�(at;

e�t)� �kt+1 �R�t�(at; e�t)� 1��� = 0:
(155)

Di¤erentiate this with respect to the variables  z;t,  z;t+1, St, �z;t+1, at, e�t,
St+1, �t+1, R�t , �

k
t+1, and evaluate the derivatives in steady state. Note that
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the steady state is de�ned as S = 1, �(a; e�) = �(0; 0) = 1 (where a = A
z ;
e� =

0); R = R�, and
�
R� � �k (R� � 1)

�
= �z�

� . Note also that we assume �(a;
e�) =

e(�
e�aa;+e�):This implies that �a(a; 0) = �e�a, and ��(a; 0) = 1. The Taylor

expansion follows

0 = dF
F =  zF 

d z;t
 z

+  zF 
d z;t+1
 z

+ sFst
dst
s + sFst+1

dst+1
s + �zF�

d�z;t+1
�z

+Fadat + F�de�t + �F� d�t+1� +R�FR�
dR�

t

R� + �
kF�

d�kt+1
�k

:

(156)

@F

@ z;t
= �S

= �1:

@F

@ z;t+1
= �

1

�z;t+1

S

�

�
R��(a; e�)� �k �R��(a; e�)� 1��

= 1:

@F

@St
= � z:

@F

@St+1
= �

 z
�z

1

�

�
R��(a; e�)� �k �R��(a; e�)� 1��

=  z:

@F

@�z;t+1
= � z

S

�

�
R��(a; e�)� �k �R��(a; e�)� 1�� �1

(�z)
2

=
� z
�

�z�

�

�1
(�z)

2

=
� z
�z

:

@F

@at
= �

 z
�z

S

�

�
R� � �kR�

�
�a(a; e�)

= �
 z
�z

S

�
R�
�
1� �k

�
�a(a; e�)

= �
� z

�
1� �k

�
�z�

Re�a:
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@F

@e�t = �
 z
�z

S

�

�
R� � �kR�

�
��(a; e�)

= �
 z
�z

S

�
R�
�
1� �k

�
��(a; e�)

=
� z

�
1� �k

�
�z�

R:

@F

@�t+1
= �

 z
�z
S
�
R��(a; e�)� �k �R��(a; e�)� 1�� �1

(�)
2

=
� z
�z

�z�

�

�1
(�)

2

=
� z
�

:

@F

@R�t
= �

 z
�z

S

�
�(a; e�) �1� �k�

=
� z

�
1� �k

�
�z�

:

@F

@�kt+1
= �

 z
�z

S

�

�
�
�
R��(a; e�)� 1��

=
�� z
�z�

(R� 1) :

Note that the steady state interest rate is R = ��z��k�
(1��k)� which implies that the

latter expression can be rewritten as

@F

@�kt+1
=
� z
�z�

(��z � �)
(1� �k) :

Collecting terms and inserting in equation (156):

0 = � zb z;t +  zb z;t+1 � S z bSt + S z bSt+1 + �z� z�z
b�z;t+1 � � z

�
1� �k

�
�z�

Re�dat
+
� z

�
1� �k

�
�z�

Rde�t + �� z� b�t+1 +R� � z �1� �k�
�z�

bR�t � �k  z�z�

(��z � �)
(1� �k) b�kt+1:(157)

Using the steady state conditions and dividing by  z, this simpli�es to:

0 =
�b z;t+1 � b z;t�+ �bSt+1 � bSt�� b�z;t+1 � �

�
1� �k

�
�z�

��z � �k�
(1� �k)�

he�dat � de�ti� b�t+1
+
(��z � �k�)
(1� �k)�

�
�
1� �k

�
�z�

bR�t � �k 1

�z�

(��z � �)
(1� �k) b�kt+1; (158)
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0 =
�b z;t+1 � b z;t�+ �bSt+1 � bSt�� b�z;t+1 � (��z � �k�)�z�

he�dat � de�ti� b�t+1
+
(��z � �k�)

�z�
bR�t � �k

(1� �k)
(��z � �)

�z�
b�kt+1: (159)

3.4 The UIP condition

The �rst order conditions for mt+1 and b�t+1 are respectively:

� z;t + �Et
�
 z;t+1
�z;t+1

1

�t+1

�
Rt � �kt+1 (Rt � 1)

��
= 0: (160)

� z;t +
�

St
Et

�
 z;t+1
�z;t+1

St+1
�t+1

�
R�t�(at;

e�t)� �kt+1 �R�t�(at; e�t)� 1��� = 0:
(161)

Totally di¤erentiating the �rst expression (the foc for mt+1) implies

0 = �d z;t + �Et[
 z
�z

1

�

�
R� �k (R� 1)

� b z;t+1 �  z
�z

1

�

�
R� �k (R� 1)

� b�t+1
+
 z
�z

1

�
R(1� �k) bRt �  z

�z

1

�
(R� 1)�kb�kt+1]: (162)

Divide by  z

0 = �b z;t + �Et[ 1�z 1� �R� �k (R� 1)� b z;t+1 � 1

�z

1

�

�
R� �k (R� 1)

� b�t+1(163)

+
1

�z

1

�
R(1� �k) bRt � 1

�z

1

�
(R� 1)�kb�kt+1]:

Totally di¤erentiating the foc for foreign bond holdings;

0 = �d z;t �
1

S
�Et

�
 z
�z

1

�

�
R� � �k (R� � 1)

�� bSt
+�Et[

 z
�z

1

�

�
R� � �k (R� � 1)

� bSt+1 �  z
�z

1

�
R�(1� �k)e�dat

+
 z
�z

1

�
R�(1� �k)de�t +  z

�z

1

�

�
R� � �k (R� � 1)

� b z;t+1
� z
�z

1

�

�
R� � �k (R� � 1)

� b�t+1 +  z
�z

1

�
R�(1� �k) bR�t �  z

�z

1

�
(R� � 1)�kb�kt+1]:(164)
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Divide by  z, and using that R = R�;

0 = �b z;t � �Et � 1�z 1� �R� �k (R� 1)�
� bSt

+�Et[
1

�z

1

�

�
R� �k (R� 1)

� bSt+1 � 1

�z

1

�
R�(1� �k)

he�dat � de�ti(165)
+
1

�z

1

�

�
R� �k (R� 1)

� b z;t+1 � 1

�z

1

�

�
R� �k (R� 1)

� b�t+1
+
1

�z

1

�
R(1� �k) bR�t � 1

�z

1

�
(R� 1)�kb�kt+1]

Equating equations (163) and (165) implies

�Et

�
1

�z

1

�
R(1� �k) bRt� = ��Et

�
1

�z

1

�

�
R� �k (R� 1)

�� bSt
��Et

�
1

�z

1

�
R(1� �k)

�e�dat � de�t��
+�Et

�
1

�z

1

�

�
R� �k (R� 1)

� bSt+1 + 1

�z

1

�
R(1� �k) bR�t � :(166)

By noting that the following holds in steady state S = 1, �(a; e�) = �(0; 0) =

1; R = R�, R = ��z��k�
(1��k)� ; and

�
R� � �k (R� � 1)

�
= �z�

� . This is equivalent to

bRt =
�z�

R(1� �k) [�
1

�
bSt � 1

�z

1

�
R(1� �k)

�e�dat � de�t�
+
1

�
Et bSt+1 + 1

�z

1

�
R(1� �k) bR�t ]

=
(1� �k)�
��z � �k�

�z�

(1� �k)

�
� 1
�
bSt + 1

�
Et bSt+1�� e�dat + de�t + bR�t :(167)

This implies that the UIP-condition follows:

bRt � bR�t = �z�

��z � �k�

h
Et bSt+1 � bSti� e�dat + de�t: (168)

0 = �
� bRt � bR�t�+ �z�

��z � �k�

h
Et bSt+1 � bSti� e�dat + de�t (169)
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4 Pro�ts

4.1 Domestic �rms

Pro�ts for the (aggregate) domestic �rms are given by:

�dt = P dt
�
Cdt + I

d
t +Gt

�
+P dft St

�
Cdft + Idft

�
�MCt(C

d
t +I

d
t +Gt+C

df
t +I

df
t )�MCtzt�;

(170)

�dt = P dt
�
Cdt + I

d
t +Gt

�
+P dt

�
Cdft + Idft

�
�MCt(C

d
t +I

d
t +Gt+C

df
t +I

df
t )�MCtzt�:

(171)

Stationarize equation (171)

�dt
P dt zt

=
P dt
�
Cdt + I

d
t +Gt

�
P dt zt

+
P dt

�
Cdft + Idft

�
P dt zt

�MCt(C
d
t + I

d
t +Gt + C

df
t + Idft )

P dt zt
�MCtzt�

P dt zt
:

(172)

Let lower case letters denote that a variable has been stationarized xt = Xt=zt :

�
d

t = cdt + i
d
t + gt + c

df
t + i

df
t �mct(cdt + idt + gt + c

df
t + i

df
t )�mct�; (173)

where mct = MCt
Pdt

, and �
d

t =
�dt
Pdt zt

. Di¤erentiate this expression with respect

to the variables cdt , i
d
t , gt, c

df
t , i

df
t , mct, evaluating in steady state

@�
d

t

@cdt
= 1�mc:

@�
d

t

@idt
= 1�mc:

@�
d

t

@gt
= 1�mc:

@�
d

t

@cdft
= 1�mc:

@�
d

t

@idft
= 1�mc:
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@�
d

t

@mct
= �(cd + id + g + cdf + idf + �):

The Taylor expansion follows

b�dt = cd(1�mc)bcdt + id(1�mc)bidt + g(1�mc)bgt + cdf (1�mc)bcdft
+idf (1�mc)bidft �mc(cd + id + g + cdf + idf + �)cmct:

In steady state we know that ep = �fmc = 1, and S = 1. This implies that

b�dt =

�
�f � 1
�f

�h
cdbcdt + idbidt + gbgt + cdfbcdft + idfbidft i

� 1

�f
(cd + id + g + cdf + idf + �)cmct: (174)

Note that the pro�t function also can be written as

�dt = P dt Yt �MCtYt �MCtzt�: (175)

Stationarize this expression:

�dt
P dt zt

=
P dt Yt
P dt zt

� MCtYt
P dt zt

� MCtzt�

P dt zt
;

�
d

t = yt �mctyt �mct�:

Di¤erentiate this with respect to yt, and mct:

@�
d

t

@yt
= (1�mc):

@�
d

t

@mct
= �(y + �):

The Taylor expansion of the pro�t function in equation (175) then follows

b�dt = y(1�mc)byt �mc(y + �)cmct
= y

�
�f � 1
�f

� byt � 1

�f
(y + �)cmct

41



The pro�t can also be written in terms of factor prices:

�dt = P dt Yt �RktKt �WtR
f
tHt �MCtzt�: (176)

Stationarize this expression

�dt
P dt zt

=
P dt Yt
P dt zt

� RktKtzt�1
P dt ztzt�1

� WtR
f
tHt

P dt zt
� MCtzt�

P dt zt
:

�
d

t = yt � rkt kt
1

�z;t
� wtRftHt �mct�:

Di¤erentiate this expression with respect to the variables yt, rkt , kt, �z;t, wt,

Rft , Ht, and mct :

@�
d

t

@yt
= 1:

@�
d

t

@rkt
= �k 1

�z
:

@�
d

t

@kt
= �rk 1

�z
:

@�
d

t

@�z;t
= �rkk �1

(�z)
2 :

@�
d

t

@wt
= �RfH:

@�
d

t

@Rft
= �wH:

@�
d

t

@Ht
= �wRf :

@�
d

t

@mct
= ��:

The Taylor expansion follows

b�dt = ybyt � rkk 1
�z
brkt � krk 1�z bkt + �zrkk 1

(�z)
2 b�z;t � wRfH bwt

�RfwRf bRft �HwRf bHt �mc�cmct
= ybyt � rkk 1

�z

�brkt + bkt � b�z;t�� wRfH bwt �RfwRf bRft �HwRf bHt �mc�cmct:(177)
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4.2 Importing �rms

Total pro�ts for the (average) consumption and investment importing �rms, are

given by:

�mt = �m;ct +�m;it (178)

= Pm;ct Cmt + P
m;i
t Imt � StP �t (Cmt + Imt ) : (179)

Stationarize this

�mt
P dt zt

=
Pm;ct Cmt
P dt zt

+
Pm;it Imt
P dt zt

� StP
�
t (C

m
t + I

m
t )

P dt zt
; (180)

��
m

t = 
mc;dt cmt + 

mi;d
t imt � 
xt (cmt + imt )

=
�

mc;dt � 
xt

�
cmt +

�

mi;dt � 
xt

�
imt ;

where ��
m

t =
�mt
Pdt zt

, 
mc;dt =
Pm;ct

Pdt
, 
mi;dt =

Pm;it

Pdt
, and 
xt =

StP
�
t

Pdt
:

Di¤erentiate this expression with respect to the variables cmt , i
m
t , 


mc;d
t ,


mi;dt , 
xt , evaluating in steady state:

@�
m

t

@cmt
=
�

mc;d � 
x

�
:

@�
m

t

@imt
=
�

mi;d � 
x

�
:

@�
m

t

@
mc;dt

= cm:

@�
m

t

@
mi;dt

= im:

@�
m

t

@
xt
= �(cm + im):
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The Taylor expansion follows

b�mt = cm
�

mc;d � 
x

� bcmt +im �
mi;d � 
x�bimt +
mc;dcmb
mc;dt +
mi;dimb
mi;dt �
x(cm+im)b
xt :
(181)

This can be rewritten, using the relative prices in di¤erent and more compre-

hensive notation

b�mt = cm
�
Pm;c

SP �

�bcmt + im�Pm;iSP �

�bimt + �Pm;cP d

�
cm
� bPm;ct � bP dt �

+

�
Pm;i

P d

�
im
� bPm;it � bP dt �� �SP �P d

�
(cm + im)

�bSt + bP �t � bP dt � :(182)

If we allow for a non-zero markup(�m;c <1; �m;i <1) we need to introduce

a �xed cost, �m;c and �m;i, to ensure that pro�ts are zero in steady state, or

re-transfer the pro�ts to the households. Imposing that the real pro�ts for the

importing consumption �rm are zero in steady state implies the following;

�
m;c

=
Pm;c

P d
cm � SP �

P d
cm � �m;c = 0: (183)

Inserting the steady state value of Pm;c = �m;c

�m;c�1SP
�, and using that SP

�

Pd
= 1,

yields that the value of �m;c must equal

�m;c =

�
�m;c

�m;c � 1 � 1
�
cm; (184)

�
m;c

=
Pm;c

P d
cm � SP �

P d
cm �

�
�m;c

�m;c � 1 � 1
�
cm (185)

=

�
�m;c

�m;c�1SP
�
�

P d
cm � cm �

�
�m;c

�m;c � 1 � 1
�
cm (186)

=

�
�m;c

�m;c � 1 � 1
�
cm �

�
�m;c

�m;c � 1 � 1
�
cm (187)

= 0 (188)
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and equivalently

�m;i =

�
�m;i

�m;i � 1 � 1
�
im: (189)

In this case the linearized pro�ts must be

��
m

t = 
mc;dt cmt + 

mi;d
t imt � 
xt (cmt + imt )� 
xt

�
�m;c + �m;i

�
=

�

mc;dt � 
xt

�
cmt +

�

mi;dt � 
xt

�
imt � 
xt

�
�m;c + �m;i

�
;

The Taylor expansion, in this case, follows

b�mt = cm
�

mc;d � 
x

� bcmt + im �
mi;d � 
x�bimt + 
mc;dcmb
mc;dt

+
mi;dimb
mi;dt � 
x(cm + im + �m;c + �m;i)b
xt
= cm

�

mc;d � 
x

� bcmt + im �
mi;d � 
x�bimt + 
mc;dcmb
mc;dt

+
mi;dimb
mi;dt � 
x
��

�m;c

�m;c � 1

�
cm +

�
�m;i

�m;i � 1

�
im
�b
xt :(190)

or

b�mt = cm
�

mc;d � 1


f

�bcmt + im�
mi;d � 1


f

�bimt + 
mc;dcmb
mc;dt

+
mi;dimb
mi;dt +
1


f
(cm + im + �m;c + �m;i)b
ft

= cm
�

mc;d � 1


f

�bcmt + im�
mi;d � 1


f

�bimt + 
mc;dcmb
mc;dt

+
mi;dimb
mi;dt +
1


f

��
�m;c

�m;c � 1

�
cm +

�
�m;i

�m;i � 1

�
im
�b
ft :(191)

4.3 Total

So, from using the log-linearization of equation (175) and noting that 
x = 1

f

and b
xt = �b
ft , total pro�ts follow
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b��t = b��dt + b��mt
= y

�
�f � 1
�f

� byt � 1

�f
(y + �)cmct

+cm
�

mc;d � 
x

� bcmt + im �
mi;d � 
x�bimt + 
mc;dcmb
mc;dt

+
mi;dimb
mi;dt � 
x
��

�m;c

�m;c � 1

�
cm +

�
�m;i

�m;i � 1

�
im
�b
xt

b��t = b��dt + b��mt
= y

�
�f � 1
�f

��
�f (1� �) Ĥt + �f�

�
k̂t � �̂z;t

�
+ �f �̂t

�
� 1

�f
(y + �)

�
�
�
�̂z;t + Ĥt � k̂t

�
+ b�wt + R̂ft � �̂t�

+cm
�

mc;d � 
x

�
(�cb
c;mct + bct) + im �
mi;d � 
x� ��ib
i;mit +bit�+ 
mc;dcmb
mc;dt

+
mi;dimb
mi;dt +
1


f

��
�m;c

�m;c � 1

�
cm +

�
�m;i

�m;i � 1

�
im
�b
ft

b��t = b��dt + b��mt
= y

�
�f � 1
�f

�
�f (1� �) Ĥt + y

�
�f � 1
�f

�
�f�k̂t � y

�
�f � 1
�f

�
�f��̂z;t + y

�
�f � 1
�f

�
�f �̂t

� 1

�f
(y + �)��̂z;t �

1

�f
(y + �)�Ĥt +

1

�f
(y + �)�k̂t �

1

�f
(y + �)b�wt � 1

�f
(y + �)R̂ft +

1

�f
(y + �)�̂t

+cm
�

mc;d � 1


f

�
�c

 
�(1� !c)

�
1


c;mc
mc;d

�1��c!b
mc;dt + cm
�

mc;d � 1


f

�bct
+im

�

mi;d � 1


f

�
�i

 
�(1� !i)

�
1


i;mi
mi;d

�1��i!b
mi;dt + im
�

mi;d � 1


f

�bit
+
mc;dcmb
mc;dt + 
mi;dimb
mi;dt

+
1


f

��
�m;c

�m;c � 1

�
cm +

�
�m;i

�m;i � 1

�
im
�b
ft
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b��t = b��dt + b��mt
= y

�
�f � 1
�f

�
�f (1� �) Ĥt + y

�
�f � 1
�f

�
�f�k̂t � y

�
�f � 1
�f

�
�f��̂z;t + y

�
�f � 1
�f

�
�f �̂t

� 1

�f
(y + �)��̂z;t �

1

�f
(y + �)�Ĥt +

1

�f
(y + �)�k̂t �

1

�f
(y + �)b�wt � 1

�f
(y + �)R̂ft +

1

�f
(y + �)�̂t

+

"
cm
�

mc;d � 1


f

�
�c

 
�(1� !c)

�
1


c;mc
mc;d

�1��c!
+ 
mc;dcm

# b
mc;dt + cm
�

mc;d � 1


f

�bct
+

"
im
�

mi;d � 1


f

�
�i

 
�(1� !i)

�
1


i;mi
mi;d

�1��i!
+ 
mi;dim

# b
mi;dt + im
�

mi;d � 1


f

�bit
+
1


f

��
�m;c

�m;c � 1

�
cm +

�
�m;i

�m;i � 1

�
im
�b
ft

b��t = b��dt + b��mt
= y

�
�f � 1
�f

� byt � 1

�f
(y + �)

�
�
�
�̂z;t + Ĥt � k̂t

�
+ b�wt + R̂ft � �̂t�

+

 
cm
�

mc;d � 1


f

�
�c

 
�(1� !c)

�
1


c;mc
mc;d

�1��c!
+ 
mc;dcm

!b
mc;dt + cm
�

mc;d � 1


f

�bct
+

 
im
�

mi;d � 1


f

�
�i

 
�(1� !i)

�
1


i;mi
mi;d

�1��i!
+ 
mi;dim

!b
mi;dt + im
�

mi;d � 1


f

�bit
+
1


f

��
�m;c

�m;c � 1

�
cm +

�
�m;i

�m;i � 1

�
im
�b
ft : (192)

4.4 Linearization of the consumption aggregate

The CES function for aggregate consumption follows

Ct =

�
(1� !c)

1
�c

�
Cdt
� (�c�1)

�c + !
1
�c
c (Cmt )

(�c�1)
�c

� �c
(�c�1)

:

Stationarizing

Ct
zt
=

24(1� !c) 1
�c

�
Cdt
zt

� (�c�1)
�c

+ !
1
�c
c

�
Cmt
zt

� (�c�1)
�c

35
�c

(�c�1)

;
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F = ct �
�
(1� !c)

1
�c

�
cdt
� (�c�1)

�c + !
1
�c
c (cmt )

(�c�1)
�c

� �c
(�c�1)

= 0:

Di¤erentiate this expression with respect to ct, cdt , c
m
t , evaluating the derivatives

in steady state:

@F

@ct
= 1:

@F

@cdt
= � �c

(�c � 1)
[:]

�c
(�c�1)

�1 (�c � 1)
�c

(1� !c)
1
�c

�
cdt
� (�c�1)

�c
�1

= �c
1
�c (1� !c)

1
�c

�
cd
� (�c�1)

�c
�1
:

Note that [:]
�c

(�c�1)
�1
=
�
c
(�c�1)
�c

� �c
(�c�1)

�1
=
�
c
(�c�1)
�c

� 1
(�c�1)

= c
1
�c .

@F

@cmt
= � �c

(�c � 1)
[:]

�c
(�c�1)

�1 (�c � 1)
�c

!c
1
�c (cmt )

(�c�1)
�c

�1

= �c
1
�c !c

1
�c (cm)

(�c�1)
�c

�1
:

The Taylor expansion will follow:

0 = cbct+cd��c 1
�c (1� !c)

1
�c

�
cd
� (�c�1)

�c
�1
�bcdt+cm��c 1

�c !c
1
�c (cm)

(�c�1)
�c

�1
�bcmt :

Solving for bct
bct =

0@(1� !c) 1
�c

�
cd

c

� (�c�1)
�c

1Abcdt +
0@!c 1

�c

�
cm

c

� (�c�1)
�c

1Abcmt :
4.5 Linearization of the price aggregate

The aggregate price index follows

F = P ct �
h
(1� !c)

�
P dt
�1��c + !c (Pm;ct )

1��c
i 1
1��c

= 0:

Di¤erentiate with respect to P ct , P
d
t , and, P

m;c
t :
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@F

@P ct
= 1:

@F

@P dt
= � 1

1� �c
[:]

1
1��c

�1
(1� !c)(1� �c)

�
P d
���c

= �
�
(P c)

1��c
� �c
1��c

(1� !c)
�
P d
���c :

@F

@Pmt
= � 1

1� �c
[:]

1
1��c

�1
(!c)(1� �c) (Pm;c)

��c

= �
�
(P c)

1��c
� �c
1��c

(!c) (P
m;c)

��c :

The Taylor expansion follows

0 = P c bP ct + P d���(P c)1��c� �c
1��c

(1� !c)
�
P d
���c� bP dt

+Pmt

�
�
�
(P c)

1��c
� �c
1��c

(!c) (P
m;c)

��c
� bPmt

= P c bP ct � �(P c)�c (1� !c) �P d�1��c� bP dt � �(P c)�c (!c) (Pm;c)1��c� bPm;ct :

Solving for bP ct
bP ct =

 
(1� !c)

�
P d

P c

�1��c! bP dt +
 
(!c)

�
Pm;c

P c

�1��c! bPm;ct :

Taking �rst di¤erences:

b�ct =

 
(1� !c)

�
P d

P c

�1��c!b�dt +
 
(!c)

�
Pm;c

P c

�1��c!b�m;ct :

=
�
(1� !c)

�

d;c

�1��c� b�dt + �(!c) (
mc;c)(1��c)� b�m;ct

5 Relative prices

First, note that the steady state relative price between aggregate consumption

and imported consumption goods, and aggregate consumption and domestic
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goods is, respectively


c;mc =
P c

Pm;c
=

"
(1� !c)

�
�m;c

�m;c � 1

��(1��c)
+ !c

#1=(1��c)
;


c;d =
P c

P d
=

"
(1� !c) + !c

�
�m;c

�m;c � 1

�1��c#1=(1��c)
;

and the steady state relative price between imported and domestic consumption

is


mc;d =
Pm;c

P d
=

264 (1� !c) + !c
�

�m;c

�m;c�1

�1��c
(1� !c)

�
�m;c

�m;c�1

��(1��c)
+ !c

375
1=(1��c)

=

2664 (1� !c) + !c
�

�m;c

�m;c�1

�1��c
1

( �m;c

�m;c�1 )
1��c

�
(1� !c) + !c

�
�m;c

�m;c�1

�(1��c)�
3775
1=(1��c)

=

�
�m;c

�m;c � 1

�
:

5.1 
c;dt =
P ct
P dt

Start by using the de�nition of the aggregate consumption price. Using this:


c;dt =
P ct
P dt

=

"
(1� !c) + !c

�
Pm;ct

P dt

�1��c# 1
1��c

=

�
(1� !c) + !c

�

mc;dt

�1��c� 1
1��c

:

Di¤erentiate this:

@

@
c;dt
= 1:

@

@
mc;dt

=
1

1� �c
[:]

1
1��c

�1
!c (1� �c)

�

mc;d

���c :
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The Taylor expansion follows


c;db
c;dt = 
mc;d
1

1� �c
[:]

1
1��c

�1
!c (1� �c)

�

mc;d

���c b
mc;dt

= [:]
1

1��c
�1
!c
�

mc;d

�1��c b
mc;dt

=
��

c;d

�1��c� �c
1��c

!c
�

mc;d

�1��c b
mc;dt :

Solving for b
cdt :

b
c;dt = !c

�

mc;d


c;d

�1��c b
mc;dt

= !c

0@ Pm;ct

Pdt
P ct
Pdt

1A1��c b
mc;dt

= !c

�
Pm;ct

P ct

�1��c b
mc;dt

= !c

0@ 1
P ct
Pm;ct

1A1��c b
mc;dt

= !c

�
1


c;mc

�1��c b
mc;dt

= !c (

c;mc)

�(1��c) b
mc;dt :

b
d;ct = �!c (
c;mc)�(1��c) b
mc;dt
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5.2 
c;mct =
P ct
Pm;ct

The consumption/import relative price is:


c;mct =
P ct
Pm;ct

=

"
(1� !c)

�
P dt
Pm;ct

�1��c
+ !c

# 1
1��c

=

24(1� !c) 1


mc;dt

!1��c
+ !c

35 1
1��c

:

Di¤erentiate this with respect to 
cmt and 
mdt :

@

@
c;mct

= 1:

@

@
mc;dt

=
1

1� �c
[:]

1
1��c

�1
(1� !c)(1� �c)

�
1


mc;d

���c �1
(
mc;d)

2

=
�
(
c;mc)

1��c
� �c
1��c

(1� !c)
�

1


mc;d

���c �1
(
mc;d)

2 :

The Taylor expansion follows


c;mcb
c;mct = 
mc;d
�
(
c;mc)

1��c
� �c
1��c

(1� !c)
�

1


mc;d

���c �1
(
mc;d)

2 b
mc;dt

= � (
c;mc)�c (1� !c)
�

1


mc;d

�1��c b
mc;dt :
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Solving for b
c;mct ;

b
c;mct = � (
c;mc)�c�1 (1� !c)
�

1


mc;d

�1��c b
mc;dt

= � (
c;mc)�(1��c) (1� !c)
�

1


mc;d

�1��c b
mc;dt

= �(1� !c)
�

1


c;mc
mc;d

�1��c b
mc;dt :

= �(1� !c)
 

1
P c

Pm;c
Pm;c

Pd

!1��c b
mc;dt

= �(1� !c)
 
1
P c

Pd

!1��c b
mc;dt

= �(1� !c)
�
P d

P c

�1��c b
mc;dt

= �(1� !c)
�
P c

P d

��(1��c) b
mc;dt

= �(1� !c)
�

c;d

��(1��c) b
mc;dt

5.3 
i;dt =
P it
P dt

The imported investment relative prices also follow from the price aggregates:


i;dt =
P it
P dt

=

24(1� !i) + !i Pm;it

P dt

!1��i35 1
1��i

=

�
(1� !i) + !i

�

mi;dt

�1��i� 1
1��i

:


i;mit =
P it

Pm;it

=

"
(1� !i)

�
P dt

Pm;it

�1��i
+ !i

# 1
1��i

=

24(1� !i) 1


mi;dt

!1��i
+ !i

35 1
1��i

:

Consequently, and equivalently to the above, the log-linearized expressions fol-

low:
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b
i;dt = !i

�
1


i;mi

�1��i b
mi;dt

= !i
�

i;mi

��(1��i) b
mi;dt ;

and

b
i;mit = �(1� !i)
�

1


i;mi
mi;d

�1��i b
mi;dt :

5.4 b
mc;dt

Second, de�ne the domestic consumption �terms of trade�as;

b
mc;dt � bPm;ct � bP dt : (193)

Lag this de�nitional equation and subtract the lagged expression from the equa-

tion above:

b
mc;dt � b
mc;dt�1 = bPm;ct � bP dt � � bPm;ct�1 � bP dt�1� ;
and consequently,

b
mc;dt = b
mc;dt�1 + b�m;ct � b�dt : (194)

5.5 b
mi;dt

The domestic investment �terms of trade�is de�ned as

b
mi;dt � bPm;it � bP dt : (195)

Similarly, lagging and subtracting yields:

b
mi;dt = b
mi;dt�1 + b�m;it � b�dt : (196)
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5.6 
ft

The foreign terms of trade is de�ned as


ft �
P dt
StP �t


ft � P dt
StP �t

@
ft

@
ft
= 1

@
�

Pdt
StP�

t

�
@P dt

=
1

StP �t

@
�

Pdt
StP�

t

�
@St

= � P dt
S2t P

�
t

@
�

Pdt
StP�

t

�
@P �t

= � P dt

St (P �t )
2


ft 
̂
f
t � P dt

1

StP �t
P̂ dt � St

P dt
S2t P

�
t

Ŝt � P �t
P dt

St (P �t )
2 P̂

�
t

P dt
StP �t


̂ft � P dt
1

StP �t
P̂ dt �

P dt
StP �t

Ŝt �
P dt

St (P �t )
P̂ �t


̂ft � P̂ dt � Ŝt � P̂ �t

b
ft � bP dt � bSt � bP �t : (197)

Lagging and subtracting yields:

b
ft � b
ft�1 �
�
P̂ dt � Ŝt � P̂ �t

�
�
�
P̂ dt�1 � Ŝt�1 � P̂ �t�1

�
(198)

�
�
P̂ dt � P̂ dt�1

�
�
�
Ŝt � Ŝt�1

�
�
�
P̂ �t � P̂ �t�1

�
(199)
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b
ft � b
ft�1 + b�dt ��bSt � b��t : (200)

The deviations from the law of one price for the imported consumption good

(or, equivalently, the real marginal costs) can, from equations (??) and (193),

be written as:

cmcm;ct = bSt + bP �t � bPm;ct = �
� bP dt � bSt � bP �t �+ bP dt � bPm;ct

= �b
ft � b
mc;dt : (201)

Or equivalently,

cmcm;ct = cmcm;ct�1 +�bSt + b��t � b�m;ct : (202)

Similarly, the deviations from the law of one price for investment goods

follows:

cmcm;ct = �b
ft � b
mi;dt ; (203)

which implies,

cmcm;it = cmcm;it�1 +�bSt + b��t � b�m;it : (204)

The real exchange rate is de�ned as:

bxt = bSt + bP �t � bP ct : (205)

again, lagging and subtracting yields:

bxt = bxt�1 +�bSt + b��t � b�ct : (206)

So, collecting all the relative prices in compact form;
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cmcm;ct = cmcm;ct�1 +�
bSt + b��t � b�m;ct : (207)

cmcm;it = cmcm;it�1 +�bSt + b��t � b�m;it : (208)

b
mc;dt = b
mc;dt�1 + b�m;ct � b�dt : (209)

b
mi;dt = b
mi;dt�1 + b�m;it � b�dt : (210)

b
ft � b
ft�1 + b�dt ��bSt � b��t : (211)

b
c;dt = !c (

c;mc)

�(1��c) b
mc;dt (212)

b
c;mct = �(1� !c)
�

1


c;mc
mc;d

�1��c b
mc;dt : (213)

= �(1� !c)
�

c;d

��(1��c) b
mc;dt (214)

b
i;dt = !i
�

i;mi

��(1��i) b
mi;dt ; (215)

b
i;mit = �(1� !i)
�

1


i;mi
mi;d

�1��i b
mi;dt (216)

bxt = bxt�1 +�bSt + b��t � b�ct : (217)
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or in a more comprehensive notation;

�bSt + bP �t � bPm;ct

�
=

�bSt�1 + bP �t�1 � bPm;ct�1

�
+�bSt + b��t � b�m;ct : (218)�bSt + bP �t � bPm;it

�
=

�bSt�1 + bP �t�1 � bPm;it�1

�
+�bSt + b��t � b�m;it : (219)� bPm;ct � bP dt � =

� bPm;ct�1 � bP dt�1�+ b�m;ct � b�dt : (220)� bPm;it � bP dt � =
� bPm;it�1 � bP dt�1�+ b�m;it � b�dt : (221)� bP dt � bSt � bP �t � �
� bP dt�1 � bSt�1 � bP �t�1�+ b�dt ��bSt � b��t (222)� bP ct � bP dt � = !c

�
P c

Pm;c

��(1��c) � bPm;ct � bP dt � (223)

� bP ct � bPm;ct

�
= �(1� !c)

�
Pmc

P c
P d

Pm;c

�1��c � bPm;ct � bP dt � (224)

� bP it � bP dt � = !i

�
P i

Pm;i

��(1��i) � bPm;it � bP dt � : (225)

� bP it � bPm;it

�
= �(1� !i)

�
Pmi

P i
P d

Pm;i

�1��i � bPm;it � bP dt � : (226)�bSt + bP �t � bP ct � =
�bSt�1 + bP �t�1 � bP ct�1�+�bSt + b��t � b�ct (227)

Evaluating these relative prices in steady state;
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Pm;c =
�m;c

�m;c � 1SP
�: (228)

Pm;i =
�m;i

�m;i � 1SP
�: (229)

Pm;c

P d
=

�
�m;c

�m;c � 1

�
: (230)

Pm;i

P d
=

�
�m;i

�m;i � 1

�
: (231)

P d

SP �
= 1, by de�nition. (232)

P c

P d
=

"
(1� !c) + !c

�
�m;c

�m;c � 1

�1��c#1=(1��c)
(233)

P c

Pm;c
=

"
(1� !c)

�
�m;c

�m;c � 1

��(1��c)
+ !c

#1=(1��c)
: (234)

P i

P d
=

"
(1� !i) + !i

�
�m;i

�m;i � 1

�1��i#1=(1��i)
: (235)

P i

Pm;i
=

"
(1� !i)

�
�m;i

�m;i � 1

��(1��i)
+ !i

#1=(1��i)
: (236)

SP �

P c
=

SP �P d

P cP d
=
P d

P c
=

"
(1� !c) + !c

�
�m;c

�m;c � 1

�1��c#�1=(1��c)
:(237)

5.7 Relative consumption

The relative consumption of imported consumption goods follows

Cmt = !c

�
Pm;ct

P ct

���c
Ct

= !c (

c;mc
t )

�c Ct:

Stationarize this:

Cmt
zt

= !c (

c;mc
t )

�c Ct
zt
;
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or equivalently,

cmt = !c (

c;mc
t )

�c ct:

Di¤erentiate this with respect to cmt , 

cm
t , and ct, evaluating in steady state:

@:

@cmt
= 1:

@:

@
c;mct

= !c�c (

c;mc)

�c�1 c:

@:

@ct
= !c (


c;mc)
�c :

In steady state we know that cm = !c (

c;mc
t )

�c c.

The Taylor approximation is:

cmbcmt = 
c;mc!c�c (

c;mc)

�c�1 cb
c;mct + c!c (

c;mc)

�c bct:
bcmt = !c�c (


c;mc)
�c

c

cm
b
c;mct +

c

cm
!c (


c;mc)
�c bct

= !c (

c;mc)

�c
c

!c (

c;mc
t )

�c c
(�cb
c;mct + bct)

= �cb
c;mct + bct
= �c

� bP ct � bPm;ct

�
+ bct: (238)

Similarly

bcdt = �cb
c;dt + bct
= �c

� bP ct � bP dt �+ bct: (239)

bidt = �ib
i;dt +bit
= �i

� bP it � bP dt �+bit: (240)
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bimt = �ib
i;mit +bit
= �i

� bP it � bPm;it

�
+bit: (241)

6 The foreign demand

The foreign demand for the domestically produced goods follow a continuos CES

function with the same elasticity of substitution as the domestic consumers face

between domestic and imported goods. That is

C�t =

24 1Z
0

(C�it)
�c�1
�c di

35
�c�1
�c

:

The demand for the domestic export good is consequently:

Cdft =

 
P dft
P �t

!��c
C�t

=

�
P dt
StP �t

���c
C�t

=
�

ft

��c
C�t :

Log-linearizing this expression implies

bCdft = �ib
ft + bC�t : (242)

bcdft = �fb
ft + bc�t : (243)

bidft = �fb
ft +bi�t : (244)
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7 Log-linearization of foc:s for ct;mt+1;�kt+1; and

it

7.1 Log-linearizing the consumption equation

The �rst-order condition for Ct is (make use of the fact that the households and

average (aggregate) choices coincide in equilibrium)

�ctu
0 (Ct � bCt�1)� �bEt�ct+1u0 (Ct+1 � bCt)�  t

P ct
Pt
(1 + � ct) = 0 (245)

where we have introduced the notation

 t � �tPt: (246)

Write out (247), taking into account EtE
�
t x = Etx :

Et [�u0(Ct � bCt�1) + b�u0(Ct+1 � bCt) +  t] = 0: (247)

Writing the object in square brackets, taking into account our log-utility

assumption:

u0(Ct � bCt�1) =

@ ln (Ct � bCt�1)
@Ct

=
1

Ct � bCt�1

u0 (Ct+1 � bCt) =

@ ln (Ct+1 � bCt)
@Ct

=
b

�Ct+1 + bCt
= � b

(Ct+1 � bCt)
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0 = �ctu
0 (Ct � bCt�1)� �bEt�ct+1u0 (Ct+1 � bCt)�  t

P ct
Pt
(1 + � ct)

=
�ct

Ct � bCt�1
� �bEt

�ct+1
(Ct+1 � bCt)

�  t
P ct
Pt
(1 + � ct)

Compare with ACEL:

� 1

Ct � bCt�1
+

b�

Ct+1 � bCt
+  t

Multiply by zt :

zt
�ct

Ct � bCt�1
� zt�bEt

�ct+1
(Ct+1 � bCt)

� zt t
P ct
Pt
(1 + � ct)

=
�ct

Ct
zt
� bCt�1zt

� �bEt
�ct+1

Ct+1
zt

� bCtzt
�  z;t

P ct
Pt
(1 + � ct)

where

 z;t = zt t:

Let

ct =
Ct
zt
:

Then,

� 1
Ct
zt
� bCt�1zt

+
b�

Ct+1
zt

� bCtzt
+  z;t

= � 1

ct � bCt�1zt�1

zt�1
zt

+
b�

Ct+1
zt+1

zt+1
zt
� bCtzt

+  z;t

= � 1

ct � bCt�1zt�1

zt�1
zt

+
b�

Ct+1
zt+1

zt+1
zt
� bCtzt

+  z;t

= � 1

ct � bct�1 1
�z;t

+
b�

ct+1�z;t+1 � bct
+  z;t
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� �ct
Ct
zt
� bCt�1zt

+ �bEt
�ct+1

Ct+1
zt

� bCtzt
+  z;t

P ct
Pt
(1 + � ct)

= � �ct
Ct
zt
� bCt�1zt�1

zt�1
zt

+ �bEt
�ct+1

Ct+1
zt+1

zt+1
zt
� bCtzt

+  z;t
P ct
Pt
(1 + � ct)

)
�
�z;t+1 =

zt+1
zt

) �z;t =
zt
zt�1

) 1

�z;t
=
zt�1
zt

�
)

=
�ct

ct � bct�1 1
�z;t

+ �bEt
�ct+1

ct+1�z;t+1 � bct
+  z;t

P ct
Pt
(1 + � ct)

So, (247) reduces to:

0 = Et [�u0(Ct � bCt�1) + b�u0(Ct+1 � bCt) +  t] (248)

= Et

"
�ct

ct � bct�1 1
�z;t

+ �bEt
�ct+1

ct+1�z;t+1 � bct
+  z;t

P ct
Pt
(1 + � ct)

#

= Et

"
��ct

�
ct � bct�1

1

�z;t

��1
+ b��ct+1

�
ct+1�z;t+1 � bct

��1
+  z;t

P ct
Pt
(1 + � ct)

#

Let�s work out what  z;t is in steady state:

Et [�
c
t ] = 1

P c

P
= 
c

0 = ��
�
c� bc 1

�

��1
+ b�� (c�� bc)�1 +  
c (1 + �)

 z =
�c

(1 + � c) 
c

�
c� bc 1

�z

��1
� b��c

(1 + � c) 
c
(c�z � bc)

�1

= �c
�z � b�

c (1 + � c) 
c (�z � b)

=
1

c (1 + � c) 
c

�
�z � b�
�z � b

�

64



Now let�s totally di¤erentiate the expression in square brackets in (248):

F
�
�ct ,�

c
t+1,ct,ct�1,ct+1, z;t,�

c
t ,�z;t,�z;t+1,


c
t

�
= Et

"
��ct

�
ct � bct�1

1

�z;t

��1
+ b��ct+1

�
ct+1�z;t+1 � bct

��1
+  z;t


c
t (1 + �

c
t)

#
= 0

F1
�
�ct ,�

c
t+1,ct,ct�1,ct+1, z;t,�

c
t ,�z;t,�z;t+1,


c
t

�
= �

�
ct � bct�1

1

�z;t

��1
�
�
c� bc 1

�z

��1
= � �z

c (�z � b)

F2
�
�ct ,�

c
t+1,ct,ct�1,ct+1, z;t,�

c
t ,�z;t,�z;t+1,


c
t

�
= b�

�
ct+1�z;t+1 � bct

��1
b� (c�z � bc)

�1
= b

�

c (�z � b)

F3
�
�ct ,�

c
t+1,ct,ct�1,ct+1, z;t,�

c
t ,�z;t,�z;t+1,


c
t

�
=

�ct�
ct � bct�1 1

�z;t

�2 + b2��ct+1�
�ct+1�z;t+1 + bct

�2
1�

c� bc 1�z
�2 + b2�

(�c�z + bc)
2

=
�2z + b

2�

c2 (�z � b)
2 =

1

c2

 
�2z + b

2�

(�z � b)
2

!
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F4
�
�ct ,�

c
t+1,ct,ct�1,ct+1, z;t,�

c
t ,�z;t,�z;t+1,


c
t

�
= ��ctb

1
�z;t�

�ct + bct�1 1
�z;t

�2
�b

1
�z�

�c+ bc 1�z
�2

= �b �z

c2 (�z � b)
2

F5
�
�ct ,�

c
t+1,ct,ct�1,ct+1, z;t,�

c
t ,�z;t,�z;t+1,


c
t

�
= �b��ct+1

�z;t+1�
�ct+1�z;t+1 + bct

�2
�b� �z

(�c�z + bc)
2

= �b� �z

c2 (�z � b)
2

F6
�
�ct ,�

c
t+1,ct,ct�1,ct+1, z;t,�

c
t ,�z;t,�z;t+1,


c
t

�
= 
ct (1 + �

c
t)


c (1 + � c)

F7
�
�ct ,�

c
t+1,ct,ct�1,ct+1, z;t,�

c
t ,�z;t,�z;t+1,


c
t

�
=  z;t


c
t

 z

c
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F8
�
�ct ,�

c
t+1,ct,ct�1,ct+1, z;t,�

c
t ,�z;t,�z;t+1,


c
t

�
= �ct

bct�1�
�ct�z;t + bct�1

�2
bc

(�c�z + bc)
2 =

b

c (�z � b)
2

F9
�
�ct ,�

c
t+1,ct,ct�1,ct+1, z;t,�

c
t ,�z;t,�z;t+1,


c
t

�
= �b��ct+1

ct+1�
�ct+1�z;t+1 + bct

�2
�b� c

(�c�z + bc)
2 = �b �

c (�z � b)
2

F10
�
�ct ,�

c
t+1,ct,ct�1,ct+1, z;t,�

c
t ,�z;t,�z;t+1,


c
t

�
=  z;t (1 + �

c
t)

 z (1 + �
c)

Collect terms and evaluate in steady state:

67



� �z
c (�z � b)

�̂
c

t

+b
�

c (�z � b)
�̂
c

t+1

+
1

c2

 
�2z + b

2�

(�z � b)
2

!
cĉt

�b �z

c2 (�z � b)
2 cĉt�1

�b� �z

c2 (�z � b)
2 cĉt+1

+
c (1 + � c) z ̂z;t

+ z

c� c�̂ ct

+
b

c (�z � b)
2�z�̂z;t

�b �

c (�z � b)
2�z�̂z;t+1

+ z (1 + �
c) 
c
̂ct

� b��z

c (�z � b)
2 ĉt+1 +

1

c

 
�2z + b

2�

(�z � b)
2

!
ĉt � b

�z

c (�z � b)
2 ĉt�1 +

b

c (�z � b)
2

�
�z�̂z;t � ��z�̂z;t+1

�
+
c (1 + � c) z ̂z;t +  z


c� c�̂ ct +  z (1 + �
c) 
c
̂ct �

1

c (�z � b)

�
�z �̂

c

t � b��̂
c

t+1

�
Multiply with c (�z � b)

2

�b��z ĉt+1 +
�
�2z + b

2�
�
ĉt � b�z ĉt�1 + b�z

�
�̂z;t � ��̂z;t+1

�
+c (�z � b)

2

c (1 + � c) z ̂z;t + c (�z � b)

2
 z


c� c�̂ ct

+c (�z � b)
2
 z (1 + �

c) 
c
̂ct

� (�z � b)
�
�z �̂

c

t � b��̂
c

t+1

�
(��)
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Use

 z =
1

c (1 + � c) 
c

�
�z � b�
�z � b

�
to rewrite (��)

�b��z ĉt+1 +
�
�2z + b

2�
�
ĉt � b�z ĉt�1 + b�z

�
�̂z;t � ��̂z;t+1

�
+c (�z � b)

2
!c


c (1 + � c)
1

c (1 + � c)!c
c

�
�z � b�
�z � b

�
 ̂z;t

+c (�z � b)
2 1

c (1 + � c)!c
c

�
�z � b�
�z � b

�
!c


c� c�̂ ct

+c (�z � b)
2 1

c (1 + � c)!c
c

�
�z � b�
�z � b

�
!c (1 + �

c) 
c
̂ct

� (�z � b)
�
�z �̂

c

t � b��̂
c

t+1

�
or

�b��z ĉt+1 +
�
�2z + b

2�
�
ĉt � b�z ĉt�1 + b�z

�
�̂z;t � ��̂z;t+1

�
+(�z � b�) (�z � b)  ̂z;t +

� c

1 + � c
(�z � b�) (�z � b) �̂ ct

+(�z � b�) (�z � b) 
̂ct

� (�z � b)
�
�z �̂

c

t � b��̂
c

t+1

�
or
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ĉt+1 =

�
�2z + b

2�
�

b��z
ĉt �

b�z
b��z

ĉt�1 +
b�z
b��z

�
�̂z;t � ��̂z;t+1

�
+
(�z � b�) (�z � b)

b��z
 ̂z;t +

� c

1 + � c
(�z � b�) (�z � b)

b��z
�̂ ct

+
(�z � b�) (�z � b)

b��z

̂ct

� (�z � b)
b��z

�
�z �̂

c

t � b��̂
c

t+1

�
or

ĉt+1 =

�
�2z + b

2�
�

b��z
ĉt �

1

�
ĉt�1 +

1

�

�
�̂z;t � ��̂z;t+1

�
+
(�z � b�) (�z � b)

b��z
 ̂z;t +

� c

1 + � c
(�z � b�) (�z � b)

b��z
�̂ ct

+
(�z � b�) (�z � b)

b��z

̂ct

� (�z � b)
b��z

�
�z �̂

c

t � b��̂
c

t+1

�
Thus, in linearized form, (248) reduces to:

Et

2664
�b��z ĉt+1 +

�
�2z + b

2�
�
ĉt � b�z ĉt�1 + b�z

�
�̂z;t � ��̂z;t+1

�
+

+(�z � b�) (�z � b)  ̂z;t + �c

1+�c (�z � b�) (�z � b) �̂
c
t + (�z � b�) (�z � b) 
̂ct

� (�z � b)
�
�z �̂

c

t � b��̂
c

t+1

�
3775 = 0
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7.2 Log-linearizing the �rst-order condition w.r.t. mt+1

The �rst-order condition for mt+1 is

��t + �Et
�
�t+1Rt � �t+1�kt+1 (Rt � 1)

�
= 0

which is equivalent to, using the de�nition  t � �tPt,

� t + �Et
�
 t+1

Rt
�t+1

�
 t+1
�t+1

�kt+1 (Rt � 1)
�
= 0:

Using functional forms in the �rst-order conditions and scaling with the

technology level, we �nally obtain the following �rst-order condition

� z;t + �Et
�
 z;t+1
�z;t+1

Rt
�t+1

� 1

�z;t+1

 z;t+1
�t+1

�kt+1 (Rt � 1)
�
= 0 (249)

Note that  z;t in steady state equals:

 z =
1

c (1 + �k) 
c

�
�z � b�
�z � b

�
Now let�s totally di¤erentiate (249):

F
�
 z;t;  z;t+1; �z;t+1; Rt; �t+1; �

k
t+1

�
=

� z;t + �
�
 z;t+1
�z;t+1

Rt
�t+1

� 1

�z;t+1

 z;t+1
�t+1

�kt+1 (Rt � 1)
�

= 0

F1
�
 z;t;  z;t+1; �z;t+1; Rt; �t+1; �

k
t+1

�
=

�1
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F2
�
 z;t;  z;t+1; �z;t+1; Rt; �t+1; �

k
t+1

�
= �

�
1

�z;t+1

Rt
�t+1

� 1

�z;t+1

1

�t+1
�yt+1 (Rt � 1)

�
�

�
1

�z

R

�
� 1

�z

1

�
�y (R� 1)

�
= ���R+ �

kR� �k
�z�

F3
�
 z;t;  z;t+1; �z;t+1; Rt; �t+1; �

k
t+1

�
= ����2z;t+1

�
 z;t+1

Rt
�t+1

�
 z;t+1
�t+1

�yt+1 (Rt � 1)
�

����2z
�
 z
R

�
�  z

�
�y (R� 1)

�
= � z

�R+ �kR� �k
�2z�

F4
�
 z;t;  z;t+1; �z;t+1; Rt; �t+1; �

k
t+1

�
= �

 z;t+1
�z;t+1

1

�t+1

�
1� �kt+1

�
�
 z
�z

1

�

�
1� �k

�
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F5
�
 z;t;  z;t+1; �z;t+1; Rt; �t+1; �

k
t+1

�
= ����2t+1

�
 z;t+1
�z;t+1

Rt �
 z;t+1
�z;t+1

�kt+1 (Rt � 1)
�

= � �

�2t+1

 z;t+1
�z;t+1

�
Rt � �kt+1Rt + �kt+1

�
� �

�2
 z
�z

�
R� �kR+ �k

�
= � z

�R+ �kR� �k
�2�z

F6
�
 z;t;  z;t+1; �z;t+1; Rt; �t+1; �

k
t+1

�
=

�

�z;t+1

 z;t+1
�t+1

(1�Rt)

�

�z

 z
�
(1�R)

Collect terms:

� z ̂z;t � �
�R+ �kR� �k

�z�
 z ̂z;t+1 + � z

�R+ �kR� �k
�2z�

�z�̂z;t+1

+�
 z
�z

1

�

�
1� �k

�
RR̂t + � z

�R+ �kR� �k
�2�z

��̂t+1 +
�

�z

 z
�
(1�R) �k �̂kt+1

Divide by  z :

� ̂z;t � �
�R+ �kR� �k

�z�
 ̂z;t+1 + �

�R+ �kR� �k
�z�

�̂z;t+1

+�
1

�z

1

�

�
1� �k

�
RR̂t + �

�R+ �kR� �k
��z

�̂t+1 +
�

�z

1

�
(1�R) �k �̂kt+1

Multiply by �z�
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��z� ̂z;t � �
�
�R+ �kR� �k

�
 ̂z;t+1 + �

�
�R+ �kR� �k

�
�̂z;t+1

+�
�
1� �k

�
RR̂t + �

�
�R+ �kR� �k

�
�̂t+1 + � (1�R) �k �̂kt+1

Thus, in linearized form, (249) reduces to:

Et

"
��z�� ̂z;t + �

�
R� �kR+ �k

�
 ̂z;t+1 � �

�
R� �kR+ �k

�
�̂z;t+1

+�
�
1� �k

�
RR̂t � �

�
R� �kR+ �k

�
�̂t+1 + � (1�R) �k �̂kt+1

#
= 0 (����)

The stationary �rst order condition for mt+1 in steady-state equals:

� z + �
�
 z
�z

R

�
� 1

�z

 z
�
�k (R� 1)

�
= 0

) R =
��z� + ��k
� (�1 + �k)

=
�z� � ��k
� (1� �k)

From the de�nitional equation for money growth, we have:

� =
�

�z

R =
�� ��k
� (1� �k)

So, (I guess) (� � ��) must equal

Et

�
�� ̂z;t + � ̂z;t+1 � ��̂z;t+1 +

�
�� ��k

�
R̂t � ��̂t+1 +

�k

1� �k (� � �) �̂
k
t+1

�
= 0
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7.3 Log-linearizing the �rst-order condition w.r.t. �kt+1

The �rst-order condition for �kt+1 is

�!t + �Et
�
(1� �)!t+1 + �t+1

��
1� �kt+1

�
Rkt+1ut+1 � Pt+1a (ut+1)

��
= 0;

which can be rearranged as follows

� !t
�tPt

�tPt+�Et

�
(1� �) !t+1

�t+1Pt+1
�t+1Pt+1 + �t+1Pt+1

��
1� �kt+1

� Rkt+1
Pt+1

ut+1 � a (ut+1)
��

= 0;

and using  t � �tPt, Pk0;t = !t
�tPt

and rkt �
Rkt
Pt
, we obtain

�Pk0;t t+�Et
�
(1� �)Pk0;t+1 t+1 +  t+1

��
1� �kt+1

�
rkt+1ut+1 � a (ut+1)

��
= 0;

(250)

Stationarize (250):

�Pk0;t z;t+�Et
�
 z;t+1
�z;t+1

�
(1� �)Pk0;t+1 +

��
1� �kt+1

�
rkt+1ut+1 � a (ut+1)

���
= 0

Totally di¤erentiate (250) and evaluate in ss
�
ut =

kt
�kt
= u = 1) a (u) = a (1) = 0

�
:

F
�
Pk0;t; Pk0;t+1;  z;t;  z;t+1; �

k
t+1; r

k
t+1; ut+1; �z;t+1

�
= �Pk0;t z;t + �

�
 z;t+1
�z;t+1

�
(1� �)Pk0;t+1 +

��
1� �kt+1

�
rkt+1ut+1 � a (ut+1)

���
= 0

F1
�
Pk0;t; Pk0;t+1;  z;t;  z;t+1; �

k
t+1; r

k
t+1; ut+1; �z;t+1

�
= � z;t

ss : � z
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F2
�
Pk0;t; Pk0;t+1;  z;t;  z;t+1; �

k
t+1; r

k
t+1; ut+1; �z;t+1

�
= �(1� �)

 z;t+1
�z;t+1

ss : �(1� �) z
�z

F3
�
Pk0;t; Pk0;t+1;  z;t;  z;t+1; �

k
t+1; r

k
t+1; ut+1; �z;t+1

�
= �Pk0;t

ss : �Pk0

F4
�
Pk0;t; Pk0;t+1;  z;t;  z;t+1; �

k
t+1; r

k
t+1; ut+1; �z;t+1

�
= �

�
1

�z;t+1

�
(1� �)Pk0;t+1 +

��
1� �kt+1

�
rkt+1ut+1 � a (ut+1)

���
ss : �

�
1

�z

�
(1� �)Pk0 +

��
1� �k

�
rk
���

F5
�
Pk0;t; Pk0;t+1;  z;t;  z;t+1; �

k
t+1; r

k
t+1; ut+1; �z;t+1

�
= �

 z;t+1
�z;t+1

rkt+1ut+1�

ss : � z
�z
rk�

76



F6
�
Pk0;t; Pk0;t+1;  z;t;  z;t+1; �

k
t+1; r

k
t+1; ut+1; �z;t+1

�
=

 z;t+1
�z;t+1

ut+1� �
 z;t+1
�z;t+1

ut+1�
k
t+1�

=
 z;t+1
�z;t+1

ut+1�
�
1� �kt+1

�
ss :

 z
�z
�
�
1� �k

�

F7
�
Pk0;t; Pk0;t+1;  z;t;  z;t+1; �

k
t+1; r

k
t+1; ut+1; �z;t+1

�
=

 z;t+1
�z;t+1

rkt+1� �
 z;t+1
�z;t+1

rkt+1�
k
t+1� �

 z;t+1
�z;t+1

�a0 (ut+1)

= �
 z;t+1
�z;t+1

��
1� �kt+1

�
rkt+1 � a0 (ut+1)

�
ss : �

 z
�z

��
1� �k

�
rk �

�
1� �k

�
rk
�

= 0

F8
�
Pk0;t; Pk0;t+1;  z;t;  z;t+1; �

k
t+1; r

k
t+1; ut+1; �z;t+1

�
= ��

"
 z;t+1
�2z;t+1

�
(1� �)Pk0;t+1 +

��
1� �kt+1

�
rkt+1ut+1 � a (ut+1)

��#

ss : ��
�
 z
�2z

�
(1� �)Pk0 +

�
1� �k

�
rk
��

Collect terms:
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� zPk0 P̂k0;t + �(1� �)
 z
�z
Pk0 P̂k0;t+1 � Pk0 z ̂z;t

+�

�
1

�z

�
(1� �)Pk0 +

��
1� �k

�
rk
���

 z ̂z;t+1

� z
�z
rk��k �̂kt+1 +

 z
�z
�
�
1� �k

�
rkr̂kt+1

�� z
�2z

��
(1� �)Pk0 +

�
1� �k

�
rk
��
�z�̂z;t+1

Multiply with �z
 z
:

��zPk0 P̂k0;t � �zPk0  ̂z;t + �(1� �)Pk0 P̂k0;t+1

+�
��
(1� �)Pk0 +

��
1� �k

�
rk
���

 ̂z;t+1

�rk��k �̂kt+1 + �
�
1� �k

�
rkr̂kt+1

��
�
(1� �)Pk0 +

�
1� �k

�
rk
�
�̂z;t+1

Make use of:

rk =
�zPk0 � �(1� �)Pk0

(1� �k)�

��zPk0 P̂k0;t � �zPk0  ̂z;t + �(1� �)Pk0 P̂k0;t+1

+�

��
(1� �)Pk0 +

�
(1� �y) �zPk

0 � �(1� �)Pk0
(1� �k)�

���
 ̂z;t+1

��zPk
0 � �(1� �)Pk0
(1� �k)� ��k �̂kt+1 + �

�
1� �k

� �zPk0 � �(1� �)Pk0
(1� �k)� r̂kt+1

��
�
(1� �)Pk0 +

�
1� �k

� �zPk0 � �(1� �)Pk0
(1� �k)�

�
�̂z;t+1

or
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��zPk0 P̂k0;t � �zPk0  ̂z;t + �(1� �)Pk0 P̂k0;t+1 + �zPk0  ̂z;t+1

��z � �(1� �)
(1� �k)� Pk0��

k �̂kt+1 + (�z � �(1� �))Pk0 r̂kt+1 � �zPk0 �̂z;t+1

Divide by Pk0 :

��z
Pk0

Pk0
P̂k0;t � �z

Pk0

Pk0
 ̂z;t + �(1� �)

Pk0

Pk0
P̂k0;t+1 + �z

Pk0

Pk0
 ̂z;t+1

��z � �(1� �)
(1� �k)�

Pk0

Pk0
��k �̂kt+1 + (�z � �(1� �))

Pk0

Pk0
r̂kt+1 � �z

Pk0

Pk0
�̂z;t+1

or:

��zP̂k0;t � �z ̂z;t + �(1� �)P̂k0;t+1 + �z ̂z;t+1

��z � �(1� �)
(1� �k)� ��k �̂kt+1 + (�z � �(1� �)) r̂kt+1 � �z�̂z;t+1

Divide by �z :

 ̂z;t + �̂z;t+1 �  ̂z;t+1 �
�(1� �)
�z

P̂k0;t+1 + P̂k0;t �
�z � �(1� �)

�z
r̂kt+1

+
�z � �(1� �)
(1� �k)��z

��k �̂kt+1

We end up with

Et

"
 ̂z;t + �̂z;t+1 �  ̂z;t+1 �

�(1��)
�z

P̂k0;t+1 + P̂k0;t � �z��(1��)
�z

r̂kt+1

+ �k

(1��k)
�z��(1��)

�z
�̂kt+1

#
= 0

Compare with ACEL :
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Et

(
 ̂z;t + �̂z;t+1 �  ̂z;t+1 �

�(1� �)
�z�

1
1��

p̂k0;t+1 + p̂k0;t �
�z�

1
1�� � �(1� �)
�z�

1
1��

r̂kt+1

)
= 0
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7.4 Log-linearizing the �rst-order condition w.r.t. it

First some preliminaries: We will adopt the speci�cation by CEE and assume

that

F (It; It�1) = (1� S (It=It�1)) It (251)

where the functional form of S is given by

S (x) = g3

�
e(g1(x��z)) +

g1
g2
e(�g2(x��z)) �

�
1 +

g1
g2

��
(252)

S0 (x) = g1g3

�
e(g1(x�1)) � e(�g2(x�1))

�
S0 (�z) = 0

s00 (x) = g1g3

�
g1e

g1(x��z) + g2e
�g2(x��z)

�
s00 (�z) = g1g3 (g1 + g2) (= SS)

g1; g2 and g3 are all positive constants. Note that only the parameter S00 is

identi�ed and will be used in the model. Moreover, (251) and (252) implies

F1(It; It�1) � @F (It; It�1)

@It
= �S0(It=It�1)It=It�1 + (1� S(It=It�1)) ;(253)

F2(It; It�1) � @F (It; It�1)

@It�1
= S0(It=It�1)

�
It
It�1

�2
(254)

Stationarize (253) and (254):

F1(it; it�1; �z;t) � �S0(
It
zt
zt

It�1
zt�1

zt�1
)

It
zt
zt

It�1
zt�1

zt�1
+

 
1� S(

It
zt
zt

It�1
zt�1

zt�1
)

!

= �S0(
it�z;t
it�1

)
it�z;t
it�1

+

�
1� S(

it�z;t
it�1

)

�
F2(It; It�1) � S0(

it�z;t
it�1

)

�
it�z;t
it�1

�2
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Take second derivatives:

F1(it; it�1; �z;t) � �S0(
it�z;t
it�1

)
it�z;t
it�1

+

�
1� S(

it�z;t
it�1

)

�
F11(it; it�1; �z;t) = �S0(

it�z;t
it�1

)
�z;t
it�1

� S0
0
(
it�z;t
it�1

)
it�z;t
it�1

�z;t
it�1

� S0(
it�z;t
it�1

)
�z;t
it�1

F12(it; it�1; �z;t) = S0(
it�z;t
it�1

)
it�z;t
i2t�1

+ S0
0
(
it�z;t
it�1

)
it�z;t
it�1

it�z;t
i2t�1

+ S0(
it�z;t
it�1

)
it�z;t
i2t�1

F13(it; it�1; �z;t) = �S0(
it�z;t
it�1

)
it
it�1

� S0
0
(
it�z;t
it�1

)
it�z;t
it�1

it
it�1

� S0(
it�z;t
it�1

)
it
it�1

F2(It; It�1) � S0(
it�z;t
it�1

)

�
it�z;t
it�1

�2
F21(it; it�1; �z;t) = 2S0(

it�z;t
it�1

)it

�
�z;t
it�1

�2
+ S0

0
(
it�z;t
it�1

)

�
it�z;t
it�1

�2 �z;t
it�1

F22(it; it�1; �z;t) = �2S0(
it�z;t
it�1

)
i2t�

2
z;t

i3t�1
� S0

0
(
it�z;t
it�1

)

�
it�z;t
it�1

�2 it�z;t
i2t�1

F23(it; it�1; �z;t) = 2S0(
it�z;t
it�1

)�z;t

�
it
it�1

�2
+ S0

0
(
it�z;t
it�1

)

�
it�z;t
it�1

�2
it
it�1

so that these foc and soc evaluated in ss (it = it�1; S (�z) = S0 (�z) = 0):

F1(i; i; �z) � 1

F11(it; it�1; �z;t) = �S0
0
(�z)

�2z
i

F12(it; it�1; �z;t) = S0
0
(�z)

�2z
i

F13(it; it�1; �z;t) = �S0
0
(�z)�z
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F2(i; i; �z) � 0

F21(i; i; �z) = S0
0
(�z)

�3z
i

F22(i; i; �z) = �S0
0
(�z)

�3z
i

F23(i; i; �z) = S0
0
(�z))�

2
z

The �rst order condition with respect to it equals (after scaling with the

technology level and using P it
Pt
= 
it):

� z;t
it+Pk0;t z;t�tF1(it; it�1; �z;t)+�Et
�
Pk0;t+1

 z;t+1
�z;t+1

�t+1F2(it+1; it; �z;t+1)

�
= 0 (#)

Note that (#) equals:

� z
i + Pk0 z� = 0

in ss. This implies that:

Pk0 =

i

�
:

Now, totally di¤erentiate (#) and evaluate in ss :

F
�
 z;t;  z;t+1; 


i
t; Pk0;t; Pk0;t+1;�t;�t+1; it+1; it; it�1; �z;t; �z;t+1

�
= � z;t
it + Pk0;t z;t�tF1(it; it�1; �z;t) + �Et

�
Pk0;t+1

 z;t+1
�z;t+1

�t+1F2(it+1; it; �z;t+1)

�
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F1
�
 z;t;  z;t+1; 


i
t; Pk0;t; Pk0;t+1;�t;�t+1; it+1; it; it�1; �z;t; �z;t+1

�
= �
it + Pk0;t�tF1(it; it�1; �z;t)

ss : �
i + Pk0�

F2
�
 z;t;  z;t+1; 


i
t; Pk0;t; Pk0;t+1;�t;�t+1; it+1; it; it�1; �z;t; �z;t+1

�
= �Pk0;t+1

1

�z;t+1
�t+1F2(it+1; it; �z;t+1)

ss : 0

F3
�
 z;t;  z;t+1; 


i
t; Pk0;t; Pk0;t+1;�t;�t+1; it+1; it; it�1; �z;t; �z;t+1

�
= � z;t

ss : � z

F4
�
 z;t;  z;t+1; 


i
t; Pk0;t; Pk0;t+1;�t;�t+1; it+1; it; it�1; �z;t; �z;t+1

�
=  z;t�tF1(it; it�1; �z;t)

ss :  z�

F5
�
 z;t;  z;t+1; 


i
t; Pk0;t; Pk0;t+1;�t;�t+1; it+1; it; it�1; �z;t; �z;t+1

�
= �

 z;t+1
�z;t+1

�t+1F2(it+1; it; �z;t+1)

ss : 0
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F6
�
 z;t;  z;t+1; 


i
t; Pk0;t; Pk0;t+1;�t;�t+1; it+1; it; it�1; �z;t; �z;t+1

�
= Pk0;t z;tF1(it; it�1; �z;t)

ss : Pk0 z

F7
�
 z;t;  z;t+1; 


i
t; Pk0;t; Pk0;t+1;�t;�t+1; it+1; it; it�1; �z;t; �z;t+1

�
= �Pk0;t+1

 z;t+1
�z;t+1

F2(it+1; it; �z;t+1)

ss : 0

F8
�
 z;t;  z;t+1; 


i
t; Pk0;t; Pk0;t+1;�t;�t+1; it+1; it; it�1; �z;t; �z;t+1

�
= �Pk0;t+1

 z;t+1
�z;t+1

�t+1F21(it+1; it; �z;t+1)

ss : �Pk0
 z
�z
�S

00
(�z)

�3z
i

F9
�
 z;t;  z;t+1; 


i
t; Pk0;t; Pk0;t+1;�t;�t+1; it+1; it; it�1; �z;t; �z;t+1

�
= Pk0;t z;t�tF11(it; it�1; �z;t) + �Pk0;t+1

 z;t+1
�z;t+1

�t+1F22(it+1; it; �z;t+1)

ss : �Pk0 z�S
00
(�z)

�2z
i
� �Pk0

 z
�z
�S

00
(�z)

�3z
i

F10
�
 z;t;  z;t+1; 


i
t; Pk0;t; Pk0;t+1;�t;�t+1; it+1; it; it�1; �z;t; �z;t+1

�
= Pk0;t z;t�tF12(it; it�1; �z;t)

ss : Pk0 z�S
00
(�z)

�2z
i
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F11
�
 z;t;  z;t+1; 


i
t; Pk0;t; Pk0;t+1;�t;�t+1; it+1; it; it�1; �z;t; �z;t+1

�
= Pk0;t z;t�tF13(it; it�1; �z;t)

ss : �Pk0 z�S
00
(�z)�z

F12
�
 z;t;  z;t+1; 


i
t; Pk0;t; Pk0;t+1;�t;�t+1; it+1; it; it�1; �z;t; �z;t+1

�
= �Pk0;t+1

 z;t+1
�z;t+1

�t+1F23(it+1; it; �z;t+1)

ss : �Pk0
 z
�z
�S

00
(�z)�

2
z

Collecting terms:

�
i z ̂z;t + Pk0� z ̂z;t �  z
i
̂it +  z�Pk0 P̂k0;t + Pk0 z��̂t

+�Pk0
 z
�z
�S

00
(�z)

�3z
i
î{t+1 +

�
�Pk0 z�S

00
(�z)

�2z
i
� �Pk0

 z
�z
�S

00
(�z)

�3z
i

�
î{t

+Pk0 z�S
00
(�z)

�2z
i
î{t�1 � Pk0 z�S

00
(�z)�z�z�̂z;t + �Pk0

 z
�z
�S

00
(�z))�

2
z�z�̂z;t+1

Divide with  z :

�
i ̂z;t + Pk0� ̂z;t � 
i
̂it +�Pk0 P̂k0;t + Pk0��̂t

+�Pk0
1

�z
�S

00
(�z)

�3z
i
î{t+1 � (1 + �)�2zPk0�S

00
(�z )̂{t

+Pk0�S
00
(�z)

�2z
i
î{t�1 � Pk0�S

00
(�z)�z�z�̂z;t + �Pk0

1

�z
�S

00
(�z)�

2
z�z�̂z;t+1

or
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�
i ̂z;t + Pk0� ̂z;t � 
i
̂it +�Pk0 P̂k0;t + Pk0��̂t

�2zPk0�S
00
(�z)

�
{̂t�1 � (1 + �) {̂t + �{̂t+1 � �̂z;t + ��̂z;t+1

�
or

�
Pk0�� 
i

�
 ̂z;t � 
i
̂it +�Pk0 P̂k0;t + Pk0��̂t

��2zPk0�S
00
(�z)

�
(̂{t � {̂t�1)� � (̂{t+1 � {̂t) + �̂z;t � ��̂z;t+1

�
Use Pk0 =


i

� = 
i

�

i

�
�� 
i

�
 ̂z;t � 
i
̂it +�


i

�
P̂k0;t +


i

�
��̂t

��2z

i

�
�S

00
(�z)

�
(̂{t � {̂t�1)� � (̂{t+1 � {̂t) + �̂z;t � ��̂z;t+1

�
or

�
i
̂it + 
iP̂k0;t + 
i�̂t

��2z
iS
00
(�z)

�
(̂{t � {̂t�1)� � (̂{t+1 � {̂t) + �̂z;t � ��̂z;t+1

�
Divide with 
i

�
̂it + P̂k0;t + �̂t � �2zS
00
(�z)

�
(̂{t � {̂t�1)� � (̂{t+1 � {̂t) + �̂z;t � ��̂z;t+1

�
Re-apply the expectations operator:
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Et

n
P̂k0;t + �̂t � 
̂it � �2zS

00
(�z)

�
(̂{t � {̂t�1)� � (̂{t+1 � {̂t) + �̂z;t � ��̂z;t+1

�o
= 0

P̂k0;t+�̂t�
̂it��2zS
00
(�z)

�
�{̂t�1 � �{̂t+1 + �̂z;t � ��̂z;t+1

�
= �2zS

00
(�z) (1 + �) {̂t

P̂k0;t+�̂t�
̂it+�2zS
00
(�z) {̂t�1+�

2
zS

00
(�z)�{̂t+1��2zS

00
(�z) �̂z;t+�

2
zS

00
(�z)��̂z;t+1 = �2zS

00
(�z) (1 + �) {̂t

�2zS
00
(�z) (1 + �) {̂t = P̂k0;t + �̂t � 
̂it + �2zS

00
(�z)

�
{̂t�1 + �{̂t+1 � �̂z;t + ��̂z;t+1

�
{̂t =

1

�2zS
00 (�z) (1 + �)

�
P̂k0;t + �̂t � 
̂it + �2zS

00
(�z) {̂t�1 + �

2
zS

00
(�z)�{̂t+1 � �2zS

00
(�z) �̂z;t + �

2
zS

00
(�z)��̂z;t+1

�
Compare with ACEL :

Et

n
P̂k0;t + �̂�;t �

�
�z�

�
1��
�2
S
00 �
�z�

�
1��
� �
(̂{t � {̂t�1)� � (̂{t+1 � {̂t) + �̂z;t � ��̂z;t+1

�o
= 0
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8 Household Wage-Setting

The household is a monopoly supplier of its own (di¤erentiated) labor. It sells

labor to a �rm which transforms household labor into a homogeneous input

good, X. That producer�s production function is:

X =

�Z 1

0

(hj)
1
�w dj

��w
; 1 � �w <1: (255)

The producer�s problem is to maximize (255) subject to:

WtXt �
Z 1

0

Wj;thj;tdh;

where Wt is the price of Xt. The �rst order condition associated with this

problem, which is the household�s demand for labor curve, is:

hj;t+l =

"
~Wj;t+l

Wt+l

# �w
1��w

Xt+l: (256)

8.1 Wage Equation

The wage rate set by the household that gets to reoptimize today is ~Wj;t: The

household takes into account that if it does not get to reoptimize next period,

it�s wage rate then is

Wj;t+1 = �t�z;t+1 ~Wj;t;

where

�z;t+1 =
zt+1
zt

:

In period t+ 2 it is

Wj;t+2 = �t�t+1�z;t+1�z;t+2 ~Wj;t
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and

Wj;t+l = �t � � � � � �t+l�1�z;t+1 � � � � � �z;t+l ~Wj;t:

=
Pt
Pt�1

Pt+1
Pt

� � � � � Pt+l�1
Pt+l

zt+1
zt

zt+2
zt+1

� � � � � zt+l
zt+l�1

~Wj;t

=
Pt+l�1
Pt�1

zt+l
zt

~Wj;t

[Technically, it is useful to note the slight di¤erence in timing between in�ation

and the technology shock. The former re�ects that indexing is lagged. The

latter re�ects that indexing to the technology shock is contemporaneous.]

Rewrite the demand that the individual household faces in the following

way:

hj;t+l =

 
~Wj;t+l

Wt+l

! �w
1��w

Xt+l

=

 
~Wj;t+l

Wt+l

zt+lPt+l
zt+lPt+l

! �w
1��w

Xt+l

) fPt+l = Pt�t � � � � � �t+lg )

=

 
~Wj;t+l

Wt+l

zt+lPt+l
zt+lPt�t � � � � � �t+l

! �w
1��w

Xt+l

=

 
~Wj;t+l

wt+lzt+lPt

1

�t � � � � � �t+l

! �w
1��w

Xt+l

)
n
Wj;t+l = �t � � � � � �t+l�1�z;t+1 � � � � � �z;t+l ~Wt

o
)

=

 
~Wj;t�z;t+1 � � � � � �z;t+l

wt+lzt+lPt
Xt;j

! �w
1��w

Xt+l

where ~Wt denotes the nominal wage set by households that reoptimize in

period t; and Wt denotes the nominal wage rate associated with aggregate,
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homogeneous labor, Xt. Also,

Xt;l =
�t � �t+1 � � � � � �t+l�1

�t+1 � � � � � �t+l
=

�t
�t+l

:

The jth household that reoptimizes its wage, ~Wj;t; does so to optimize:

Ej0

1X
t=0

�t

266666666664

h
u
�
cjt � bCt�1

�
+ �ht z

�
hjt

�
+ �ht V

�
qj

ztPt

�i

+�t

266664
Rt (mt � qt) + qt + (1� �yt )�t + (1� �

y
t )

Wj;t

1+�wt
hj;t

+(1� �yt )Rkt ut�kt +R�t� (At)Stb�t
��yt [(R� 1) (mt � qt) + (R�t � 1)� (At)Stb�t ] + TRt

�
�
mt+1 + Stb

�
t+1 + P

c
t ct (1 + �

c
t) + P

i
t it + Pt

�
a (ut) �kt + Pk0;t�t

��

377775
+!t

�
(1� �) �kt + ��;tF (it; it�1) + �t � �kt+1

�

377777777775
Neglect irrelevant terms:

CEE=ACEL : Et

1X
l=0

(��w)
l�t f��t+lz(hj;t+l) + �t+lWj;t+lhj;t+lg;

RB : Et

1X
l=0

(��w)
l�t f��t+lz(hj;t+l) + �t+l

�
1� �yt+l

��
1 + �wt+l

�Wj;t+lhj;t+lg;

where

z(h) =
(h)

1+�L

1 + �L
AL

The presence of �w by the discount factor re�ects that the household is only

concerned with the future states of the world in which it cannot reoptimize its

wage.
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Substituting out for hj;t+l using the demand curve:

Et

1X
l=0

(��w)
l�t f��t+lz(hj;t+l) + �t+l

�
1� �yt+l

��
1 + �wt+l

�hj;t+lg
)

8<:hj;t+l =
 
~Wt+l

Wt+l

! �w
1��w

Xt+l =

 
~Wt�z;t+1 � � � � � �z;t+l

wt+lzt+lPt
Xt;l

! �w
1��w

Xt+l

9=;)

Et

1X
l=0

(��w)
l�t f��t+lz(

 
~Wt�z;t+1 � � � � � �z;t+l

wt+lzt+lPt
Xt;l

! �w
1��w

Xt+l)

+�t+l

�
1� �yt+l

��
1 + �wt+l

�Wj;t+l

 
~Wt�z;t+1 � � � � � �z;t+l

wt+lzt+lPt
Xt;l

! �w
1��w

Xt+lg:

Now, make use of:  t+l = �t+l
(1��yt+l)
(1+�wt+l)

Pt+l ) �t+l
(1��yt+l)
(1+�wt+l)

=
 t+l
Pt+l

Et

1X
l=0

(��w)
l�t f��t+lz(

 
~Wt�z;t+1 � � � � � �z;t+l

wt+lzt+lPt
Xt;l

! �w
1��w

Xt+l)

+
 t+l
Pt+l

Wj;t+l

 
~Wt�z;t+1 � � � � � �z;t+l

wt+lzt+lPt
Xt;l

! �w
1��w

Xt+lg:

Make use of the fact that:

Wj;t+l = �t � � � � � �t+l�1�z;t+1 � � � � � �z;t+l ~Wt

Pt+l = Pt�t+1 � � � � � �t+l = Pt
Pt+1
Pt

Pt+2
Pt+1

Pt+3
Pt+2

� � � � � Pt+l�1
Pt+l�2

Pt+l
Pt+l�1

= Pt
Pt+l
Pt

= Pt+l

Wj;t+l

Pt+l
=

�t � � � � � �t+l�1�z;t+1 � � � � � �z;t+l ~Wt

Pt�t+1 � � � � � �t+l

=
~Wt�z;t+1 � � � � � �z;t+l

Pt

�t � � � � � �t+l�1
�t+1 � � � � � �t+l

Wj;t+l

Pt+l
=

~Wt�z;t+1 � � � � � �z;t+l
Pt

Xt;l
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Et

1X
l=0

(��w)
l�t f��t+lz(

 
~Wt�z;t+1 � � � � � �z;t+l

wt+lzt+lPt
Xt;l

! �w
1��w

Xt+l)

+ t+l

~Wt�z;t+1 � � � � � �z;t+l
Pt

Xt;l

 
~Wt�z;t+1 � � � � � �z;t+l

wt+lzt+lPt
Xt;l

! �w
1��w

Xt+lg;

or, after rearranging:

Et

1X
l=0

(��w)
l�t f��t+lz(

 
~Wt�z;t+1 � � � � � �z;t+l

wt+lzt+lPt
Xt;l

! �w
1��w

Xt+l)

+ t+l

 
~Wt�z;t+1 � � � � � �z;t+l

Pt

! 
~Wt�z;t+1 � � � � � �z;t+l

Pt

! �w
1��w

Xt;l

�
Xt;l

wt+l

� �w
1��w

�
1

zt+l

� �w
1��w

Xt+lg;

Et

1X
l=0

(��w)
l�t f��t+lz(

 
~Wt�z;t+1 � � � � � �z;t+l

wt+lzt+lPt
Xt;l

! �w
1��w

Xt+l)

+ t+l

 
~Wt�z;t+1 � � � � � �z;t+l

Pt

!1+ �w
1��w � 1

zt+l

� �w
1��w

Xt;l

�
Xt;l

wt+l

� �w
1��w

Xt+lg;

or, ( z;t+l = zt+l t+l) :

Et

1X
l=0

(��w)
l�t

8><>: ��t+lz(
� ~Wt�z;t+1������z;t+l

wt+lzt+lPt
Xt;l

� �w
1��w

Xt+l)

+zt+l t+l
1

zt+l

�
1

zt+l

� �w
1��w

� ~Wt�z;t+1������z;t+l
Pt

�1+ �w
1��w

Xt;l

�
Xt;l
wt+l

� �w
1��w

Xt+l

9>=>; :

Et

1X
l=0

(��w)
l�t

8><>: ��t+lz(
� ~Wt�z;t+1������z;t+l

wt+lzt+lPt
Xt;l

� �w
1��w

Xt+l

+ z;t+l

�
1

zt+l

�1+ �w
1��w

� ~Wt�z;t+1������z;t+l
Pt

�1+ �w
1��w

Xt;l

�
Xt;l
wt+l

� �w
1��w

Xt+l

9>=>;
Et

1X
l=0

(��w)
l�t

8><>: ��t+lz(
� ~Wt�z;t+1������z;t+l

wt+lzt+lPt
Xt;l

� �w
1��w

Xt+l)

+ z;t+l

� ~Wt�z;t+1������z;t+l
zt+lPt

�1+ �w
1��w

Xt;l

�
Xt;l
wt+l

� �w
1��w

Xt+l

9>=>;
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But, note that:

zt+1 = �z;t+1zt

zt+2 = �z;t+2�z;t+1zt;

etc., so that

�z;t+1 � � � � � �z;t+l
zt+l

=
�z;t+1 � � � � � �z;t+l
�z;t+1 � � � � � �z;t+lzt

=
1

zt
:

Then,

Et

1X
l=0

(��w)
l

8<:��t+lz(
 

~Wt

wt+lztPt
Xt;l

! �w
1��w

Xt+l) +  z;t+l

 
~Wt

ztPt

!1+ �w
1��w

Xt;l

�
Xt;l

wt+l

� �w
1��w

Xt+l

9=; :

(#)

Di¤erentiate (#) with respect to ~Wt :

@

��
~Wt

wt+lztPt
Xt;l

� �w
1��w

Xt+l

�
@ ~Wt

=

�
�W� 2�w�1

�1+�w
t w

�w
�1+�w
t+l z

�w
�1+�w
t P

�w
�1+�w
t X

� �w
�1+�w

t;l

�w
�1 + �w

Xt+l

�
=

�w
1� �w

~W
�w

1��w�1
t

�
Xt;l

wt+lztPt

� �w
1��w

Xt+l

@

�
 z;t+l

�
~Wt

ztPt

�1+ �w
1��w

Xt;l

�
Xt;l
wt+l

� �w
1��w

Xt+l

�
@ ~Wt

= � z;t+lW
� �w
�1+�w

t z
1

�1+�w
t

P
1

�1+�w
t

�1 + �w
X
� 1
�1+�w

t;l w
�w

�1+�w
t+l Xt+l

=

 
 z;t+l

�
1

1� �w

�
~W

�w
1��w
t

�
1

ztPt

�1+ �w
1��w

Xt;l

�
Xt;l

wt+l

� �w
1��w

Xt+l

!

We now have the foc:
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Et

1X
l=0

(��w)
l

8><>: ��t+lz0(
�

~Wt

wt+lztPt
Xt;l

� �w
1��w

Xt+l)
�w
1��w

~W
�w

1��w�1
t

�
Xt;l

wt+lztPt

� �w
1��w

Xt+l

+ z;t+l

�
1

1��w

�
~W

�w
1��w
t

�
1

ztPt

�1+ �w
1��w

Xt;l

�
Xt;l
wt+l

� �w
1��w

Xt+l

9>=>; = 0:

Multiply by ~W
� �w
1��w+1

t (1� �w)=�w :

0 = Et

1X
l=0

(��w)
l

8><>: ��t+lz0(
�

~Wt

wt+lztPt
Xt;l

� �w
1��w

Xt+l)
�

Xt;l
wt+lztPt

� �w
1��w

Xt+l

+ z;t+l

�
1
�w

�
~Wt

�
1

ztPt

�1+ �w
1��w

Xt;l

�
Xt;l
wt+l

� �w
1��w

Xt+l

9>=>;
Multiply by P

�w
1��w
t :

0 = Et

1X
l=0

(��w)
l

8><>: ��t+lz0(
�

~Wt

wt+lztPt
Xt;l

� �w
1��w

Xt+l)
�

Xt;l
wt+lzt

� �w
1��w

Xt+l

+ z;t+l
1
�w

~Wt

Pt

�
1
zt

� 1
1��w

Xt;l

�
Xt;l
wt+l

� �w
1��w

Xt+l

9>=>;
Now get this in terms of stationary variables using ~wt = ~Wt=Wt; wt =Wt= (ztPt) :

0 = Et

1X
l=0

(��w)
l

8><>: ��t+lz0(
�

~wtWt

wt+lztPt
Xt;l

� �w
1��w

Xt+l)
�

Xt;l
wt+lzt

� �w
1��w

Xt+l

+ z;t+l
1
�w

~wtWt

Pt

�
1
zt

� 1
1��w

Xt;l

�
Xt;l
wt+l

� �w
1��w

Xt+l

9>=>;
and

0 = Et

1X
l=0

(��w)
l

8>><>>:
��t+lz0(

�
~wtztwt
wt+lzt

Xt;l

� �w
1��w

Xt+l)

��
Xt;l
wt+lzt

� �w
1��w

Xt+l

�
+ z;t+l

1
�w
~wtztwtz

�w
1��w�

1
1��w

t Xt;l

��
Xt;l
ztwt+l

� �w
1��w

Xt+l

�
9>>=>>; :

or,
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0 = Et

1X
l=0

(��w)
l

�
Xt;l

wt+lzt

� �w
1��w

Xt+l

8><>: ��t+lz0(
�
~wtztwt
wt+lzt

Xt;l

� �w
1��w

Xt+l)

+ z;t+l
1
�w
~wtztwtz

�w
1��w�

1
1��w

t Xt;l

9>=>;
z

�w
1��w�

1
1��w

t =
1

zt

0 = Et

1X
l=0

(��w)
l

�
Xt;l

wt+lzt

� �w
1��w

Xt+l

8<: ��t+lz0(
�
~wtwt
wt+l

Xt;l

� �w
1��w

Xt+l)

+ z;t+l
1
�w
~wtwtXt;l

9=;
or,

0 = Et

1X
l=0

(��w)
l

�
Xt;l

wt+lzt

� �w
1��w

Xt+l z;t+l
1

�w

�
~wtwtXt;l � �w�t+l

z0t+l
 z;t+l

�
:

Finally, multiply both sides of this expression by

( ~wtwtzt)
�w

1��w ;

Et

1X
l=0

(��w)
l

�
Xt;l

wt+lzt

� �w
1��w

t+l

X z;t+l
1

�w

h
( ~wtwtzt)

�w
1��w

i�
~wtwtXt;l � �w�t+l

z0t+l
 z;t+l

�
= 0:

Et

1X
l=0

(��w)
l

�
~wtwtztXt;l

wt+lzt

� �w
1��w

Xt+l z;t+l
1

�w

�
~wtwtXt;l � �w�t+l

z0t+l
 z;t+l

�
= 0:

Et

1X
l=0

(��w)
l

�
~wtwtXt;l

wt+l

� �w
1��w

Xt+l

 z;t+l
�w

�
~wtwtXt;l � �w�t+l

z0t+l
 z;t+l

�
= 0:

so that

Et

1X
l=0

(��w)
l

�
~wtwtXt;l

wt+l

� �w
1��w

Xt+l z;t+l
1

�w

�
~wtwtXt;l � �w�t+l

z0t+l
 z;t+l

�
= 0;

or

Et

1X
l=0

(��w)
l

�
~wtwtXt;l

wt+l

� �w
1��w

Xt+l

�
 z;t+l
�w

~wtwtXt;l � �t+lz0t+l
�
= 0;
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and

ht+l =

�
~wtwt
wt+l

Xt;l

� �w
1��w

Xt+l

=

 ~Wt

Wt

Wt

ztPt
Wt+l

zt+lPt+l

Xt;l

! �w
1��w

Xt+l

=

 
~Wt

Wt+l

zt+lPt+l
ztPt

Xt;l

! �w
1��w

Xt+l

)
�
1

zt
=
�z;t+1 � � � � � �z;t+l

zt+l

�
)

=

 
~Wt�z;t+1 � � � � � �z;t+l

Wt+l

zt+lPt+l
zt+lPt

Xt;j

! �w
1��w

Xt+l

=

 
~Wt+l

Wt+l

! �w
1��w

Xt+l

0 = Et

1X
l=0

(��w)
l
ht+l

�
 z;t+l
�w

~wtwtXt;l � �t+lz0t+l
�
;

)
(
 z;t+l = zt+l�t+l

�
1� �yt+l

��
1 + �wt+l

�Pt+l))
0 = Et

1X
l=0

(��w)
l
ht+lfzt+l�t+l

�
1� �yt+l

��
1 + �wt+l

�Pt+l 1
�w

~wtwtXt;l � �t+lz0t+lg

using the demand curve. Rewriting this

z0t+l = z0(h) =
@
�
AL

(h)1+�L

1+�L

�
@h

= h�LAL

Et

1X
l=0

(�w�)
l
hj;t+l

�
~wtwt

 z;t+l
�w

Xt;l + �t+lfL (hj;t+l)

�
= 0;

where

fL (hj;t+l) = �z0t+l = �ALh�Lj;t+l

or,
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Et

1X
l=0

(�w�)
l
hj;t+l

"
~wtwt

 z;t+l
�w

Xt;l + �t+lfL

 �
~wtwtXt;l

wt+l

� �w
1��w

Xt+l

!#
= 0;

where

 z;t+l = zt+l�t+l

�
1� �yt+l

��
1 + �wt+l

�
 �z;t+l = zt+l�t+l

 z;t+l =  �z;t+l

�
1� �yt+l

��
1 + �wt+l

�
Writing this out, term by term:

0 = Et

1X
l=0

(�w�)
l
hj;t+l

"
~wtwt

 z;t+l
�w

Xt;l + �t+lfL

 �
~wtwt
wt+l

Xt;l

� �w
1��w

Xt+l

!#
=

hj;t

�
~wtwt

 z;t
�w

Xt;0 + �tfL

�
( ~wtXt;0)

�w
1��w Xt

��
+(�w�)

1
hj;t+1

"
~wtwt

 z;t+1
�w

Xt;1 + �t+1fL

 �
~wtwt
wt+1

Xt;1

� �w
1��w

Xt+1

!#

+(�w�)
2
hj;t+2

"
~wtwt

 z;t+2
�w

Xt;2 + �t+2fL

 �
~wtwt
wt+2

Xt;2

� �w
1��w

Xt+2

!#

+(�w�)
3
hj;t+3

"
~wtwt

 z;t+3
�w

Xt;3 + �t+3fL

 �
~wtwt
wt+3

Xt;3

� �w
1��w

Xt+3

!#
+::::: = 0

or
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z = 0 = Et

1X
l=0

(�w�)
l
hj;t+l

"
~wtwt

�
1� �yt+l

��
1 + �wt+l

�  �z;t+l
�w

Xt;l + �t+lfL

 �
~wtwt
wt+l

Xt;l

� �w
1��w

Xt+l

!#
=

hj;t

�
~wtwt

(1� �yt )
(1 + �wt )

 �z;t
�w

Xt;0 + �tfL

�
( ~wtXt;0)

�w
1��w Xt

��
+(�w�)

1
hj;t+1

"
~wtwt

�
1� �yt+1

��
1 + �wt+1

�  �z;t+1
�w

Xt;1 + �t+1fL

 �
~wtwt
wt+1

Xt;1

� �w
1��w

Xt+1

!#

+(�w�)
2
hj;t+2

"
~wtwt

�
1� �yt+2

��
1 + �wt+2

�  �z;t+2
�w

Xt;2 + �t+2fL

 �
~wtwt
wt+2

Xt;2

� �w
1��w

Xt+2

!#

+(�w�)
3
hj;t+3

"
~wtwt

�
1� �yt+3

��
1 + �wt+3

�  �z;t+3
�w

Xt;3 + �t+3fL

 �
~wtwt
wt+3

Xt;3

� �w
1��w

Xt+3

!#
+::::: = 0

Consider �rst the case, �w = 0: In this case, the above expression reduces

to:

0 = hj;t

�
~wtwt

 z;t
�w

Xt;0 + �tfL

�
( ~wtXt;0)

�w
1��w Xt

��
or

0 = hj;t

"
~wtwt

�
1� �yt+l

��
1 + �wt+l

�  �z;t
�w

Xt;0 + �tfL

�
( ~wtXt;0)

�w
1��w Xt

�#
:
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8.2 Linearizing the Wage Equation

8.2.1 Di¤erentiate with respect to �t+l; l > 0 and �t+l; l = 0 evaluate

that in steady state
�
~w = 1; �t = ��; w (1��y)

(1+�w)
 �z
�w
+ fL = 0

�
:

The �rst order condition that we want to linearize is given by:

z = 0 = Et

1X
l=0

(�w�)
l
hj;t+l

"
~wtwt

�
1� �yt+l

��
1 + �wt+l

�  �z;t+l
�w

�t
�t+l

+ �t+lfL

 �
~wtwt
wt+l

�t
�t+l

� �w
1��w

Xt+l

!#
=

hj;t

�
~wtwt

(1� �yt )
(1 + �wt )

 �z;t
�w

�t
�t
+ �tfL

�
( ~wtXt;0)

�w
1��w Xt

��
+(�w�)

1
hj;t+1

"
~wtwt

�
1� �yt+1

��
1 + �wt+1

�  �z;t+1
�w

�t
�t+1

+ �t+1fL

 �
~wtwt
wt+1

�t
�t+1

� �w
1��w

Xt+1

!#

+(�w�)
2
hj;t+2

"
~wtwt

�
1� �yt+2

��
1 + �wt+2

�  �z;t+2
�w

�t
�t+2

+ �t+2fL

 �
~wtwt
wt+2

�t
�t+2

� �w
1��w

Xt+2

!#

+(�w�)
3
hj;t+3

"
~wtwt

�
1� �yt+3

��
1 + �wt+3

�  �z;t+3
�w

�t
�t+3

+ �t+3fL

 �
~wtwt
wt+3

�t
�t+3

� �w
1��w

Xt+3

!#
+::::: = 0:

The derivative of z with respect to �t+l when l > 0; evaluated in steady

state, is:

h = X = H

RB : � (�w�)
l
X

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
1

��

CEE=ACEL : � (��w)
j
L

�
w
uc
�w

+ fLL
�w

1� �w
L

�
1

�

The derivative of z with respect to �t; evaluated in steady state, is:
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z�t =
��w

1� ��w
X

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
1

��

8.2.2 Di¤erentiate with respect to ~wt; and evaluate the result in

steady state:

The derivative of z with respect to ~wt; evaluated in steady state, is:

z ~wt = 0 = Et

1X
l=0

(�w�)
l
X

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
(257)

Use the fact that:

0@ 1X
j=0

(��w)
j

1A = (��w)
0
+ (��w)

1
+ (��w)

2
+ :::

= 1 + (��w)
1
+ (��w)

2
+ :::

(��w)

0@ 1X
j=0

(��w)
j

1A = (��w)
1
+ (��w)

2
+ :::

0@ 1X
j=0

(��w)
j

1A� (��w)
0@ 1X
j=0

(��w)
j

1A = 1

(1� (��w))

0@ 1X
j=0

(��w)
j

1A = 1

0@ 1X
j=0

(��w)
j

1A =
1

(1� (��w))

to rewrite (257):
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z ~wt = 0 = Et

1X
l=0

(�w�)
l
X

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
=

1

(1� (��w))
X

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�

8.2.3 Di¤erentiate with respect to wt;and evaluate that in steady

state:

The derivative of z with respect to wt; evaluated in steady state, is:

)
�
~w = 1; �t = ��; w

(1� �y)
(1 + �w)

 �z
�w

+ fL = 0

�
)

zwt = X

�
(1� �y)
(1 + �w)

 �z
�w

�
+(�w�)

1
X

�
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
1

wt
X

�
+(�w�)

2
X

�
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
1

wt
X

�
+(�w�)

3
X

�
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
1

wt
X

�
+::::: = 0

Use the following to rewrite zwt :
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0@ 1X
j=1

(��w)
j

1A = (��w)
1
+ (��w)

2
+ :::

= (��w)
1
+ (��w)

2
+ :::

(��w)

0@ 1X
j=1

(��w)
j

1A = (��w)
2
+ (��w)

3
+ :::

0@ 1X
j=1

(��w)
j

1A� (��w)
0@ 1X
j=1

(��w)
j

1A = (��w)

(1� (��w))

0@ 1X
j=1

(��w)
j

1A = (��w)0@ 1X
j=1

(��w)
j

1A =
(��w)

(1� (��w))

)
�
~w = 1; �t = ��; w

uc
�w

+ fL = 0

�
)

zwt = X

�
(1� �y)
(1 + �w)

 �z
�w

�
+(�w�)

1
X

�
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
1

wt
X

�
+(�w�)

2
X

�
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
1

wt
X

�
+(�w�)

3
X

�
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
1

wt
X

�
+:::::

= X

�
(1� �y)
(1 + �w)

 �z
�w

�
+

(��w)

(1� (��w))
X

�
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
1

wt
X

�
(�)

Use the following �accounting�to rewrite (�)
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1

(1� (��w))
X

�
w
uc
�w

+ fLL
�w

1� �w
X

�
1

w
=

=

26664
X
h
uc
�w
+ fLL

�w
1��w

1
wX

i
+��wX

h
uc
�w
+ fLL

�w
1��w

1
wX

i
+(��w)

3
X
h
uc
�w
+ fLL

�w
1��w

1
wX

i
+ :::

37775
(��w)

(1� (��w))
X

�
w
uc
�w

+ fLL
�w

1� �w
X

�
1

w
=

24 ��wX
h
uc
�w
+ fLL

�w
1��w

1
wX

i
+(��w)

3
X
h
uc
�w
+ fLL

�w
1��w

1
wX

i
+ :::

35
1

(1� (��w))
X

�
w
uc
�w

+ fLL
�w

1� �w
X

�
1

w
=

24 (��w)
(1�(��w))

X
h
w uc
�w
+ fLL

�w
1��wX

i
1
w

�X
h
uc
�w
+ fLL

�w
1��w

1
wX

i 35
=

24 (��w)
(1�(��w))

X
h
w uc
�w
+ fLL

�w
1��wX

i
1
w

�X uc
�w
� fLL �w

1��w
1
wX

2

35
1

(1� (��w))
X

�
w
uc
�w

+ fLL
�w

1� �w
X

�
1

w
+X

uc
�w

=
(��w)

(1� (��w))
X

�
w
uc
�w

+ fLL
�w

1� �w
X

�
1

w
� fLL

�w
1� �w

1

w
X2

L
uc
�w

+
��w

1� ��w
X

�
uc
�w

+ fLL
�w

1� �w
1

w
X

�
=

1

1� ��w
X

�
w
uc
�w

+ fLL
�w

1� �w
X

�
1

w
� fLL

�w
1� �w

1

w
X2:

The result is:

zwt = X

�
(1� �y)
(1 + �w)

 �z
�w

�
+

(��w)

(1� (��w))
h

�
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
1

wt
X

�
=

1

1� ��w
X

�
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
1

wt
X

�
� �fLL

�w
1� �w

1

w
X2
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8.2.4 Di¤erentiate with respect to wt+l; l > 0; and evaluate in steady

state:

The derivative of z with respect to wt+l; evaluated in steady state, is:

zwt+l = � (�w�)
l
h

�
�fLL

�w
1� �w

1

w
X

�
= � (�w�)

l
�fLL

�w
1� �w

1

w
X2

8.2.5 Di¤erentiate with respect to Xt+l (aggregate employment) and

 �z;t+l; l > 0; and evaluate in steady state:

The derivative of z with respect to Xt+l; evaluated in steady state, is:

zXt+l = (�w�)
l
hj�fLL

= (�w�)
l
X�fLL

The derivative of z with respect to  �z;t+l; evaluated in steady state, is:

z �z;t+l = (��w)
j
hjw

(1� �y)
(1 + �w)

1

�w

= (��w)
j
Xw

(1� �y)
(1 + �w)

1

�w
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8.2.6 Di¤erentiate with respect to �t+l and evaluate in steady state:

The derivative of z with respect to �t+l; evaluated in steady state, is:

z�t+l = (�w�)
l
hj;t+lfL

= (�w�)
l
XfL

= �X (��w)
l
W
(1� �y)
(1 + �w)

 �z
�w

8.2.7 Di¤erentiate with respect to �yt+l and �wt+l and evaluate in

steady state:

The derivative of z with respect to �yt+l and �wt+l; evaluated in steady state, is:

z�yt+l = (�w�)
l
Xw

1

(1 + �w)

 �z
�w

z�wt+l = � (�w�)
l
Xw

(1� �y)
(1 + �w)

2

 �z
�w
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8.2.8 Collecting terms

z�t+l : � (�w�)
l
hj

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
1

��

z�t :
��w

1� ��w
h

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
1

��

z ~wt :
1

(1� (��w))
X

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
zwt :

1

1� ��w
X

�
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
1

wt
X

�
� �fLL

�w
1� �w

1

w
X2

zwt+l : � (�w�)
l
�fLL

�w
1� �w

1

w
X2

zXt+l : (�w�)
l
X�fLL

z �z;t+l : (��w)
j
Xw

(1� �y)
(1 + �w)

1

�w

z�t+l : (�w�)
l
XfL = �X (��w)

l
W
(1� �y)
(1 + �w)

 �z
�w

z�yt+l : (�w�)
l
Xw

1

(1 + �w)

 �z
�w

z�wt+l : � (�w�)
l
Xw

(1� �y)
(1 + �w)

2

 �z
�w

Plug these into the formula (using the notation x̂t = dXt
X ):

aza
z

â+
bzb
z

b̂+ ::: = 0

since aza
z â+ bzb

z b̂+ ::: = 0 we have:

azaâ+ bzbb̂+ ::: = 0

Use this expression to get:
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� (�w�)
l
X

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
1

��
�t+l�̂t+l

+
��w

1� ��w
X

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
1

��
�t�̂t

+
1

(1� (��w))
X

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
~wtb~wt

+
1

1� ��w
X

�
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
1

wt
X

�
wtŵt � �fLL

�w
1� �w

1

w
X2wtŵt

� (�w�)
l
�fLL

�w
1� �w

1

w
X2wt+lŵt+l

+(�w�)
l
X�fLLXt+lX̂t+l

+(��w)
j
Xw

(1� �y)
(1 + �w)

1

�w
 �z;t+l ̂

�

z;t+l

�X (��w)
l
W
(1� �y)
(1 + �w)

 �z
�w

�t+l�̂t+l

+(�w�)
l
Xw

1

(1 + �w)

 �z
�w

�yt+l�̂
y
t+l

� (�w�)
l
Xw

(1� �y)
(1 + �w)

2

 �z
�w

�wt+l�̂
w
t+l

or
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0 =
1

(1� ��w)
X

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

��b~wt + ŵt�
��fLL

�w
1� �w

X2
1X
j=0

(�w�)
l
ŵt+l

�
1X
j=1

(�w�)
l
X

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
�̂t+l

+
��w

1� ��w
X

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
�̂t

+�fLLX
2
1X
j=0

(�w�)
l
X̂t+l +

(1� �y)
(1 + �w)

Xw �z
�w

1X
j=0

(��w)
j
 ̂
�

z;t+l

� (1� �
y)

(1 + �w)

Xw �z
�w

�

1X
j=0

(��w)
l
�̂t+l

+Xw
1

(1 + �w)

 �z
�w

�y
1X
j=0

(�w�)
l
�̂yt+l

�Xw (1� �y)
(1 + �w)

2

 �z
�w

�w
1X
j=0

(�w�)
l
�̂wt+l

After dividing by X, this expression is written:
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0 =
1

(1� ��w)

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

��b~wt + ŵt�� �fLL �w
1� �w

X
1X
j=0

(�w�)
l
ŵt+l

�
1X
j=1

(�w�)
l

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
�̂t+l

+
��w

1� ��w

�
w
(1� �y)
(1 + �w)

 �z
�w

+ �fLL
�w

1� �w
X

�
�̂t

+�fLLX
1X
j=0

(�w�)
l
X̂t+l +

(1� �y)
(1 + �w)

w �z
�w

1X
j=0

(��w)
j
 ̂
�

z;t+l

� (1� �
y)

(1 + �w)

w �z
�w

�

1X
j=0

(��w)
l
�̂t+l

+
�y

(1 + �w)

w �z
�w

1X
j=0

(�w�)
l
�̂yt+l

� �w (1� �y)
(1 + �w) (1 + �w)

w �z
�w

1X
j=0

(�w�)
l
�̂wt+l

Denoting
h
w (1��y)
(1+�w)

 �z
�w
+ fLL

�w
1��wX

i
=
h
�fL + fLL �w

1��wX
i
� ~�L ,w (1��y)

(1+�w)
 �z
�w
=

�fL we obtain:

0 =
1

(1� ��w)
~�L

�b~wt + ŵt�� �fLL �w
1� �w

X
1X
j=0

(�w�)
l
ŵt+l

�
1X
j=1

(�w�)
l
~�L�̂t+l +

��w
1� ��w

~�L�̂t

+�fLLX
1X
j=0

(�w�)
l
X̂t+l � fL

1X
j=0

(��w)
j
 ̂
�

z;t+l

+fL

1X
j=0

(��w)
l
�̂t+l

� �y

(1� �y)fL
1X
j=0

(�w�)
l
�̂yt+l +

�w

(1 + �w)
fL

1X
j=0

(�w�)
l
�̂wt+l

This can be written: (with � = 1)
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1

(1� ��w)
~�L

�b~wt + ŵt�

=

2664
~�L
P1
j=1 (�w�)

l
�̂t+l � fL

P1
j=0 (��w)

j
 ̂
�

z;t+l + fLLX
�w
1��w

P1
j=0 (�w�)

l
ŵt+l

�fLLX
P1
j=0 (�w�)

l
X̂t+l � ��w

1���w
~�L�̂t + w

(1��y)
(1+�w)

 �z
�w
�
P1
j=0 (��w)

l
�̂t+l

� �y

(1+�w)
w �z
�w

P1
j=0 (�w�)

l
�̂yt+l +

�w(1��y)
(1+�w)(1+�w)

w �z
�w

P1
j=0 (�w�)

l
�̂wt+l

3775

=

2666664
~�L
P1
j=0 (�w�)

l
�̂t+l � fL

P1
j=0 (��w)

j
 ̂
�

z;t+l + fLLX
�w
1��w

P1
j=0 (�w�)

l
ŵt+l

�fLLX
P1
j=0 (�w�)

l
X̂t+l + w

(1��y)
(1+�w)

 �z
�w
�
P1
j=0 (��w)

l
�̂t+l

� �y

(1+�w)
w �z
�w

P1
j=0 (�w�)

l
�̂yt+l +

�w(1��y)
(1+�w)(1+�w)

w �z
�w

P1
j=0 (�w�)

l
�̂wt+l

�
h
~�L +

��w
1���w

~�L

i
�̂t

3777775
=

1X
l=0

(��w)
l

"
~�L�̂t+l + fL ̂

�

z;t+l + fLLL
�w
1��w ŵt+l � fLLXX̂t+j +

(1��y)
(1+�w)

w �z
�w

�̂t+j

� �y

(1+�w)
w �z
�w

�̂yt+l +
�w(1��y)

(1+�w)(1+�w)
w �z
�w

�̂wt+l

#
� ~�L
1� ��w

�̂t (x)

�
~�L +

��w
1� ��w

~�L

�
=

~�L
1� ��w

Consider the following example:

xt + zt =

1X
l=0

(��w)
lyt+l:

Also,

��w (xt+1 + zt+1) =
1X
l=1

(��w)
lyt+l

Di¤erencing these expressions:

xt + zt � ��w (xt+1 + zt+1) = yt:

Applying this to (x); we get:
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1

(1� ��w)
~�L

�b~wt + ŵt�

=

2666664
��w

1
(1���w)

~�L

�b~wt+1 + ŵt+1�+ ~�L��w�̂t+1
+~�L

��w
1���w

(��w�̂t+1 � �̂t)
+fL ̂

�

z;t + fLLL
�w
1��w ŵt � fLLXX̂t +

(1��y)
(1+�w)

w �z
�w

�̂t

� �y

(1+�w)
w �z
�w

�̂yt +
�w(1��y)

(1+�w)(1+�w)
w �z
�w

�̂wt

3777775
Note that

�y

(1 + �w)

w �z
�w

=
�y

(1 + �w)

(1� �y)
(1� �y)

w �z
�w

= � �y

(1� �y)fL;

�w (1� �y)
(1 + �w) (1 + �w)

w �z
�w

= � �w

(1 + �w)
fL:

Use the above to get:

1

(1� ��w)
~�L

�b~wt + ŵt�

=

2666664
��w

1
(1���w)

~�L

�b~wt+1 + ŵt+1�+ ~�L��w�̂t+1
+~�L

��w
1���w

(��w�̂t+1 � �̂t)
+fL ̂

�

z;t + fLLX
�w
1��w ŵt � fLLXX̂t � fL�̂t

+ �y

(1��y)fL�̂
y
t � �w

(1+�w)fL�̂
w
t

3777775
Note that

�L =
fLLX

fL
;

since

fLL (X)

fL (X)
=
��LALX�L�1

�ALX�L
=
�L
X
:

Note, that ~�L = �fL + fLL
�w
1��wX = fL

h
�w
1��w

fLLX
fL

� 1
i
= fL

h
�w
1��w �L � 1

i
;

so dividing the expression above by fL
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1

(1� ��w)

�
�w

1� �w
�L � 1

��b~wt + ŵt� (258)

=

2666664
��w

(1���w)

h
�w
1��w �L � 1

i �b~wt+1 + ŵt+1�+ h �w
1��w �L � 1

i
��w�̂t+1

� ��w
1���w

h
�w
1��w �L � 1

i
(�̂t � ��w�̂t+1)

+ ̂
�

z;t + �L
�w
1��w ŵt � �LX̂t

+ �y

(1��y) �̂
y
t � �w

(1+�w) �̂
w
t � �̂t

3777775
8.2.9 The aggregate wage equation.

The aggregate wage equation is given by:

Wt =

�
(1� �w)

�
~Wt

� 1
1��w

+ �w
�
�t�1�z;tWt�1

� 1
1��w

�1��w
:

Dividing this by ztPt; we get:

wt =

"
(1� �w) ( ~wtwt)

1
1��w + �w

�
�t�1
�t

wt�1

� 1
1��w

#1��w
:

(It is easy to see from this that the steady state value of ~wt is unity.) wt is the

scaled real wage. linearizing this leads to:

ŵt = (1� �w)
�
ŵt + b~wt�+ �w (ŵt�1 � (�̂t � �̂t�1))

or

(1� �w)
�
ŵt + b~wt� = ŵt � �w (ŵt�1 � (�̂t � �̂t�1))

Subsituting this into (258), and multiply by 1� �w :
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1

(1� ��w) (1� �w)
[�w�L � (1� �w)] [ŵt � �w (ŵt�1 � (�̂t � �̂t�1))](259)

=

266666664

��w
(1���w)(1��w)

[�w�L � (1� �w)] [ŵt+1 � �w (ŵt � (�̂t+1 � �̂t))]
+ [�w�L � (1� �w)]��w�̂t+1 + (1� �w)  ̂

�

z;t

+�L�wŵt � (1� �w)�LX̂t

� ��w
1���w

[�w�L � (1� �w)] (�̂t � ��w�̂t+1)
+ (1� �w) �y

(1��y) �̂
y
t � (1� �w) �w

(1+�w) �̂
w
t � (1� �w) �̂t

377777775
Letting bw =

[�w�L�(1��w)]
[(1���w)(1��w)]

; we obtain

ŵtbw � �wŵt�1bw + �wbw�̂t � �wbw�̂t�1 (260)

=

266666664

��wbwŵt+1 � ��wbw�wŵt + ��wbw�w�̂t+1 � ��wbw�w�̂t
+bw(1� �w) (1� ��w)��w�̂t+1 + (1� �w)  ̂

�

z;t

+�L�wŵt � (1� �w)�LX̂t

���wbw(1� �w)�̂t + ��wbw(1� �w)��w�̂t+1
+(1� �w) �y

(1��y) �̂
y
t � (1� �w) �w

(1+�w) �̂
w
t � (1� �w) �̂t

377777775
or

0 = ŵtbw � �wŵt�1bw + �wbw�̂t � �wbw�̂t�1 (261)

���wbwŵt+1 + ��wbw�wŵt � ��wbw�w�̂t+1 + ��wbw�w�̂t

�bw(1� �w) (1� ��w)��w�̂t+1 � (1� �w)  ̂
�

z;t

��L�wŵt + (1� �w)�LX̂t

+��wbw(1� �w)�̂t � ��wbw(1� �w)��w�̂t+1

� (1� �w)
�y

(1� �y) �̂
y
t + (1� �w)

�w

(1 + �w)
�̂wt + (1� �w) �̂t

or
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0 = bw�wŵt�1

�
��
1 + ��2w

�
bw + �w�L

�
ŵt

+��wbwŵt+1

+�wbw�̂t�1

� (1 + �) �wbw�̂t

+bw��w�t+1

+(1� �w)  ̂
�

z;t

� (1� �w)�LX̂t

� (1� �w) �̂t

+(1� �w)
�y

(1� �y) �̂
y
t

� (1� �w)
�w

(1 + �w)
�̂wt

Reintroduce the expectations operator:

Et

n
�0ŵt�1 + �1ŵt + �2ŵt+1 + �

�
3 �̂t�1 + �3�̂t + �4�̂t+1 + �5Ĥt + �6 ̂z;t + �7�̂t + �8�̂

y
t + �9�̂

w
t

o
= 0

where
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� =

0BBBBBBBBBBBBBBBBBBBBBBB@

bw�w

�bw
�
1 + ��2w

�
+ �L�w

��wbw

bw�w

��wbw (1 + �)
bw��w

� (1� �w)�L
(1� �w)
� (1� �w)

(1� �w) �y

(1��y)

� (1� �w) �w

(1+�w)

1CCCCCCCCCCCCCCCCCCCCCCCA

=

0BBBBBBBBBBBBBBBBBBBBBBB@

�0

�1

�2

��3

�3

�4

�5

�6

�7

�8

�9

1CCCCCCCCCCCCCCCCCCCCCCCA

:

Note that we have used H instead of X in the equation above. This is due

to the fact that in ss all households (intermediate �rms) supply (demand) the

same amount of labor. Compare with ACEL where L equals our H:

(3) Et

n
�0ŵt�1 + �1ŵt + �2ŵt+1 + �

�
3 �̂t�1 + �3�̂t + �4�̂t+1 + �5L̂t + �6 ̂z;t + �7�̂t

o
= 0

where

� =

0BBBBBBBBBBBBBBBBBB@

bw�w

�bw
�
1 + ��2w

�
+ �L�w

��wbw

bw�w

��wbw (1 + �)
bw��w

��L (1� �w)
1� �w

� (1� �w)

1CCCCCCCCCCCCCCCCCCA

=

0BBBBBBBBBBBBBBBBBB@

�0

�1

�2

��3

�3

�4

�5

�6

�7

1CCCCCCCCCCCCCCCCCCA

:
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9 Net foreign assets

The evolution of net foreign assets at the aggregate level satis�es

StB
�
t+1 = StP

�
t Y

�
t � StP �t (Cmt + Imt ) +R�t�1�(at�1; e�t)StB�t ;

where we notice that R�t�1�(at�1; e�t) is the risk-adjusted gross nominal interest
rate. Note that the de�nition of at is given by

at �
StB

�
t+1

Ptzt
:

Dividing through with 1/(Ptzt), we obtain

StB
�
t+1

Ptzt
=
StP

�
t

Pt

Y �t
zt
�StP

�
t

Pt

�
Cmt
zt

+
Imt
zt

�
+R�t�1�(at�1;

e�t) St�1B�tPt�1zt�1

StPt�1zt�1
St�1Ptzt

;

and using our de�nition of at and letting lower case variables denote detrended

values, we have

at = 
xt y
�
t � 
xt (cmt + imt ) +

�
1 +R�t�1�(at�1;

e�t)� at�1
�t�z;t

St
St�1

:

Totally di¤erentiating this expression and using that a = 0, �(0; 0) = 1, R� = R

and
�St
�St�1

= 1 in steady state, we derive

dat = d
xt y
� + 
xdy�t � (cm + im) d
xt � 
x (dcmt + dimt ) +

R

��z
dat�1;

and log-linearizing this equation, we obtain

ât = y�
x (
̂xt + ŷ
�
t )� (cm + im) 
x
̂xt � 
x (cmĉmt + im {̂mt ) +

R

��z
ât�1;

and using the expressions for ĉmt and {̂mt ,
3 we �nally derive

ât = y�
x (
̂xt + ŷ
�
t )�(cm + im) 
x
̂xt�
x

0@ cm
�bct � �c(1� !c) �
c;d��(1��c) b
mc;dt

�
+

im
�bit � �i(1� !i) �
i;d��(1��i) b
mi;dt

� 1A+ R

��z
ât�1

3 ĉmt =
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which is the log-linearized equation for net foreign assets in this model. If we

instead use 
x = 1

f
and 
̂xt = �
̂

f
t we get:

ât = y�
1


f

�
�
̂ft + ŷ�t

�
+(cm + im)

1


f

̂ft�

1


f

0@ cm
�bct � �c(1� !c) �
c;d��(1��c) b
mc;dt

�
+

im
�bit � �i(1� !i) �
i;d��(1��i) b
mi;dt

� 1A+ R

��z
ât�1
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9.1 Log-linearization of the Law of Motion for the Capital

Stock

The law of motion for capital is

ACEL : �Kt+1 = (1� �) �Kt + ��;t�
tF (It; It�1) + �t

RB : �Kt+1 = (1� �) �Kt +�tF (It; It�1) + �t

Scale the capital stock by zt :

�kt+1 =
�Kt+1

zt
:

Also, recall that investment is scaled as follows:

it =
It
zt

we obtain

�Kt+1

zt
zt = (1� �)

�Kt

zt�1
zt�1 +�t

�
1� S(

it�z;t
it�1

)

�
itzt +�t

or

�kt+1zt = (1� �)�ktzt�1 +�t
�
1� S(

it�z;t
it�1

)

�
itzt +�t

or

�kt+1 = (1� �)�kt
zt�1
zt

+�t

�
1� S(

it�z;t
it�1

)

�
it +

�t
zt

or (denoting ��t = �t
zt
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�kt+1 = (1� �)�kt
1

�z;t
+�t

�
1� S(

it�z;t
it�1

)

�
it + ��t (#)

Note that, given our assumption that S = 0 in steady state,

�k = (1� �)�k 1
�z
+ i

1 = (1� �) 1
�z
+
i
�k

i
�k

=

�
1� (1� �) 1

�z

�

Linearizing the preceding expression (#), and evaluating the result in steady

state (taking into account S = S0 = 0) :

Di¤erentiate the left hand side:

@�kt+1
@�kt+1

= 1

Di¤erentiate the right hand side:

F
�
�kt; �z;t;�t; it; it�1; ��t

�
= (1� �)�kt

1

�z;t
+�t

�
1� S(

it�z;t
it�1

)

�
it + ��t

F1
�
�kt; �z;t;�t; it; it�1

�
= (1� �) 1

�z;t

ss : (1� �) 1
�z
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F2
�
�kt; �z;t;�t; it; it�1

�
= �(1� �)�kt

1

�2z;t
��tS0(

it�z;t
it�1

)it
it
it�1

ss : �(1� �)�k 1
�2z

F3
�
�kt; �z;t;�t; it; it�1

�
=

�
1� S(

it�z;t
it�1

)

�
it

ss : i

F4
�
�kt; �z;t;�t; it; it�1

�
= �t

�
1� S(

it�z;t
it�1

)

�
� S0

�
it�z;t
it�1

�
�z;t
it�1

ss : 1

F5
�
�kt; �z;t;�t; it; it�1

�
= �titS

0
�
it�z;t
it�1

�
it�z;t
i2t�1

ss : 0

F6
�
�kt; �z;t;�t; it; it�1; ��t

�
= 1
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Collect terms:

�kb�kt+1 = (1� �) 1
�z
�kb�kt � (1� �)�k 1

�z
�̂z;t + i�̂t + î{t

or (divide by �k)

b�kt+1 = (1� �) 1
�z

b�kt � (1� �) 1
�z
�̂z;t +

i
�k
�̂t +

i
�k
{̂t

Making use of the expression for the steady state investment capital ratio:

b�kt+1 = (1� �) 1
�z

b�kt� (1� �) 1
�z
�̂z;t+

�
1� (1� �) 1

�z

�
�̂t+

�
1� (1� �) 1

�z

�
{̂t

Compare with ACEL :

b�kt+1 = (1��) 1

�z;t�
1

1��

b�kt�(1��) 1

�z;t�
1

1��
�̂z;t+

"
1� 1� �

�z�
1

1��

#
{̂t+

"
1� 1� �

�z�
1

1��

#
�̂�;t
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9.2 Log-linearization of the Production Function

Yit = z1��t �tK
�
i;tX

1��
i;t � zt� (262)

Stationarize:

Yit
zt
=
z1��t �tK

�
i;tX

1��
i;t z�t�1

ztz�t�1
� � (263)

or

yit =
z1��t �tK

�
i;tX

1��
i;t z�t�1

ztz�t�1
� � (264)

=
z1��t �tX

1��
i;t z�t�1
zt

K�
i;t

z�t�1
� � (265)

=
z1��t �tX

1��
i;t z�t�1
zt

�
Ki;t

zt�1

��
� � (266)

=
z�t�1
z�t

�tX
1��
i;t k�t � � (267)

=

�
1

�z;t

��
�tX

1��
i;t k�t � � (268)

in steady-state:

y =

�
1

�z

��
X1��k� � �

=

�
1

�z

��
X1��k� � (�f � 1)y

Solve for y :

y (1 + (�f � 1)) =

�
1

�z

��
X1��k�

y =
1

�f

�
1

�z

��
X1��k�
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:

Di¤erentiate the production function w.r.t. all of the arguments:

@
��

1
�z;t

��
�tX

1��
i;t k�t � �

�
@�z;t

@yit
@yit

= 1

@yit
@�z;t

= �����1z;t ��tX
1��
i;t k�t

ss : �����1z �X1��k�

@yit
@�t

=

�
1

�z;t

��
X1��
i;t k�t

ss :

�
1

�z

��
X1��k�

@yit
@Xi;t

= (1� �)
�
1

�z;t

��
�tX

��
i;t k

�
t

ss : (1� �)
�
1

�z

��
X��k�

@yit
@ki;t

= �

�
1

�z;t

��
�tX

1��
i;t k��1t

ss : �

�
1

�z

��
X��k��1

Collect terms:
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yŷt = ����z �X1��k��̂z;t+

�
1

�z

��
X1��k��̂t+(1� �)

�
1

�z

��
X1��k�XX̂t+�

�
1

�z

��
X��k��1kk̂t

or

yŷt =

�
1

�z

��
X1��k�

�
���̂z;t + �̂t + (1� �) X̂t + �k̂t

�

yŷt =

�
1

�z

��
X1��k�

�
���̂z;t + �̂t + (1� �) X̂t + �k̂t

�
Make use of:

y =
1

�f

�
1

�z

��
X1��k�

1

�f

�
1

�z

��
X1��k�ŷt =

�
1

�z

��
X1��k�

�
���̂z;t + �̂t + (1� �) X̂t + �k̂t

�
Divide by

�
1
�z

��
X1��k�

1

�f
ŷt =

�
���̂z;t + �̂t + (1� �) X̂t + �k̂t

�
Multiply by �f :

ŷt = �f

�
(1� �) X̂t + �

�
k̂t � �̂z;t

�
+ �̂t

�
= �f (1� �) X̂t + �f�

�
k̂t � �̂z;t

�
+ �f �̂t
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