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Abstract

These notes describes the log-linearization of the model in Adolfson
(2007, JIE) in some detail along with some other stuff.



1 Profit maximization under flexible prices

1.1 Some preliminaries

Start with some preliminaries;
The aggregate production function of the final goods firm (which translates

the differentiated intermediate products into a composite final good) follows
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The corresponding aggregate price index is obtained by solving the problem
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The first order condition of this minimization follows
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Inserting this into the composite consumption index (equation (1)) yields:
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Simplifying:
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The Lagrange multiplier of the minimization problem in equation (2), ®, can be
defined as the aggregate price index since it is the cost of one extra unit of the

composite good. Solving for ¢ yields
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The demand for each intermediate good is obtained by maximizing:
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The first order condition with respect to good 7 and j yields:
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The relative demand for the two products can then be written:
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Inserting this into the expenditure function above yields:
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Use the aggregate price index in equation (6) to rewrite this as
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Inserting this into equation (11) implies:
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Also using that Z = P,Y; implies that the demand for firm i’s product can be

written as
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We also want to define the price elasticity of demand which is useful in the



profit maximization. Differentiate equation (16) with respect to the price
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Multiply this expression by P;; and divide by Y;; to obtain the price elasticity

of demand
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1.2 The domestic firms’ optimization problem

Under filexible prices the domestic firm i faces the following maximization prob-

lem every period

max Pitytit — MC’tYit — MC’tgb (18)
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The fixed cost ¢ (in real terms) enters the production function in order to make
profits zero in steady state. However, we do not want to make it affect the
pricing decision in this maximization problem why it is translated into nominal
terms by MC;. [Can it be entirely redundant in the flex price case?]
The first order condition yields
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Multiply by P;; and divide by Y;; to obtain
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Simplify to obtain the standard first order condition of a monopolist
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where the price is set as a markup (Ay,;) over marginal cost.

1.2.1 Cost minimization

Assume now that P;; is given. Then the firm must produce Y;;. The domestic

firm 4’s cost minimization in period ¢ follows:
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The first order conditions with respect to X;; and K;; are
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Combining these two equations yield the following condition
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Solve for A;; in equation (26):

1 1 X\t
N=-RF —— : . 28
T at Pz‘,tztliaﬁt (K’i,t) (28)
Use the conditon above to obtain:
1 1 RF 1 ot
-«
)\t = *Rf 1—a : 7 (29)
a " Pz % \WLR] «

B 1T\ e A 11
= (1_a> (a) (RE)” (Wirf) op, 00

At P; scan be interpreted as the nominal marginal cost since this is the nominal
cost of producing one extra unit of the domestic good. Consequently, A; is the

real marginal cost.

1.3 The importing firms’ optimization problem

Equivalently under flexible prices, an importing firm ¢ faces the following max-

imization problem:

max PCl — S, P ClY. (31)
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The first order condition for the price of consumption goods yields after some

rearranging
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The demand for firm ¢’s product follows
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Differentiate this with respect to P};", and rearrange to obtain the price elas-

ticity of demand firm ¢ faces:
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Insert this in the first order condition above, which yields the standard monop-
olistic price setting:
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2 Profit maximization under sticky prices

2.1 Import price determination using Calvo price setting

The composite import products that enters the households’ consumption and

investment are defined as follows
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There exists a continuum of importing intermediate (consumption and invest-
ment) firms that supplies these differentiated goods. FEach of them faces a
random probability (1 — &™) that he/she can change (i.e. reoptimize) her price
in any period. Since all firms are alike the subscript ¢ can be dropped. Let
the reoptimized price for an imported consumption good (investment good) be
denoted PZL';Uft(Pg;;t) With probability £™ the firm does not reoptimize, and

its price in period ¢ + 1 follows P}y = w/"“Pyor (Pl = my" Prvy ). The
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investment firm face the following optimization problem, respectively:
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where [ is a stochastic discount factor. Profits are also discounted by v, the
marginal utility of the nominal income because profits are maximized conditional
upon the utility of the households since households and firms pool their resources
in the end of each period?? [can I show which is the relevant discount factor?! -
does it depend on taxes?; see eq. (3.5 in Jesper’s notes)]. [If we allow a positive
markup we need to deduct a fixed cost here, or we transfer the profits into the
household budget constraint!!]. ¢ and ¢™" are fixed costs (in real terms) that

enter the firms’ optimization problem because we want to impose that import



profits are zero in steady state.

The demand for an imported consumption good ¢ and an investment good

1, respectively is given by
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Inserting this in the maximization problem above, and rearranging
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The first order condition with respect to the price of the consumption good

in equation (40) is
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Equivalently, the first order condition with respect to the imported invest-

ment good is:
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i ,
where ¢ ; = v Py

2.1.1 Log-linearizing the import price equation (consumption good)

Rewriting the import price equation for the consumption good:
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use a first order Taylor approximation around the steady state to log-linearize
the price equation. This is obtained by totally differentiating equation (47) and

evaluating it in steady-state:!
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ITo see this, note the following. A first order Taylor approximation of G(Xt,Y;) =
In F(X¢,Y:) = In F(e™ Xt e Yt) around the steady state implies:
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where a hat denotes the log deviation from steady state (i.e., x; = % =

In X, —In X). Note that in steady-state; C7,

m #
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Start by differentiating equation (47) with respect to the variables p;"°
RS
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me s Ty Tl Yieygs Cffye and 05, and evaluating all the first order

conditions in steady-state:
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Regarding the derivatives with respect to 7y and 77, note that p™° =

nmc

mmcm’C in steady state, why we only have to differentiate with respect

to the 7™ “—terms within brackets. Note also that p™¢ = 1 in steady state.

oF > 1
o m #
o = D567 ()

j=1
Tt (7)) (57)
gome = G Te (2], v o,
Titj T

13



ie.,

Al =

o S seyores (3) -

Note again that bracket is zero in steady state (i.e. p™¢ = ﬁmcmc) SO

the derivatives with respect to 17", ; and Cfi ; are zero;
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Since the bracket is zero in steady state this implies that we only have to dif-

ferentiate with respect to the ;" —terms within brackets.
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Rearranging, the Taylor expansion is;
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Linearize equation (66). Start by taking both sides to the power of 1 —n;** :
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Differentiating this and evaluating in steady state:
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Differentiating with respect to ny" we require the derivative with respect to a

power. Note that
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Then, differentiating this expression with respect to n;"“:
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It is important to note, that x is defined as; x = p" ¢ and z = T/T in equation
(67). In each case, z = 1 in steady state. Note also that In(1) = 0, so 7j;"° does
not appear in the linear expansion of (67).
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or,

Solving for }%t :

Ta-em

Inserting equation (71) in equation (64):
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Lead this expression forward by one period and multiply by 8&¢™:

BEM L+ (1= &™)p] 74y — BE™ 7"
557”,(1 - 5m>(1 7 ﬂg )Z (Bg’m) j ~m,cC

= fm t+]+1
j=1
m - 1-— = m —=m,c 1 ns
+ﬂ£ ( ic"a( pe") Z BE™) ( M1 — (7’]7n,u)2nt+'7+1>

Jj=
pE™ 1+ (1 - §m)ﬁ] %ﬁi pemme

é-m, t+j

Jj=2

(1 =€) (L= BE™) = gemri [ amic L e
+ £ Z(ﬁf ) <mct+j (e — 1)277t+j> (73)

=1

<.

17



Subtract equation (73) from equation (72), to obtain:
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Note that we can simplify using the following;
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= ﬁ
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2.1.2 Log-linearizing the imported pricing equation (investment good)

Equivalently, the log-linearized pricing equation for the imported investment

goods follows:

~m,i 6 ~m,i 1 ~m,i (1 _gm)(l _Bgm) —~m,i 1 ~m,i
0 E ) , ) i)
Tt 113 t7Tt+1+1+ﬂ7Tt—1+ €1+ f) mcy

2.2 Domestic price determination using Calvo price set-
ting

As above, each domestic firm faces a random probability (1 — ¢?) that he/she
can reoptimize her price in any period. Since all firms are equal (facing the
same Calvo probability of a price change) the subscript ¢ can be dropped. The
reoptimized price is denoted Py With probability {d the firm does not
reoptimize, and its price in period t + j is (7rt7rt+1...7rt+j,1) Prewt. The firm

faces the following optimization problem:

Afy
oo J ol P T Xpe- 1
d Ty 1) Prew,
max E;) (Bf ) Ve [(meme1. T4 j—1) Prew,t) (( e P 1) t) Yii
new,t  5=0
_ At
T o 1) Pnew, A=t
—MCiy; (( — o e t) Yivj — MCiyjzi459).

(79)
Note that the fixed cost z;¢ (denoted in real terms) enters the production func-
tion in order to make profits zero in steady state. However, we do not want this

to have an affect on the pricing decision why it is translated into nominal terms
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in the profit maximization by MC (rather than the price, Phew.t)-

The first order condition yields:

Aot 1— bt At

Z (ﬁf ) Ut+][>\ft—1 (Pnew,t) Ape—1 (ﬂt’nt—i—l"'ﬂi.hj_l) I (Pt_i_j)%f,t T Y;-I—j
J 0 >‘ft _ _ >‘f,t >‘ft
+/\ft 7 (Prew,t) 0070 (Mimpgrmepjo1) 0T (Prag) Mot Yo yM Gy ] =
(80)
= d J _)\Af’il Aft
Etzo(ﬁf ) Uty (Mepg1mpjo1) 0070 (Pryg) M7t Yig X
=
—1 by ity T Afit fof1
[ (memesrmejo1) (Prewt) 070 + 5755 (Prews) MCt+j] =
(81)
Multiply and divide by Py ;:
*ft *ft
Z (55 ) Ut (MempgreTegjo1) 0t (Pryg) ot T Yogj Pryjx
3=0 (82)

(memegr  Tij—1)Prew,e _ ApeMCepj | 0
Pry;j Pry;j ’

Use the fact that Pt+j = Ptﬂ-t+17Tt+2~~7rt+j

j Afit >‘ft
a2\’
EtZ (/35 ) Vit j (7Tt7Tt+1--~7Tt+j—1) Xt (Pympg1Tpqo . Tpp) Mt~ Yy i Py i X

|:(Trt7l't+1...7Tt+j—1)Pnew,t _ )\f,tMCt+j:| =0

Py p1Tego.. Tt Py
(83)
_Apt
Multiply through with (P;) *7¢~*. This implies:
) Aft
Etf (ﬁgd) Vet (M)fﬁyt Py ix
= I\ i) e (5)

(memeq1-Te4j—1) Prew,t  Ap,e MClyj -0
(Te41Teq2..Teyj)  Pr Py

Rearrange and stationarize with the technology shock z;:

/\f,tMCtJrj] _0
Piyj ,

] N A Pnew,
Z (ﬁf ) (L (Xe5) *em Ztﬂyij {Xt,j 2 - —
=0

(85)
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F= Etz (5fd> Vo (Xeg) e Y7 [Xe P — Apemers;] =0, (86)

j=0
— ) ) ) (Temegro Tegj1) _ # _ Yy —
where wt-l‘j - Ut+.7Pt+J7 Xta] = (M1 Te42Te4g) 7rt+ and}/tJrj T zeyy 'wz,t =
viPizy, pr = Prew,t , and me; = MP?ﬂ

2.2.1 Log-linearizing the domestic price equation

We will use a first order Taylor approximation around the steady state to log-
linearize the price equation. This is obtained by totally differentiating equation

(86) and evaluating it in steady-state:?

dF = Fﬁdﬁt + chdmCt+J‘ + Fﬂ—dﬂ't+j + Fﬂdﬂ't + F)\fd)‘f,t+j~ (87)
dF D Y
7 = F dpt F—l—chdmctﬂ +F d7Tt+j +F dﬂ't +F)\fd)\f i o )\ F
(88)
dpt d j d d AN ¢ 44
PE, L o meF, Tt g, T g, ﬂ + APy, T g (89)
D mc ™ Ag

5F5§t + mCFmCﬁL\CtJrj + 7TF.,ﬁT\t+j + mF,m + )\fF)\f/)\\f)t+j =0, (90)

dz
o Ty = =t =

where a hat denotes the log deviation from steady state (i.e =

In X; —In X). Note that in steady-state; Yt+3 and ¢, ;. ; are constants, Y# and

¢, respectively, p = Aypmec=1,m, =7, and Xy ; = Z = 1.

BlET

2To see this, note the following. A first order Taylor approximation of G(Xt,Y:) =
In F(X¢,Y:) = In F(e™ Xt Y1) around the steady state implies:

G~GEmX Y)Y L Gx(InX; —InX) + Gy (InY; —InY),

FOGYD Y o1 |
In (55638) = sty FeX(n Xe — 0 X) + 75y Fy Y(InY: —InY).

dF(X4,Yt)

o~ 1 dyy
F(X,Y) — F(X,Y) FyY 5+

This is equivalent to: FZX

< T F(X )
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Start by differentiating equation (86) with respect to the variables p, s¢ 5,

Tet+j, Tt and Ay .y, evaluating all the first order conditions in steady-state:

O > (aer) et

o =0
an?f:ﬂ =" (ﬂﬁd)j vYEN V20,
ie.,
3£§H = —:_io: (5£d>j P, Y#)\s. (92)

Regarding the derivatives with respect to m; and 7y, note that p = Armc
in steady state why we only have to differentiate with respect to the m—terms

within brackets.

8F N > d 7 ” 5
om ;(55 ) vy <7r)
pe? " (1)
= qdognv\5) 93
a-pen " \F (93)
oF . d J . ;1 .
athrj_(ﬂg)szp(W)’ v j>0,
ie.,
0Ty N ]z:; (ﬂf ) b.Y ( = ) : (94)

Note again that p— A ymc is zero in steady state why we only have to differentiate

with respect to the Af;, ;-terms within brackets.

OF N o ,
— >
o = (B e, ¥z,
ie.,
OF > J
=— y# 95
v ;(&) .Y #me (95)



Collecting terms and inserting in equation (89):

_ y# =Pt pe? y# <1> _dmy
(1_5§>w P ey \F) TR
> 1 7d7Tt+' < d J dmct_;,_-
5 e () e et
=3 (Be) vy A me A (96)

§=0
Taking into account that Aymc = p = 1 and rearranging, the Taylor expansion
is, consequently;

VYH# o BENYE SN ay o aa
= P + T — ﬁf TJZJZY ™ j
T T ;( ) ™

i) (5Y ¥ # (evss + Apars) (o)
Solving for p, )
b= (1¢:f§d)[( gg )wdy t+i(5s) TR
+§% (66Y w.¥# (7w + Rpans I (98)
B = B+ i €3 ‘%t—s—ﬂ‘(l—ﬂfd)]f:o (86") (eres +Ap0ss)
(99)

From the aggregate price index follows that the average price in period

1 1
P = /(Ptflﬂtfl)lixf’t +/(Pnew,t)lfxf’t di
0

gd
L =Xy,

= e Pam )T (1= € (P ] (100)
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Dividing:

1 1 LA
_ T2y, Prew ),
- [5‘1 (T 7 e (Be) ™ ] .

101
5 (101)
Linearize equation (101). Start by taking both sides to the power of ﬁ :
Tt—1 liif’t d Pnewt liif’t
D= |et | = 1— —newt =1 102
[&(m) ra-gh (2o (102)
Differentiating this and evaluating in steady state:
oD _ (1-¢&9 (103)
Ipr (1= Ap)
oD ¢
= —. 104
om—1  (1—=XpT7T (104)
op ¢ 1
87rt B (1 — Af) ﬁ'

(105)

Differentiating with respect to A, we require the derivative with respect to a
power. Note that

1
1 1n<m17’\f-,t> 1 In o
f()\f,t) = :]jlikf,i = e = elikf

Then, differentiating this expression with respect to Ay :

af _ ﬁlnx -1 .
Wﬁt = € fs (lnx) ((1 — )\f7t)2( 1))

(Inz)z ™7 (W)

It is important to note, that x is defined as; z = p and & = T/7T in equation

(102). In each case, x = 1 in steady state. Note also that In(1) = 0, so S\f,t does
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not appear in the linear expansion of (102). Consequently, collecting terms and

rearranging:

(=&Y dp ¢
D=a3)F Ty

_dmi_q fd 1_dm
— - —nT— =0.
i 1-Xp)7T 7

1
T

or,

Solving for ﬁt :

~ ¢l
P = - (Tt — 7e—1) = 0. (106)

Inserting equation (106) in equation (99):
¢ S '
= (Fo—Fon) = =BT+ (1 - BEDY (86) Funy
—¢" 2

+(1 - et i ( ) . (ﬂ/l\ctﬂ‘ +/):f,t+j) .
j=0

Simplifying:

[1+(1—5d>5] P (& )5(1—65 ;(55) ety (107)

BN () (1 3y

Jj=0

Lead this expression forward by one period and multiply by B¢

di1 _ edyq  pedy ,
5% [1 4+ (1 - €8] e — e, = 220 23(1 TS (8e%) Frasm
j=1
d d
S

o 1—5¢ )i (55d>j (T/n\Ctﬂ'H + /):f,tJerrl) ,
=0

_edy(q _ pedy o ;
B¢ 1+ (1= €] s — a7 = B0 PES (se) 2aape

j=2
+(1 S ),5(; — /BEd)i (5§d>j (ﬁﬂ:tﬂ‘ +/>\\f,t+j) .
j=1
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Subtract equation (108) from equation (107), to obtain:

(-84 B R — Bt [L+ (1= €8] Ren — 7y
(1-¢hHa - peh) (1-¢hHa - peY)
¢ ( ¢

- B6) Fean + (86)° (e + A1p9)

Combining terms:

{1 +(1-€MB+ ﬂfd} e — M1

_ d — d ~
= B[ (1 €8] R+ (1= €001 = A7 + S I (e K
1+ 67 — BTig1 — M1 = (1-¢ )f(j be) (771\015 +>\f,t>a (111)
or,
O S WP SR o 9 U (e +3r0) . (112)
t 145 tTt41 153 t—1 fd(l-f—ﬁ) t IR

2.3 Export price determination using Calvo price setting

The exporting firms buy the final domestic good and differentiates it by brand
naming. Subsequently they sell the (continuum of) differentiated goods to the
households in the foreign market. The marginal cost is the input price M Ctdf =

Pg. The exporting firms face the following demand for each product i:

Azt

P_df T Xzt 1
xX¥ = [t x4, 113
1,t <Ptdf t ( )

where it is assumed that the export prices are invoiced in the local currency

of the export market. Note that we allow for different elasticities between the

differentiated goods abroad and at home. The steady state markup thus differs
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between the domestic and the export market (Ay and X, respectively). Note

also that the steady state markup is one in the export market;

P
P¥ = .
S

(114)

Furthermore we assume that prices are sticky in the foreign currency, follow-
ing the Calvo model, so that there will be incomplete exchange rate pass-through
in the export market. Each export firm faces a random probability (1 — 5 )
that he/she can reoptimize her local currency price in any period. Since all firms
are equal (facing the same Calvo probability of a price change) the subscript ¢
can be dropped. The reoptimized price (in foreign currency) is denoted Pgﬁw’t.
With probability fdf the export firm does not reoptimize, and its price in period
t+7is (W?fﬂgil...ﬂfij_l) Pfﬁw’t. The export firms maximize profits (denoted

in the local currency) taking into account that there might not be a chance to

optimally change the price:

Az,t
00 J df _df af pf RV TR
df df _df df df (ﬂ—t Trt+1"'7rt+j—1) new,t
H})S{L%( E; ‘Zo (55 ) Ut+j[((77t Tip1-Teyj—1 Pnew,t P
n‘ew,t J= 7
Azt
d df _d. d d I d
_ MCt_{_j (Wtfwt'j—l"'Trtﬁ—j—l)Pnléw,t ¢ df o Mct-{—j P ¢df]
St P, i+J Sy Tt ’

(115)
Note that we assume that the stochastic discount factor v ; is the same for

the exporting firms as the domestic firms. The first order condition yields:

. A

Azt Azt z,t
) N\ J 3,1 l-—5—= Pyseny
d _ d Yo T (_df _d d Net=T [ odf \ a1 yrd
E; > (55 f) Utﬂ‘[Ttl,l (—Fn];w,t) ' (ﬂ—tfﬂtil“‘ﬂ—tfi—j—l) ' (1 t—lf-j) t Xt-{-j

Jj=0
_ Qe g _ eyt Azt Mo
Azt df Xer—1 df _df df Xot—1 df \ Xzt—1 < df hi1
+39 <Pnew7t> (ﬂt Tyt i1 Pt+j Xt+j St+jJ] =0.
(116)
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’\m,t
df _df d Xz, 61 df ’\z = df
Z (55 ) Vi+j (ﬂ—tfﬂtJrl ﬂ—tf—j 1) ' (Pt+j) - Xt+]

0
jjf if if if _% if _%_1 Mo
—1 df _d d, d, @zt~ d, @t
[Am,t—l (Wt 1T g 1) (Pnew t) + AT = (Pnew t) Wzﬂ] =0
(117)
. .. df .
Multiply and divide by P} ;:
. Azt
= ar\? df _df daf TN (pdf \ et wdf pdf
Etjgo <ﬂ£ f) Ut—l—j (ﬂ't ﬂ-tJrl"'ﬂ-t-‘rj—l) (Pt-‘r_]> Xt+]Pt+j
(7";#7"?5:1 ff+] I)P:ew t A MCryj | 0
Ptdij S‘+7Ptd4{1 .
(118)

Use the fact that Pﬁ{J = Ptdfwtﬂwffrz wf{_J

Ag

. Aot
o0 7 J— ’7
d; d, d Xz -1 d d d . 1 d d
E; ZO (ﬂf f) Vit j (ﬂ-tfﬂ—tfkl Wtﬁ-g 1) t (Ptfﬂt+17rti2 ti]) = Xt_{_]Pt_{]
=

(e i ) P Aea MO |
Ptdf'”t+17";ii2 7"?{;; St+JPtdi] ’
(119)
__Pat
Multiply through with (Ptdf) 217" This implies:
_Aat
(il mily il )\ T el pdr
v TR X7 P,
jZO (ﬂg ) i < (i) et s (120)
(ﬂ'df ?il ?«fi»J 1) Psfew t )\ tMCt+J — 0
(”t+1 ?iz ?{:»_7) Pdf St+JPtd~{»]
Rearrange and stationarize with the technology shock zf, ;:
A df
df RIS Pdf MC
df t #df | Tt new,t Azt t+j | _
Etz (55 ) he < ) 24X | o pi g pd | 0,
Jj=0 f+J t+j Lt t+5 b, t+j
(121)
Azt
- ar\? Wff e #df Wff df
_Etz (55 ) Ve | —ar X4 - —gr Pt = Aegmeil ;| =0,
j=0 Titj Mg
(122)
waf _ X — o pdf s« s _ Pila,
where wtﬂ = Ut+7Pt+], and X/7 = Zt:] W, = 0Py 2, py o =+ and
daf _ Mc¥
me, = StP}f'
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2.3.1 Log-linearizing the export price equation

A first order Taylor approximation around the steady state is obtained by totally
differentiating the export price equation (122) and evaluating it in steady-state.
A hat denotes the log deviation from steady state (i.e., x; = % =InX; —
In X). Note that in steady-state; Xﬁ_‘éf and wz ++; are constants, X# and
w respectively, p% = A\yme¥ = 1,7, =7, and X = % =1.

ie.,

Totally differentiating (noting that the term within brackets is zero in steady

state):
0 — 1 i X it dpy! . e il x#s L\ dr
=) P (- et )
_Z (ﬁgdfy o xdr (L) zar dnil; Z (ﬁfdf)j WY XHU N e o et
=1 ’ d ™= ’ ' med
o0 .
_Z (ﬂg#)y w;lfx#dfmcdf)\x d>‘§\¢+1 ) (123)
j=0 r

Taking into account that A,mc¥ = p# = 1 and rearranging, the Taylor expan-

sion is, consequently;

¢de#df Adf 5§df¢dfx#df j o
g e Z(ﬁfdf) vIXHIRL,

750: (5£df>j W x#df (n’m\cdij ermﬂ) . (124)

=0

. ~df
Solving for p,

5 = e at(1-pe)Y (5 ) R +1-pe) > (6) (e, + Ao
Jj=1 =0

(125)
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From the aggregate price index follows that the average price in period

t is:
1 1 1= 2w
df d df _df \T ez d d f= vy
Ptf = {f / (Ptzlﬂ-tjil> +(1—¢Y) (Pnje:w,t) } . (126)
Dividing:
1 1 1=t
df \ T et pif Tw
m
1= fdf t—1 +(1— fdf new,t ) 197
( 5 (- = (127
Linearize equation (127). Start by taking both sides to the power of ﬁ :
df T >1\ df T >1\
J Azt P —Ax,t
_ear [ Tt df new,t .
D=1¢ (ﬂ_df) +(1-¢ )(Pdf ) =1 (128)
t t

Differentiating with respect to A, ; we require the derivative with respect to a

power. Note that

1
Tzt

1
> _ el_’\m,t Inm.

Fhn) = 2 = "

Then, differentiating this expression with respect to A, ;:

8f o 17;1 " Inx -1 .
DY (In) ((1—>\x,t)2( 1)>

— (ma)a ™ ((1—1At)2> :

It is important to note, that z is defined as; x = p% and x = 7/7 in equation

(128). In each case, z = 1 in steady state. Note also that In(1) = 0, so A,
does not appear in the linear expansion of (128). Totally differentiating (128)

and evaluating in steady state:

~d daf d
dD — 1 *fdf)fﬁdf dptf 4 ﬁdf 1 fdfdﬂ-t—l _ fdf 1 df d”tf —0.
(L=X)" p¥ (1= m¥" 7 (Q-M)7¥ 7
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~df
Solving for p, :

~df ff ~ ~
Py = m( il W?fl) =0. (129)

Inserting equation (129) in equation (125):

df - ‘
g (7 FL) = gl (- ey (se) 7L
Jj=1

+(1 - BeY) i (ﬁfdf>j (ﬁz\cffw + /):z,t-i-j) .
=0

Simplifying:

1+ (1 —e%)8] =l -7, = a-¢ )g(df ally (Be) T34 (130)
j=1
(1= = BN (s
t ¢ Z (55 ) (mctﬂ + A tﬂ)

Jj=0

Lead this expression forward by one period and multiply by Bédf

_cdf _ pBedf
A )y - (se) )

Jj=

La-g )f(d}v—/)’f DS (set) (el + R

j=1

Subtract equation (131) from equation (130), to obtain:

[1+ (1 —e")B+ Y| 7Y — pe” [14+ (1 - ¢¥)p] 7L, - 7Y,

. _ pedf _ ¢dfy(1 _ gedf ~
_ g figf ) (e ), S (g (el + S

Combining terms and simplifying:

[1+ (- ¢%)p+ e | 7Y - 7Y,

_ ¢df\(1 _ pedf ~
= Bet [ €] R+ - - aeyart, + BT (e S
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or,

s _ B ooy L L=NA=B") (a5

Note that the marginal cost is the input price M C’tdf = PZ. Consequently,

McH
mcff = SfPE’f =3 Pdf Log-linearizing this expression and evaluating in steady

state (mC = W)

P -~ P 1 -~ P 1~

df —~df _ df
mc e, = oo SPdfP - BF ES}, (135)
mct = (Pt - St> (136)

Using this expression in the log-linearized Phillips curve relation, the export

inflation will follow

~df _ B Al 1 ~df (1— &) (1 — et

(P - BY =8 +3).

s E: 7w
t 1+/Btt+1 1+/Bt1 gdf(l—i—ﬁ)
(137)
Note also that the deviations from the Law of One Price will follow
m — B BY_§,
= mel | +7 77 — A5, (138)

32



3 Log-linearization of foc:s for u, g, b*, and the

UIP

3.1 Log-linearizing the capital utilization equation
The first order condition for capital utilization follows
F=9,, [(L=7f)rf —a'(u)] =0. (139)

Note that in steady state the following holds; ¢, , is a constant v,, u = 1,
a(u) = a(1) =1, (1 — 7¥)r* = a/(u). The Taylor expansion can be written as

dF dy, th
TR T,

drt duy

+rhF B, = =0, (140)

Differentiating equation (139) with respect to the variables 1, 4, 8 rF and wy,

and evaluating these derivatives in steady state:

aii -0

oy = v
g;; — g (1- 7).
=~ (u).

Collecting terms and inserting in equation (140) implies that the Taylor expan-

sion follows:
0= 78(—v,r")7 + rfa, (1= 78)FF + u[—¢p,a” (u)]. (141)

Dividing by 1 7*(1 — 7F)



"

Let o, = &

a’

~ T k ~k
O = ’I"t — OqUt — mTt . (142)
Solving for u,:
—~ 1 e 1 Tk ~k
R N =k e
3.2 Log-linearizing the real cash balances equation
The first order condition for the real cash balances is given by
1
V(2L (1) (B 1) =0 (144)
ZtPt Zt

) l1-0oy4
d1—0y

Note that the V(.) function is given by V (.) = A , 80 this can be

written

F=(lAgq, " = (1= 75) ¢y (Rem1 — 1) = 0. (145)

Differentiating equation (145) with respect to the variables (7, g;, 7F, Vs

and R;_1, and evaluating in steady state

oF

o1 = Au (146)
OF o
e = —0 T AL, (147)
OF
ot = Y, (R—1). (148)
OF o in
o, (1-7")(R-1). (149)
or L
i (1—7") .. (150)
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After collecting terms the Taylor expansion follows:

0 = (TAq77%C; — qogCAgq ™" G + 7", (R~ 1)7}
¢, (1= (R—1)0,, —R(1—7") ¢ R (151)

Note that the following holds in steady state (see Jesper’s notes; equation 9.27

(q_ss))

A= (1-7")1, (R—1).

Inserting this implies

0 = ¢"(1-m) . (R-1){ —o¢? (1-7) 4. (R-1)G

i (R=1)7 =, (1=7) (R=1)9,, — R(1 - %) ¢, R, (152)

Dividing by (1 —7%) ¢, (R—1)

k
~q ~ ™ ko R =
0= Cth - O'qu(It + 1 _77-/7@ Tf - ’lpzwt - ﬁRtfk (153)

Solving for g;,and noting that (?=1 in steady state:

~ 1 [~q AP R =
@=_— Ct"'mTf_wz,t_mRt—l : (154)
q

3.3 Log-linearizing the foreign bonds equation

The first order condition for the holding of foreign bonds follow

i+l S
F=—9.,5+BE, [w S
Hzt41 Ti+1

(R:@(a’h%t) - Tf_;,_l (Rf@(at,gt) — 1)>:| =0.
(155)
Differentiate this with respect to the variables Yoty Vott1s St, M1, Ot 525,

Str1, i1, R, Tfﬂ, and evaluate the derivatives in steady state. Note that
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the steady state is defined as S = 1, ®(a,¢) = ®(0,0) = 1 (where a = %,¢ =

0), R =R*,and (R* — 7% (R* — 1)) = “Eﬁ. Note also that we assume ®(a, ¢) =

e(7$aa,+g),ThiS 1rnpheS that @Q(CL’O) = _é;a’ and (bd)(aao) = 1. The Taylor

expansion follows

dy, dy, . d dp,
Oz%qusz sz{—’—wZFwT:H—i_SFSt%‘FSFS SiSJr1 +MZFH%

t+1
~ . k
+F,da; + F¢d¢t +7F, dmii + R*Fg- dR; + TkF.,— d:_t}:rl )

™ R*
(156)
oF
awz,t = 9
= -1
oF 1 Sy, _ . -
awz,t+1 B Bﬂz7t+1 % (R (I)(G,, QS) - T (R (I)(Q,gf)) — 1))
= 1
oF
55, = V=
or .1, - ) ~
OSp1 Bt; (R ®(a,¢) — 7 (R ®(a,d) — 1))
= ..
oF B S/ B . ) »
Guy = Pex (B9 - (R0 d) 1)) o,
_ By pw 1
T B ()
Y
T
oF .S . ks N
da; 6/727T (R -TR )(Da(av@
= ﬂj::iR* (1 —Tk) %(a,%)
_ +k "
- _MRQV
T

z
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or . ¢7§ R* k px* ~
{T%t = 6 7T( —7"R*) ®y(a, ¢)
S ~
— BZJ:WR* (1—7%) @4(a, 9)
A=),
BT
OF 5% (R o(a,3) - (R ®(a,3)— 1)) —
gy~ Pus (red) - (red) 1)) =
p, B (7)?
_ =Y
T oT
aF _ sz - k
By, (1—7F)
; [,
oF .S . -
ok, 5@%( (Be(d)-1))
_ _6¢z _

k
Note that the steady state interest rate is R = T’fj;,f) 55 which implies that the

latter expression can be rewritten as

oF _ _wz (ﬁ:u“z — ﬁ)
ﬁrf_H p, ™ (1—7k) "

Collecting terms and inserting in equation (156):

~ ~ 1—7F) -
0 = _wzwz,t + wzwz,t—&-l Sw St + S,(/J St+1 +p, Mw :uz Jg+1 MWT)R¢dG’t
51/1 —. - WP, o _ kY (T,
/(wr ~) Rdg, +n—*%1 + R ;(ur )& R; i Wl’“‘i = (;fg&

Using the steady state conditions and dividing by 1t ,, this simplifies to:

B (1) . — 75

0 = (wz,tJrl - wz,t) + (StJrl - St) M1 [T (1 — Tk)ﬁ
(ﬁﬂz - Tkﬁ) ﬁ (1 - Tk) j%* _ Tki (ﬁ:u’z B /6)/7:143
(1-70p5 px T pm (L—7k) Y

{?&lat - dgﬂ — 41

n (158)
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- k
- . 5 s\~ T, —7°8) [+ ~1 -
0 = (¢z7t+l - wz,t) + (5t+1 - St) — g1 — (Mﬂ {¢dat - d(bt} — T4l
(fu’z - Tkﬂ) Dx Tk (fﬂz - ﬁ) ~k
R oy e T (159)

3.4 The UIP condition

The first order conditions for m;,; and bf,; are respectively:

2 1
—,. + BE, [1"“ (Re — 7y (R — 1))] =0. (160)
' Foz 1 Tet1
B [ S L L
et G [ (Riston o~ ot (RE0005) 1)) =0
z,t+
(161)

Totally differentiating the first expression (the foc for myy1) implies

0 = —di,,+ ,BEt[&% (R="(R=1)) .04y — K% (R=7"(R=1)) Rens
+1ﬁ:717R(1 — )R, - Zi:;(R — D7) (162)
Divide by 9,
0 = —¢, + 6Et[il (R=7F(R—=1)) ¥, 01 — ,u%% (R—7" (R —1))@63)
+i%R(1 — MR, — i%(R — 1775

Totally differentiating the foc for foreign bond holdings;

1 ’(/Jz 1 * % ~
i e R I
1 & 1 -
+6Et[&* (R* = 7" (R* = 1)) Sp11 — &;R*(l —7)da,
&l * — Vb &l * _ k * -
TR (1—7")d¢, + o (R — 7" (R* = 1)) ¥ 11
7&l * _ k ® ~ &l* 7]“/\*7&l . i
[, T (R ™ (R 1)) Tiy1 + . 7TR (1 —-71")R} m W(R )7 fiﬁfﬂ
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Divide by ,, and using that R = R*;

~ 11 ~
O = _’(/}z,t_/BEt ;Z; (R_Tk (R—l)):l St
11 X 5 11, ky [ 7
+BB [~ (R— 7" (R=1)) Si1 — — —R*(1=7%) [gbdat —d¢465)
11 ~ 11 . A
—i—lTZ; (R — 7" (R— 1)) Vo1 — ;Z; (R - (R— 1)) Tt41
11 11 ~
g RA=TOR - (R )7L

Equating equations (163) and (165) implies

11 o~ (11
R —-1R,| = —BE |—=

p, ™ Ly,

(11 - .
BB | RO =T (éday — d, )
(11

LHz T

BE; (R— ™ (R — 1))] S,

+LE;

By noting that the following holds in steady state S = 1, ®(a,$) = ®(0,0) =

|

z

(R—7* (R~ 1)) S+ - RO~ )ik

1,R=R*, R= M, and (R* — 7% (R* - 1)) = “Eﬁ. This is equivalent to

(1-7F)B

5 pr o ls 11 N
R, = m[ ﬂSt szR(l T)(¢dat d¢t>

1~ 11
+*Etst+1 + D

B Mo T

_ (1 — Tk)ﬁ M T _l
o omp,—TmRB(L-TR) | BT B

R(1 - "Ry

This implies that the UIP-condition follows:
D D* Hy Q q ~ >
Rt - Rt = W |:Etst+1 — St:| — (;Sdat —+ d¢t
D Dk M, q I = ~
0=— (Rt — Rt) + m |:EtSt+1 — Sti| - ¢dat + d(bt
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Sy + Et5t+1] — ¢da; + do, + Ry .(167)

(168)

(169)
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4 Profits

4.1 Domestic firms
Profits for the (aggregate) domestic firms are given by:

¢ = P4 (C 4 I + Gy)+P¥ s, (C;’lf + 1 ) —MC(CIHT+G+CY + I~ MCy 2,6,
(170)

¢ = P (Cf + I + Gy)+Pf (cff + 1 ) —MC(CI4I+G+CH+ I — M Cy 206
(171)

Stationarize equation (171)

d df df
ni  P(Cf 41T+ Gy) +Pt (Ct + 1 ) MGG+ 1P+ G+ CF + 1) MCuzg

PtdZt PtdZt PtdZt PtdZt Ptdzt
(172)

Let lower case letters denote that a variable has been stationarized z; = Xy /2, :
—d _ . . .
O, =+ il +ge + ¢+ i —me(c +id + go + ¥ +i) —mep,  (173)

—d e . . . . .
where mc; = %, and II, = 5z--. Differentiate this expression with respect
t t <t

to the variables ¢, i%, g;, ¢/ i¥ | me,, evaluating in steady state

ot} X
— =1—mec.
dcy
(“)ﬁj =1—mec
id '
oII,
=1-—mec.

094
oI}

T 1 —mec.
Ocy
oI,
W = 1 — mMcC.
01y
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g
oIl
L= —(c+i'+ g+ +i% +¢).
ome;

The Taylor expansion follows

O, = 1 —me)el +i%1—me)id + g(1 —me)g + ¥ (1 —me)e?

-~

+i¥ (1= me)ifl —me(c? + i+ g+ <V +i¥ + ¢)me,.

In steady state we know that p = Agmc =1, and § = 1. This implies that

~d Ar—1 —~
I, = ( fAf > [cda?ﬂd?%ggt + el iy
1 —
—/\—(cd—i-id + g+ +i% + p)yme,. (174)
f
Note that the profit function also can be written as
¢ = PYY, — MCY; — MCy2¢. (175)

Stationarize this expression:

Hg - Ptd}/t MCth MCtZt(b
Ptdzt N PtdZt PtdZt PtdZt ’

IT, = y¢ — meys — meed.

Differentiate this with respect to v, and mc;:

_q
o1,
=(1- .
o ( mc)
—q
o,
8mCt - 7(y + ¢)

The Taylor expansion of the profit function in equation (175) then follows

~d e
I, = y(1—me)ys —me(y + ¢)mey
)\f — 1\ 1 -
Y (/\f> Yt — )\*f(y + ¢)mey
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The profit can also be written in terms of factor prices:
¢ = PAY, — RFK, — W,RI H, — MCy 2. (176)

Stationarize this expression

Iy P, RIKz_1 WR[H  MCzé
PtdZt B PtdZt PtdZtthl PtdZt Ptdzt ’

—d 1 _
Ht =Yt — Tfkti - ’lUthth - mct(j).

z,t

Differentiate this expression with respect to the variables y;, vF, ki, Pty Wi,

R{, H;, and mc; :

ot _,
o '
om, _ 1
ork T’
__
o 1
akt B My
__q
oIl ok -1
8uz t (Mz)2
__q
o1l
—t — _R'H.
owy
__q
M _ _wm.
OR!
__

Oll, _of
oH, ~ —wR’.
om,

omer

The Taylor expansion follows

1 1~ 1 R
ygr — r¥k—7y — krf =k + pr*k——n. , — wR! Hw,

[h, [, (1.)*

—~R'wWR/R! — HwR' H, — mcome,

=
|

1 - ~ _ _
= yi — " h— (7 + ko~ i) — OR! B, — RIGRR] — HwR! H, — medii)

z
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4.2 Importing firms

Total profits for the (average) consumption and investment importing firms, are

given by:

=
<3
Il

I7¢ 4 1™ (178)

= PMCC™ 4 P — S, P (CM I (179)

Stationarize this

o preCr | PMIM SPr(CR+ I

_ , 180
PtdZt PtdZt + PtdZt PtdZt ( )
—m .
O, = A7+ = of (" + ")

= (71””1 - vf) o + (vl’”"d - 7‘?) i

—m m m,c . m,i s
_ 1 me,d _ Py mi,d _ Py z _ StPy
where II, = Pz Tt BVt P ,and vf = P

Differentiate this expression with respect to the variables c}*, i}", 'y;nc’d,

%m‘,d7 ~¢, evaluating in steady state:

oI,
oc

— (,ymc,d _ ,ym) )

8ﬁ:n _ mi,d @
o — ™)

m
m

oI,
oot
oy .
PN
oIL,"
o

=—("+im).
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The Taylor expansion follows

~m

Ht —m (,ymC,d _ ,yw) E<trn+im (,.Ymi,d _ ,Ym)?zn+,ymc dcmﬁ;nc d+,ymz dzmzy\l’m d — (cm+im)§f.

(181)
This can be rewritten, using the relative prices in different and more compre-

hensive notation

- e (5o () ()
(Yo (e B) - (B e (W* Ao

If we allow for a non-zero markup(n™¢ < oo, n™* < co0) we need to introduce

a fixed cost, ¢™° and ¢™", to ensure that profits are zero in steady state, or
re-transfer the profits to the households. Imposing that the real profits for the
importing consumption firm are zero in steady state implies the following;

=m,c pP™e m SP* m m.c

Inserting the steady state value of P™¢ = n,’lmcil SP*, and using that Sﬁ* =1,

yields that the value of ¢ must equal

m,c ,rlm,c m
C o -1 184
" (w - ) o) (184)
=m,c pr.c m S P* m 77m,c o
I = pa " pr" - <77m’c i 1> c (185)
(e 5P) .
_ nme—1 m m n m
n"e m n"e m
= — -1 - — -1 187
<nmvc—1 >C (nm’c—l )C (s7)
— 0 (188)
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and equivalently
m,s Wm’i -m
= — -1 . 189
o = (e 1) (159)
In this case the linearized profits must be
me,d m mi,d -m T [.m -m T n, K
O, = %"+ % =y (" +4") — v (¢”c+¢mz)

= (%"C’d - vf) o' + (v?”’d - vf) i =y (™ + ¢™),

The Taylor expansion, in this case, follows

~m ) ~
Ht — Cm (,Ymc,d _ ,ya:) /C\;n + ,Lm (,ymz,d _ ,Y:c) Z;n + ,Ymc,dcmaznad
_’_,Ymi,dim;y\;ni,d _ ’Yz(cm + im + ¢m,c + (bm,Z);y\tz
= M (,ymc,d _ ,yx) /C*In + im (,ymz',d _ ,yx)’;;n + ,Ymc,dcm;y\;nc,d
+ mi,d;momi,d _ _x n"me m ,',Im,i -m Aw(lgo)
TV v 777m’c 1 ¢ 77’7,“- 1 LI N2
or
=M m me,d 1 ~m -m mi,d 1 “m me,d mamce,d
I = "~ 7 )G +10 |y o7k +7 "
v Y
AR P R R e i
— me,d i on o gm mi,d i m me,d maome,d
= v 7)) Tvo Y 7k +7 "
v Y
. . 1 m,c m,i
d mamid n Ui . ~f
4.3 Total
So, from using the log-linearization of equation (175) and noting that 4* = -

5

and 77 = =37 | total profits follow
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=

t

~1\ . 1 .
= y( &f )yt—Af(y+¢>)mct

~mc,d

Fcm (fymc,d o ,}/z) 'C";n 4™ (,Ymi,d _ ,Ya:)/z\;n + ,.ymc,clcﬂ%,_)/tE

+ mi,dimAMi,d AT nm,c M4 nm,i im | &%
v Tt v ,,7'm,c -1 n'rn,i -1 T
d Am

(

e (et =y )(mvi T4 G) A (" = 57) (0 AT T ) + ety

_~_sz dzm,/y\’rm d L nm,c cm N nm,i Z'm af
t '}/f nm,c —1 nm,i —-1 t

=l

~d ~m

Ht +Ht

Ar—1 - Ap—1 - Ap—1 . Ap—1
y( f/\ )Af(l—a)Ht-Fy(f/\))\fakt—y(f/\>>\f04uz,t+y< f/\
f f ! f

1 N 1 N 1 ~ 1 N 1
—f@+¢MHﬁ7§@+¢mmfX;y+@meﬂy+@Rﬁ+E

1 N
O 5

1- c
4™ <,ymc,d _ 1 ) n _(1 —w ) ( 1 ) K Amcd +c™ < me,d __ 1 )
c
’}/f c ,-Yc,mcfymc,d ,Yf

1-n,;
2 i 1 1 ‘ mz d i.d 1\~
3™ (4™l ) n; | —(1 —w; ( — ) + ™ ( mee ) i
< ,Yf ( ) ,y’L,m’Lfy’ln’L,d ryf t

me,d mome,d mi,d momi,d
Ayt gy,

1 nm,c . nm,i o\ ~f
= ((F) e () )
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1 R Ap—1 A Ar—1 R Ar—1 .
= y( f)\ ))\f(l—a)Ht—l—y<f/\) )\fakt—y<f)\> Afauz7t+y< f/\ ))\fet
f f f f

Af

et com (s 1)
Y

1 R 1 A 1 N 1 ~ 1 N 1 .
——(y+ O,y — ~—(y + O)aH; + —(y + ¢)aky — —(y + @)W — —(y+ Q)R] + —(y + ¢)&
Af Af Af Af Af
1 1 1=
m me,d me,d m
+ |c <’Y - '7f> Ne <_(1 - ("JC) <,yc7mc,ymc,d> ) + ¢ ‘|
X 1
-m mi,d _ _~
o (7 vf> " (

o) )

— Af_l)gt (y—i—d))( (,Ltzt+Ht ]Aﬂt)-i-”l/f)t-i-]%{—ét)

1—n,
K . ; . 1\~
,d ~mi,d . ,d >
( i, mz mi d) > ,ymz an] Ve " (f}/ml ’Yf> it

d 1 1 e d /\’rnc d d 1 ~
,ymc 77 7, 1_ ) ,yc,mc,ymc,d + ymedem 4 [ ymed nyf A

g 1 ) 1 1= »
7m n; 1 _ wz) < — ) + ,sz, im
v f Ay mid
n m ( Um’i ) .m) ~f
—— "+ | =" ) V:.
7 ((n’" 1) et — 1 '

4.4 Linearization of the consumption aggregate

The CES function for aggregate consumption follows

nc

(ncfl) (Me—1)

1 (m*l)
Co= [ —w (€)™l o

Stationarizing

- 1 e
C 1 Cd e 1 cm\ e -
2= |- w) () *“5‘7“( ) ,
2t 2t 2t

;y\;ni,d 4qm (,Y'mi,d _ 1f> Ii\t
v



Me
(ne—1) 1 (ne—1) | (ne—1)
F=c—|(L-w)ie () ™ 4wl () | =0

Differentiate this expression with respect to c;, ¢, ¢, evaluating the derivatives

in steady state.

or _
3ct o
OF Te  (oien—1 (M. —1) () e
o~ et B (@)
Cy ("70 ) Me

1 (ne=1) 4

—_ *Cﬁ(l o wc)ﬁ (Cd) ne

e 1

ne (=1 \ Treemy L (1e=1) \ To=1 g

Note that [J7=0 " = (¢ 5 )™ = (M5 )" = e,
oF _ e [ ](Ticfl)_l (’I]c — l)w nli (C ('rl;:l) 1

mo : c t
act (770 - 1) Ne
1 1 (e=1) 4
= —chew.me (c e

The Taylor expansion will follow:
~ d 1 1 4 (e=1) 4 ~d 1 a1 (e=1) 4
0= et (=t (1 —wo) ()5 ) arem (—etwc () g

Solving for ¢;

(ne—=1) (ne—1)

d n m Ne
—~ 1 C © 1 C le
A <> G| (c) o

4.5 Linearization of the price aggregate

The aggregate price index follows

1
1-n¢

1— m,C — 1N
F=Pf = [(1=w) (P 7" e (P77 =0,
Differentiate with respect to Pf, PZ, and, P/
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oF

ap¢

8F 1 1 _q d\ —"
— = - ] 1 —w) (1 —n,) (P
557 T T () =) (P)

()T (P

oF 1

gEm = T T @dl—m) (P

Ne

= (P77 T (o) (P

The Taylor expansion follows

o
I

Pcﬁtc + Pd (_ ((Pc)lfnc) p (1 _ wc) (Pd) _77c> Ptd

™m C - ljs]c m,Cc\— AW’L
e (= () T oy () ) B

PeP; = (P (L= wo) (P1)") Bt = ((P)™ (we) (P™)! ) B,

Solving for ﬁtc

. Pd 1-n. N pmsc 1-n, o
e (o (2) ) (0 (22

Taking first differences:

((1 ) (jﬁ)) o (w (i,)) e,

((1 —we) (’Vd’"‘)l_"‘:> 7t ((wc) (vm“’c)(l_"“)) Fme

~C
Tt

5 Relative prices

First, note that the steady state relative price between aggregate consumption

and imported consumption goods, and aggregate consumption and domestic
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goods is, respectively

c m,c —(1-n.) 1/(A-n.)
geme = 2 —wy (S T
pPm.c nm,c —1 ?
1-n. 1/(1-n,.)
c,dziz (1_W)+w 777",6 Me
pd c c e — 1 ’

and the steady state relative price between imported and domestic consumption

is
e 1-n, 1/(1*7%)
fymcyd I (1 —we) +we (W)
- Pt me \—(1—nc)
(]. - wc) (nZZL,C_l) + (JJC
1/(1-n.)

m,c 1_77(:
B (1 - wc) + we (h)
e\ (177e)
W ((1—wc)+wc (h) )

T, C 1
nm,c
= <,,7m,c _ 1) '

d Pf
5.1 A0t =L
715 Ptd

Start by using the definition of the aggregate consumption price. Using this:
c,d PtC

1
Ptm,c 1-n.] T=mn¢
= g | e ()

1
1-n,| T-mc
= {(1 —we) + we (’y;nc’d> } .

Differentiate this:
0
oy

0 1 [.]ﬁ_lwc(l—%) (7

_ mc,d) e )
8’)’?6@ 1- Te
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The Taylor expansion follows

c,doc,d
t

T

Solving for 75" :

1
1_77c

(&%

me,d

o

lwC ('7

mc7d)

=7 we (1 =n,) (%)

1-n. ~mc,d
t

((,yc,d)lf"]c) ﬁ We (fymc,d)lfnc ﬁ;nc,d.

1—
me,d Ne
~c,d ~ d
7t = we (2 .
,Yc,d
proe\ 1.
_ Ptd ~mec,d
- Wel| B t
P
pre 1-n,
- w ( t ) /’?mc,d
= c - '
Pt
1-n,
_ 1 ~mc,d
= we| 7 i
it
1-n
- w 1 CAm,c,cl
- ¢ yeime i
_ ¢,mey—(1—n.) ~mec,d
= we (™) Voo
~d,c __ ¢,me—(1—n.) ~mc,d
p = —we (YO) oy

o1

—MNe ~me,d
Ve



c,me Pf
5.2 fyt - P'rrtz,c
t

The consumption/import relative price is:

o pe pd 1-n. T=nc
,y;vrnc — ﬁt*c = [(1 — wc) (}Dtrfl’c) + We
1 1=, =i
t
Differentiate this with respect to 7™ and ~;*:
0
¢
0 1 1 1 e 1
[ T—n, _ _
a%ﬂcvd = 1_ . [] n (1 wc)(l 77(,) (,ymc,d> (ryTnC,d)2

— c,me\1—"n, lj(;)(_. 1 1 —MNe -1
= (o) a0 ()

The Taylor expansion follows

/T 1 —MNe -1
~ . 11— T—ng ~me,d
VIR = e (wcm) nc) T 1w <7mc,d> (ymedy? i

c,me? 1 1_716/\ d
=~y -wd () A
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,mc,

Solving for 7;"™;

177’0
g = et ) () A0

1—
_ c¢,mey—(1—n,) 1 e ~mc,d
= —("™) (1 -we) Jmed Vi

1 1-n,
. ~mc,d
- 7(1 B wc) <,yc,mc,ymc,d) Tt :

1 1777/::
~mc,d
= _(1 - WC) ( Pc pm.c ) Yt
pPm,c  pd
1 1-n,
= —(1-w)| 5 A;m’d
pd
PN e
= 7(1 - wc) <C> t 7d
Pc —(1-n.) e
— e (pr) A

id _ P}
5.3 =4
Vi Pd

The imported investment relative prices also follow from the price aggregates:

Pi sz 1=n;| 1=
id P ¢
v = 7 (1wi)+wi<Ptd>

i 1=mn; ﬁ
{(1 —w;) +w; (7? ’d) } -

o pi pd \ 17 =i
o= = :l(l—wi)< t,.> + w;

Consequently, and equivalently to the above, the log-linearized expressions fol-

low:
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and

5.4 A

Second, define the domestic consumption ’terms of trade’ as;

~mec,d _ pm,c Dd
'yt ’ :Pt7 _Pt'

(193)

Lag this definitional equation and subtract the lagged expression from the equa-

tion above:

~mc,d ~mec,d _ pm,c Dd Dm,c Dd
Vi — V-1 =F _Pt_(Pt—l_Ptfl)’

and consequently,

~mec,d ~mec,d ~m,c ~d

O P e

5.5 Ay

The domestic investment 'terms of trade’ is defined as
it = B B,

Similarly, lagging and subtracting yields:

~mi,d ~mi,d ~m,i ~d

Vi =1 tTT T T

o4

(194)

(195)

(196)



5.6

The foreign terms of trade is defined as

Pd
M=ot
t4
Pd
¥ = &5
SiP;
ol
P
9 (s@*) _ 1
oPg S, P}
pPe
8 (Stpt* ) _ Ptd
a5, S2p;
Pe
0 (Sfpt*> _ Ptd
8Pt* St (Pt*)Q

1 Pt . pd
Pd d S t S, — * t *
PSPyt TS pr T g eyt
1 . P pPE
Pd Pd _ t S t P
t St Pt* t St Pt* t St ( Pt*) t

Lagging and subtracting yields:

-3l

(B =8~ Pr) — (PLy— 51— Py

(P = Ps) = (Se=5ima) = (P = P
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3 =7, +7] — A5, - 7. (200)

The deviations from the law of one price for the imported consumption good
(or, equivalently, the real marginal costs) can, from equations (??) and (193),

be written as:

meye S+ Pr— P =— (ﬁtd -8, - 13;) + pd— pme
-~ ~mc,d
- gl qpee, (201

Or equivalently,

—~m,c —~m,c I ~% ~m,c
me; - =me, | + AS +7 — 7% (202)

Similarly, the deviations from the law of one price for investment goods

follows:
meyC = —3] — 77, (203)
which implies,
mef = met + A8, + 77 — 7 (204)

The real exchange rate is defined as:
Ty =8, + Py — P (205)
again, lagging and subtracting yields:
Tp=T_1+ A8 + 77 — 7. (206)
So, collecting all the relative prices in compact form:;
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—~m,C
me,

—~m,1
mce,

~mc,d

Ve

~mi,d
t

o

~c,d
Vi

~c,me

Yt

~i,d
VTt

~i,mi

Yt

~m,c

—~m,c I A~k
me,7 + AS + 7, — 7,

—~m,i ~m,i

a
me,, + AS +7, — 7,

~mec,d ~m,c ~d
Vi1 T T
~mi,d ~m,i ~d
Vi1 t T — Ty

~f ~d o ~%k
’y{_l +7 —AS, — 7.

We (Vc,mc)—(l—nc) %ﬂad

1 1-n,
~mec,d
_(1 - wc) (,\/c,mc,ymc,d) Tt .

_(1 _ wc) (’yc,d)_(l_"c) :y\lnc,d

i,mi —(1=m;) ~mi,d
i ('Y ) Yoo

1 1= ~mi,d
—(1 —wi) Almiymi.d Tt

~ -~ ~k ~C
Te—1+AS + 7, — 7.

57

(207)
(208)
(209)
(210)
(211)
(212)
(213)
(214)
(215)
(216)

(217)



or in a more comprehensive notation;

(At ﬁ Pmc) = (t 1+Pt 1 P:Z’f)-'-Agt—‘r’]Tt—;T\;nc. (218)
(At + Py - Pf“) = (§ + P P[’Z’f) + AS, + 7 — 7 (219)
(Pre—pPf) = (Pry—PLy)+7re -7t (220)
(Pri=Pf) = (Bri-PLy)+7m - (221)
(PI-8-Pr) = (BlLi-8a—Pry)+7 - A8 -7 (222)
N N P _(1_77c) N -
(Pf — Pﬁ) = we ( Pmﬁ) (Ptm’“ - Pﬂ) (223)
De m,c pme pd e Dm,c D
(Pt .y ) = —(1-w) ( = Pm’c) <pt e _ p;l) (224)
S ey pi -A=m) -
( i P ) = w (PW.> (Pt”“ .y ) . (225)
Di m,i pmi pd o Dm,i D
(Pt P ) = —(1-w) ( = Pm,i) (Pt i Pfl) S (226)
(§t + P — Af) - (5}1 + P - 13571) +AS 4+ 7 -7 (227)

Evaluating these relative prices in steady state;
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77m,c

pre = L__gpr.
nme — 1

pmi = 7777;72, — 5P,
pmc - nm,c

pd o npme — 1 .
Pm,i _ ,’,Im,i

pd nm,i —1 .

Pd

Spr = 1, by definition.

o -(1 s e\ 1] Y07

pd - We We nnL,c -1

pe -(1 ) ( e )(1770) . 1/=n.)

= — We IV a— We
Pm.c nme — 1
P,L' B 7’]m’i 1—17i 1/(17777;)
ﬁ = (1 — wi) + w; m
pi ‘(1 | ( i >—(1—m) . 1/
- = —Wi) | Y/ Wi

Pm,z nmﬂ _ ]_

Sp* SP*Pd Pd nm,c 1-7.

Pe = peopd " pes ““’C”“’c(nm,c_l)

5.7 Relative consumption

The relative consumption of imported consumption goods follows

P'm,c —7](:
m _ t
Ct = We ( Ptc Ct
= e (7)™ Cu
Stationarize this:
an —w ( c,mc)ﬁc g
2 c\"V¢ 2 )
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(228)
(229)
(230)
(231)

(232)

(233)

(234)

(235)

(236)

-1/(1-n.)
(237)



or equivalently,
m _ ¢,meyn,
o' =we (") e

Differentiate this with respect to c¢}*, v{™, and ¢, evaluating in steady state:

0.
g~ &
t
0. _1
grme = wen ()" e
t
0. e
87% = w, (,yc,mc)nc .

In steady state we know that ¢™ = w, (77")" c.

The Taylor approximation is:

Cma;ﬁn _ ,.Yc,mcwcnc (vc,mc)ﬁcfl Cﬁy\g»mc + cw (vc,mc)nc /C\
~m c,me\Te c ~c,mce c c,meNTe o~
Gt = wene (V)T AT Swe ()
. me C ~ ~
= We (Vc,wu,)nc c,meNTl. ( c'yg)mc + ct)
We (’Yt ) c
= N+
= 0. (Pr—Pe) + @ (238)
Similarly
Eg = Tlca?d =+ Et
= . (P P) +a (239)
/7’.\? = A" +i
= (135 - 13,;1) + 3. (240)
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~ P ~
-m ~t,me
+ 1

W= M

n (P = P) +. (241)

6 The foreign demand

The foreign demand for the domestically produced goods follow a continuos CES
function with the same elasticity of substitution as the domestic consumers face

between domestic and imported goods. That is

Ne—1

1
C; = / () i
0

The demand for the domestic export good is consequently:

Iﬂﬁ —MNe
(jdf — t (7*
t < P? t

Pd —MNe
— ¢ cr
S, Py

= (%f)mct*-

Log-linearizing this expression implies

C¥F =71 +C;. (242)
& = Al e (243)
W= A+ (244)
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7 Log-linearization of foc:s for c, m41, k_¢+1,and
i
7.1 Log-linearizing the consumption equation

The first-order condition for C; is (make use of the fact that the households and

average (aggregate) choices coincide in equilibrium)
c ! c / Ptc c
tu' (Cr = bCi—1) — BOE(; v (Crpq — bCy) — 1/’75? (I+7)=0 (245)
t
where we have introduced the notation
b, = v P, (246)
Write out (247), taking into account E;El'x = Eyx :
By [~/ (Cy — bCy_1) + bBu (Cyyq — bCy) + 1p,] = 0. (247)

Writing the object in square brackets, taking into account our log-utility

assumption:
’U/(Ct — thfl) =
Oln (Ct — thfl) o 1
oC; Gy — b0y,
u’ (Ct+1 - th) =
Oln (Ct+1 — th) - b _ b
aC; i1 +0C;  (Cosr — 0Cy)
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Pc
0 = ?u/ (Ct — thfl) — 6bEtC§+1ul (Ct+1 — th) — ’(/Jt?t (1 =+ Tg)
t

¢y Cit1 Py
= — —fbEy———— —p,— (1 ¢
Cy —bCi_q ﬁ ! (Ct+1 - th) wt Py ( " Tt)
Compare with ACFEL:
1 bs
¥,

— + -
Ct — bC’t,l Ct+1 — th

Multiply by z; :

g Cf+1 Py
Z — 2z 3bE - —z — (1+7¢
K Ct - th-l tﬂ ! (CH—I - th) twt Pt ( Tt)
— Gt (i1 Py .
e Ci1 BbE; Ciy1 bC' wz,t?t (1 + Tt)
2t 2t Zt Zt
where
wz,t = tht-
Let
Cy
Ct = —.
2t
Then,
1 bg
G _ pCia + Cie1 _ pCe + Y.y
Zt Zt Zt Zt
1 b
Cy_ _ C )t
ct_szql% z:i% _b% ’
1 bs
T T _pCiaa t Gz _por oy
Gt Zt—1 =t Zt4+1 2t Zt
1 bﬁ
- - + + 7/)2,1‘,

1
Cy — thflﬁ Ct+1lzt+1 — bey

63



C? C§+1 c
‘ZZTng;z‘*ﬁbEfg;ztj;*'%wztp (1+7)

2t 2t 2t 2t
c Cc C
_ Ct Ct+1 P c
- Cy _ pCio1 ze—1 + BbE; Ciy1 ze41 th + ’(/}z tp P, ( + Tt)
2t Zt—1 2t Zt4+1 2t

Zg41 2 1 21
= M1 = F =T = = =
2t Zt—1 Mzt 2t
¢

(i1
= ———— +p/bE—————— + 1,
Ct ’ Cto1by pp1 — bt "P P ( )

So, (247) reduces to:

= Et [—’U//(Ct — thfl) + bﬂu’(CtH — th) + ¢t] (248)
E, Cig—f—ﬁbEtL—&—w” (1+7¢)
¢ — bey— iy Ct+1lz t+1 — by Py

1\ . - .
> + 0BG (Corafts 1 —bct) +¢ztp (1+75)

z,t

—Cg <Ct — th,1

Let’s work out what v, , is in steady state:

Kil=1 H=1"
1 -1
0 = —C(c—bcu) + B¢ (cp—be) ™t 4y (14 7)
_ ¢ N bt P
b = e () e
c Mz_bﬁ

c(I+7¢) 7 (p, —b)
_ 1 (uz—bﬂ>
el HTe) e g b
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Now let’s totally differentiate the expression in square brackets in (248):

F (€5 €515t Ct1,C4 104 T b oz g 1575 )

—1
c 1 c -1
Ey | —¢ <Ct - thl) +b8C7 0 (Ceriptn i —ber)  + U, 7f(L+77)| =0

z,t

Fy (C§7C§+1 1CtyCt—1,Ct41 a¢z,t77§aﬂz,taﬂz,t+1 77?)

-1
1
— (Ct — th1>
:uz,t

1 —1
_ (C_ bc) S -
K C(/”Lz _b)

Fy (<§a<§+1 CtyCt—1,Ct+1 71/}z,t77_§7/1‘z,t7/1‘z,t+1 ,VE)

= b (Ct+lﬂz,t+1 - bct)71

B

-1
bB (cp, —bc) = bm

F3 (C§7C§+170t70t—17‘3t+17¢z,ta7'§7#z,t7#z,t+177§)
_ G PG,
- 2 2

(ct —beiq #1 ) (—Ctrtts 1 + bet)

z,t
1 b3
2 + 2
(c - bci> (—cp. + be)
My

I - L O -
62 (/uz - b)Q 02 (:U“z - b)2

65



C C C C
Fy (Ct 7Ct+1vctvct717Ct+1vwz,t’7_t »/iz,t,/iz,tJrlv'Vt)
_1
_ C :u'z,t
- _Ctb 1 2
(_Ct + thdf)
Kzt

Fs (<§7C§+170t76t71 Ct+1 ,¢z,taT§,ﬂz,t’ﬂz,t+l ,'7?)

Ky i1
= *bﬁ<§+1 - 2
(—Ceq1pts o1 +bet)

K
(_C/’[’z + bC)2

Ky
= —b _—
602 (Mz - b)2

b8

Fg (Ci?gﬁrlvctvctfl,Ct+1vwz,t’Tg,/iz,t’/iz,tJrl77?)
= 7 (d+7)

Y (1479

F7 (Cf?(f—i—l 1CtsCt—1,Ct41 7¢z,t’7-§7/’('z,t7/’('z,t+1 77?)
= ¢z7t’y§

Ve
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FS (C;C?Jrl 1CtyCt—1,Ct41 awz,th§7ﬂz,t’ﬂz,t+1 77?)

c th,1
= (t 2
(—cepis s+ ber—1)
be B b
(—cp, + be)? c(p, —b)?

Fy (C§7C§+1 CtyCt—1,Ct+1 7wz,t77—§a,uz,t=uz,t+1 77%)

c Ct+1
—bBCi 44 2
(_Ct+1ﬂz,t+1 + bct)

= B

(_Cu’z + bC)2 c (:U“z - b)2

Fio (C§7<§+1’ct7ct7170t+1’wz,t’Tgvﬂz,tvuz,H-l")/f)
= ¢z7t (1 + T?)

¥, (1+7°)

Collect terms and evaluate in steady state:
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B ~c
mCt+1

L[ p2+0b2 R
+— (M) cét
¢ (Mz - b)

fhe R
—b CcCy_
(-0
2% o
*b — = CC
TP

+"Yc (1 + TC) wzqzjz,t
o
b

L.l
cp. =)

*bLM i
c(p, =)

+9, (1+7°)79;

bBu, L2 +0B fe X .
— 3 Ct+1 + E ( Ct — bc(izct—l + (Mzﬂz,t - 5Mzuz,t+l)

c(u, —b) (1. — b)? 1, —b) ¢(p, —b)?

5 ~cC c\ ~cac 1 ~C ~.C
Y L4+ 7)Yt + AT+, L+ 7)Y — (. —b) (Mth - bﬁCtﬂ)

Multiply with ¢ (u, — b)?

—bBu, e + (u2 +°B) & — buéo—1 + b, (g — Bizy1)
te(p, — )29 (L+ 7)., + e (p, — b)* 7T
+e(p, —b)* 9, (147974

= (1 = b) (L = 088711 (+5)
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Use

w20(1+70)70<uz—b>

to rewrite (xx)

—bBp,Cy1 + (ui + 525) ¢t —bp,Ci—q1 + by, (ﬂz,t - 5ﬂz,t+1)

c c 1 H _bﬁ 7
+C(/J“z_b)2w0’7 (1+T)C(1+TC)OJ’YC<; _b>wz,t
1 w, —bp .
_b2 z TR
+c(u, —b) c(1+76)wcfyc<uzb)w77n
1 uw, —bp R
+ _b2 z o (14 76)~¢ c
C(lu‘z ) C(1+Tc)wc’yc<uz—b)W( ’7')’7 Vi

(= b) (7~ 08, )

or
—bBp,Cer1 + (12 +07B) & — bu,éry +bp, (i — Bty i 1)
(e = 08) (b = ) D+ s (= 0) (s — )75
+ (1, = 0B) (1, — )77
= (=) (s - 05834

or
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(02 +0°6) . b, bu,

Gop1 = o Wt (foe = Bhizii)
N l;)ﬁﬁ)/fu —b) Do+ 1 JTFCTC (p, — Zﬂﬁ)u(:tz —b) 7
N Z%L(u —b) 5
(szﬂuzb) (Mzéf - bﬂé;—l)
or
bun = V) e a4 T e D)
s = l;%)ﬂ(uz —b) Do 1 JT:TC (b, — Zﬁﬁ),fuz —b) 5o
L= Z%L(u —b) 5
(. —b)

i (.= 087)

Thus, in linearized form, (248) reduces to:

—bBp, i1+ (p2 +02B) & — b1+ bp, (P, — Bit, 11) +
By | + (= b8) (e — b) ¥,y + 15 (1, — bB) (1 — ) 75 + (1. — bB) (, — b)AF | =0
(. = ) (L7 — 081 )
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7.2 Log-linearizing the first-order condition w.r.t. m;,
The first-order condition for myy4 is
— Ut + BEt [’Ut+1Rt — Ut+17'i€+1 (Rt — 1)] = O

which is equivalent to, using the definition ¢, = v P},

R, 9

—; + PE [%H

Tt41 Tt41
Using functional forms in the first-order conditions and scaling with the

technology level, we finally obtain the following first-order condition

V.tp1 Ry I Y1 4
—, . + BE: { : - Lk (R —1)| =0 (249
ot Moypa1 Te41  Hyppp1 Tedl e+ ( )

Note that v, , in steady state equals:

VT LT e ( uz—b>

Now let’s totally differentiate (249):

k
F(7/)z,t77/fz,t+1aﬂz,t+1aRtyﬂ't+1v7't+1) =

R 1
—wz,tw(wz’t“ L _ ‘Z’Z’”lrﬁl(Rt—U) =0

Hzp41 Te+1 Hzgp1 T4l

k
F (¢z,tv¢z,t+1aﬂz,t+1aRtvﬂ't+1a7't+1) =
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k
Fy (wz,t’wz,t+1’ll’z,t+1’ Rtvﬁt+177t+1)

ﬂ( LR 1T?+1(Rt—1))

Hozt+1 T+l Hzt+1 T+l

(LB Llgy)

e,

k
F3 (wz,t, 1/’z,t+17 Hztt+1s Ry, w1, Tt+1)

_ R (s
—ﬂﬂzfﬂ (wz,t+1t - ¢7?+1 (Ry — 1))
Tt+1 Tt41
R
Bz (wz ~ L (g - 1))
T T
—R+7FR—1F
B, ——————
M

k
Fy (wz,tawz,tJrl,ﬂz,tJrlaRta Tt4+1, Tt+1)
wz t+1 1 k
= = (1-7i)
Hzpr1 Te41

g
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k
Fs (wz,tv wz,t+1? My 415 Ry, i, Tt+1)

o (U, P,
= _ﬁﬂtf1 ( s Ry — A Tf+1 (R — 1))

Hzt+1 Kz t+1
,8 1pz,tJrl (

)
Tir1 Hzt41

k k
Ry — 74 Ry +7¢14)

- (R— TkR—l—Tk)

k
Fe (7/’z,tv 1/’z,t-irl: RPRAS D) Ry, w1, Tt+1)

— 6 wz,t-&-l (1 _ Rt)
Mzl Tt+1
BY:q_p
Hy T
Collect terms:
N —R+71FR—7F . —R+7"R—7F
—, 0, — Buz—ﬂwﬂ}z,tﬂ + By, Mg—ﬂ_:u‘z:u“z,tJrl
o1 . —R4+71FR—1F - .
+5wf* (1—7")RR, + B, —————— 71 + XA (1-R)7"#f,,
b, T T, My T
Divide by 9, :
. ~R+7*R—7", —R+7FR—TF
—, 4 — 5T¢z,t+1 + ﬂTﬂz,tﬂ
11 P —R+ 7R —7F B 1 Kok
+BM7Z; (1 — T ) RRt +IB7T—/1,Z7Tt+1 —+ ;Z; (1 — R)'T Tt+1

Multiply by p,m
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_/iszz,t - B (_R +7"R — Tk) TZz,tH + (_R +7FR - Tk) Y

+8(1—7)RR + B (—~R+7"R—7¥) 7ty + B(1 — R) 74}

Thus, in linearized form, (249) reduces to:

t

—MJ”Lz,t +B(R—7"R+7") {pz,t—i-l —B(R—1FR+7F) J
+8(1 =) RR, — B (R—7"R+7%) 01 + B (1 - R) 7"},

T Tt+l

=0

The stationary first order condition for m;,; in steady-state equals:

—_ 4+ (%R _ i&ﬂf (R—l))
By ™ py T

0

_ T + BTk
Sy
pm — B
BL—7)

From the definitional equation for money growth, we have:

J— H
ey

_ pprt

= sa-m

So, (I guess) (— * *—) must equal

Ey | =), o + 1, o1 — Mily 441 + (n— ﬂTk) Ry — pftpyq +
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(B=m) 7| =0
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7.3 Log-linearizing the first-order condition w.r.t. k.,

The first-order condition for l_ct_H is
—wy + BE; [(1 — 0wir1 + Vg1 ((1 — Tf+1) Rf+1ut+1 —Piia (Ut+1))] =0,

which can be rearranged as follows

k

w R
JtD v Pr+BE; (1 —6) Vi1 P + v P ((1 — 1) Pti—i_;ut-&-l —a (Ut-&-l))} =0,
t+

Vel Ut+1Pt+1

Wit1

. RF .
and using ¢, = v Py, Py = U“:Itgt and rf = 5, we obtain

— Py 1), +PE, [(1 —0) Py 11 + 0y ((1 - T:]sc+1) Tf+1ut+1 —a (“t+1))] =0,
(250)

Stationarize (250):

=P 11, +OE: j:ZtH (1= 6)Prr g1+ ((1— TH1) Tt — a (“t+1)))} =0
z,t+1

x>

Totally differentiate (250) and evaluate in ss (ut =pr=u=l=a (u)=a(l) = 0) :
F (Pk/,ta Py g1, lbz,ta wz,m, T?—&-la Tf—q—la Ut+1, Mz,t+1)

= —Puub,, +08 Z)ZM (1= 8)Per i1 + (L= 7541) iy auegr —a (Ut+1)))] =0
z,t+1

E ok
Fy (Po gy Pr 4152 4 Vo1 Tea1s Tea1s Ut41, [izii1)
= _djz,t
ss 1 =1,

()



k k
F2 (Pk/’ta Pk/,t+1awz’tvwz’t+1,’Tt+1”l"t+17ut+1vﬂz’t+1)
'll)z t+1

Hzt+1

.

: -9
SS 5(1 ),uz

k k
F3 (Pkgt, Prr 41,05 1505 4015 Teg1s Tee1s Uit 1 Nz,t+1)

ss : —Py

k k
Fy (Pk;/7t7 Prr 141505 65V 04015 Tip1s Tep1s Ut 41, Uz,t+1)

1
= B [M ((1 = 0) Pt + ((1 - Tfﬂ) Tf+1ut+1 —a (Ut+1)))
z,t+1

s B (=R (=) )

k k
F5 (Pk/,t, Prr 14150, 45V 44015 Tip1s Tea1s Ut 1, /~Lz,t+1)

(L
= 2t
Hozt1
ss —&rkﬁ
My
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k k
Ey (Pk/,t, Prr 11,0, 45V 4415 Tig1s Teg 1 Uit 1, F‘z,t+1)

Vzps1 Va4

= Sugaf - S ua Ty
Hozt+1 Hzt41
1/} t+1 k

= u B (1 -7
Mz t41

ss L (1—7")

He

k k
F (Pk/,ta Prrt11,0, 45V 4415 Tig1s Teg1s Ut 1, Mz,t+1)

Yott1 Vol ki V.1
= B— =i T B — = Bad’ (uri1)

= T
Mz 41 e Hzt+1 Kz t41
V.11
= B ((1 - Tf—i—l) Tf—i—l —d (Ut+1))
Mz t+1

s A (=) ()Y

z

=0

k k
FS (Pk:/’t,Pk:/,tJrlv’(/}z)t; ¢Z7t+1’7-t+17rt+1’ut+17:u'z)t+1)

= -8 ¢;,t+1 (1 =) Py i1 + (1= 750) 7Fyuen — a(ugg)))
Mz tr1
s =B (@-ome+ (=) )

Collect terms:
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) b, A .
—, Py Py g + B(1 — 5)ITPk'Pk’,t+1 —Pup v,

z

8| (1= )P + (1= 7)) | .hs i1

¥.

Y
—M—Zrkﬁ Tt+1+ 6(1—7’)7" rt+1

—ﬁ% [((1 —6) Py + (1 -7 )7’ )] Poofbs 41

Multiply with % :

*,Uzzpk’pk’,t — Nsz’QLz,t + ﬂ(l - 5)Pk’pk/,t+1
+B[((1=0) Py + (1 =75) r*))] ¥z
*Tk57k7t+1 + 3 (1 -7 ) Tkﬁ;-l

—B[1=0)Py + (1 —7F) r¥] Y

Make use of:

R B(1 —6) Py
B (1-7k)B

_Msz’Pk',t - Msz’{pz,t + 6(1 - (5>Pk'ﬁk/’t+1

oo
p P — B(1—6) Py

p, P — B(1—0)Pp
e T AT R G Ry T AL
P/— 1—5P/ ~
-8 {(1 —8) Py + (1 —Tk) ac k(l _Bs_k)ﬂ JF } Hzt+1

or

8



~w P Py — 1, Pt + B(L = 8) P Prr i + Pt o1

(1—75)p Pk’BTk%ﬁl + (1, — B(1—46)) Pk’fﬁl Sl % 0 ey

Divide by Py :

Pk/ A Pk’ A Pk;’ ~
Py — /‘l‘zP ¢zt+5(1_ d) k/Pk’,tH +Mzﬁwz,t+1

p, — B(1—0) Py ks Py Py
T (-5 Pu BT t+1 + (u, — B(1 =9)) P S Tit1 — ﬂzPTc/Nz,tH

“Hp P

or:

_lu‘zpk/,t - /“Lzzzjz,t + ﬂ(l - §)pk’,t+1 + lj’zzz}z,t+1

— B(1
_WﬁT Tt+1+(/~b - B(1— 5))7"t+1 Boafbs p1

Divide by p,, :

5 . 5 B(1—19) A . —B8(1—
Vot hzprr = Yot — ( P g1+ P — #Tﬂrl
:uz /J’Z
My — 5( ) k
+EE By
(1—7%)Bp, i
We end up with
i [ 9 =9 p z 5)
djz,t + luz,t+1 - ¢z’t+1 - ﬁ(l 9) Pk/ 41 + Pk’,t — % fi‘rl
by . . —0
4T MT
(a—7F) . t+1

Compare with ACEL :
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B, {w i
2t T g1 — {b t et
zt+1 — 5)
T —
1-9)
" }
=0

" 11 ﬁk’t
T i+ J
. 1+ Prrt —
1
p L= K
+1
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7.4 Log-linearizing the first-order condition w.r.t. i

First some preliminaries: We will adopt the specification by CEFE and assume
that

F(Ip,Iy) = (1— S (I/I,_1)) I (251)

where the functional form of S is given by

S@) = g <e<gl<muz>>+gle<g2(xuz>><1+91)> (252)

92 92
S (z) = gigs (e<gl<z71)>7e<fgz<x71>>)
S () = 0
() = gigs (glemwz)+g2efgz<mwz))
s" (1) = 9193(91 +92) (=55)

g1, g2 and g3 are all positive constants. Note that only the parameter S is

identified and will be used in the model. Moreover, (251) and (252) implies

OF (I, I
Fi(L, Ii—y) = % = —S'"(I/T,_ )L,/ T,y + (1 — S(I /I,_1 \253)
t
OF (I, I L \?
Fy(I;, Ii—y) = OF (I L) _ S'(Ii/1,—1) | —— (254)
0l Iy
Stationarize (253) and (254):
. , % t i*tzt i—fzt
Fy(iyie-1,p.,) = =5(7= )T +{1-5(7=")
g P15 Rt 7y Pt—1
_ _SI(Zlflu’z,t)Zi-f/’Lz,t + (1 . S(lt.uz,t ))
-1~ -1 1t—1
, . 2
Fy(Iy, Ii—1) = S/(L.MZ’t) (lt.uz’t>
-1 -1
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Take second derivatives:

Utfhy g\ Dbzt Btfh ¢
. . _ / Z, z, Z,
Fi(isy i, p,y) = —5(—)——>+(1-8(—>)
-1 -1 14—1
IN BT NG o
.. / z, z, / Z, z, z,
Fuy(igyig—1,p,,) = —S'(—=)— -8 (—=)——
-1 -1 -1 -1 -1
Tefoy ¢\ Tty g Uy g Tefhy g Tehy
; ; / 2 2 U 2 Z, 2
Fia(igyig—1,p,,) = S'(= s + 5" (= : )
t—1 1 —1 -1 1
Uty g iy N e
. . / Z, / Z, Z,
Fig(inyis1,p1,,) = —S/(—=ty g (~hat)tiat 1t
-1 -1 -1 -1 -1

FZ(Itv-[tfl) S

-1

F21<ita itfla Mz,t)

/ Z'tlj‘z,t Z'tlj‘z,t ?
-1

. 2 . . 2
) ;4 i
25,( t:uz,t)it (Hm) L ( t/J'z,t) ( tﬂz,t> Hz,t

g Wty e Bzt

- S'(= -
-1 -1
Utfhy g Tt/
! z,t z,t
-1 U
Tefly ¢\ g
_ S’(iz’ Tt

-1 -1

11 1—1 11 11 141
itfhy g\ TTH2 UL itpn g\ 2 ip
.. ’ z,tN\ “tHzt / z,t z,t z,t
Foo (g, it—1, 10, ) =28 (—=)—3— -5 (—= )( — ) 5
-1 _q -1 -1 11

.. 7;Tf:uz,t
Fos(ig,it—1, 10, )
1

Fl (Z7 iy /’Lz)
Fuy(igy i1, 0, 4)
Fra(igy i1, 0, 4)

F13(7;tait717,uz,t)

82

. 2 .
25ty () T (e

141 ()

(

so that these foc and soc evaluated in ss (iy = 4;—1,5 (1) = 5" (1)

. 2 .
el t Ut
() 11

0):



FQ(iviaﬂz) = 0

’ ’LL3
F21(i7i7/~"z) = 9 (MZ)TZ
/ /jg
FQQ(i,i,ﬂz) = -5 (/U’Z)TZ
F23(i7i7,uz) = S,/ (/Lz)):ug

The first order condition with respect to i; equals (after scaling with the

technology level and using I;t: =7):

qu,tJrl

—, Vit P g, YeFy (i, -1, iy ) +BE: | Pr g Yip1 Fo(itr1, e, pyp01)| =0

z,t+1

Note that (#) equals:

7¢z’yi + Pk'sz =0

in ss. This implies that:

Py = VY

Now, totally differentiate (#) and evaluate in ss :

i . .
F (’l/)z,h wz,t+17 Tt Pk/,ta Pk/,t-‘rla Tty Tt+17 U1y Uty U—15 My s luz,t—i-l)

¢z,t+1

= =, i+ Pt P (i i1, ) + BB | P
z,t+1
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Vi1 Fo (41,085 fypq1)
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SS

SS

SS

SS

SS

Fy (Yoo Ve Prrts Prr et Yoy Tosts g1ty b— 1, fg g fhagy1)
=i + Prr ¢ Yo F1(ig, 001, 1, )

-+ Pu Y

By (V240 %ag1s Voo Prrsts Pty Yoo Tot Get s Gt Mg [ 41)
ﬂPk"t+17Tt+lF2(it+1’ it’ :u’z,t-ﬁ—l)
z,t+1

0

’L’ . . .
F3 (U, 0%, 1010578 Pty Pt Yoy Vgt i1 ey b1, fho g fho gy 1)
_wz,t

_wz

/i . . .
Fa (V0% 1015Vt Pty Por s Vo Vgt g1y Gy o1, fhy g fha gy
qzbz,tTtFl (itv 11, u’z,t)

¥, T

F5 (7/127“ qu,t—i-l?’)/t? Pk’,ty Pk’,t—‘rlv Tta Tt+17 U1, 0, 0—1, :u’z,t? :u‘z,t—&-l)

(L . .
= BT Fo(iegs e, fho i)

Mz,tJrl
0
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Fo (Yoo ®oiins Ve Prrts Prr s Yoy Tos1s g1, Gty be—1, fg g fhagi1)
= Pusth, F1(it, 51,y )

ss : Ppt,

Fr (Yo agirs Vi Pty Prrtrts Yoy Tots a1, s be—1, fly g fha g y1)

Vot o,
= [Py 41 = oy, it Mz,tJrl)
:U’z,t-‘rl

ss 0

FS (¢z7t7 w,z?t-l,-l,’yt) Pk:',t7 P]{:’7t+17 Tta TtJrl) Ut41, %, 0t—1, :uz,t? :uz,t—&-].)

(LR} o
= ﬂPk/,t+1z)7HTt+1F21(Zt+l7Ztaﬂz,t+l)
z,t+1
3
ss ﬁPk/jiZTS (/’Lz)%

z

i . ..
Fy (7/12,:5, T/Jz,tﬂa Yt Pk/,t, Pk’,t—Ha Yo, Vo1, Gty 0, 01, Hoats /‘zytJrl)

o (08 L
= Poat, YeFua (i, ie—1, 1, ) + 5Pk",t+177t+1 Y1 Foo (o1, i,y 41)
z,t+1
2 3
s —Pou TS (n)5E - P e (u) 2
z

Fio (V. 400, 401578 Prr ity Prr s Ty Yoty b1 b G—1, fho g o 1)
= Pub, YeF1a(ie, ie—1, 10, )

7" /,[/2
ss 1 Puyp. TS (p) ==
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i . . .
Fui (V60 %0 0157 Pty Pt Yoo Tty g 158 G 15 fha g fha g1
= Postp, YeFi3(it, 001,10, )

88 : 7Pk/”(/)ZTS” (/Lz)/u’z

Z‘ . . .
Fio (V. 4%, 40178 Prr ity Pt oy Vo1, b1 b G—1, fho gy o 1)

Y141 ) )
= BPug1——=Trp1Fos(ivg1, 00 1y g41)

z,t+1
wz "
S ()l

ss : [Py

Collecting terms:

Y'Y,y + P X, — .4 + 0, Y P Po g + P, YT,

3 2 3
PSSt + (<P TS () - 5 Lo 0 )

z z

" 2 . 7 N ’l/)z 7 R
+Pk’szS (:u‘z)%“t—l - Pk'szS (u’z)lu‘z:u‘z:u‘z,t + Bpk' 1 TS (MZ))/’LEILLZMZ,tJrl

z

Divide with 9, :

_'Yi?z}z,t + Pk’TILz,t - ’YZ’AY; + TPk’pk’,t + Pk/TYt

1 1" 3 T a 1" ~
3Py TS (1) s = (L4 B) p2 P TS ()i
2

" l’l’z n " N 1 1" N
+Pp TS (uz)7wt—1 — P CS (p) bz, + 5Pk/lTTS ()2 thafts 41

z

or
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—’Y%z,t + Pk'Tfﬁzﬂs — YA+ Y Py Py + P YT,

P2 Py TS (1) [it—1 — (1 + B) B¢ + Biogr — floy + Bits 411

or

(P =) ., — "4t + TPy Pory + P T,

—u2PuYS" (1) [(ir — t—1) — B (i1 — i) + fray — Btz 411]

USGPk/:%:’y

Y i\ ini ’Yi 5 ’Yi <
(T—v)%¢—7%+TT&¢+TTﬂ

’Y /" A N N N N N
28 () [(Ge = te—1) — B (g1 — 80) + froy — Bz gs1]

or

Y4, + 7 Prry + Ty
—127'S (i) [ = e—1) = B (o1 — 2) + oy — Bltzyin ]

Divide with ~*

A8 By T — 128" (1) [ — 6—1) — B (i1 — 30) + fta s — Bitsrs1)

Re-apply the expectations operator:
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Et {Pk/,t + Yt - '?i - MES” (Mz) [(it - 'thl) - ﬂ (itJrl — it) + ﬂz,t - Bﬂz,tJrl:I} =0

Pt To=Ai=128" () [~ = B + fhay = Btz ] = 128" () (1+ B) i

7 " » .,

Plg/,t‘FYt_’%"',qu (/’('z) 'Zt—l“rllzs (/.tz) ﬂit—i-l_/.//is (/’Lz) ﬂz7t+MzS (/J'z) Bﬂz,t_;,_l _ ,quH (/,(,Z) (1 n 6) i

P2 () (L4 B)ir = Py + T =45 +p28" (1) [be—1 4 Biegr — byt + Bz g1
1 2 Y i " " "
i = 17 P +T—AZ+ 25’ i + 25 ~ . 25 N
i pzS" (p.) (1 + B) ( Wt + Lo = Ay + 028 () i1 + 028 (1) Biegr — 28 (12) i

Compare with ACEL :

B, {Pk',t + iy — (,uzTﬁ)Q I (Nz'rﬁ) [(it — A1) = B (i1 — ) + 1y, — ﬂﬂz,t+1]} -0
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8 Household Wage-Setting

The household is a monopoly supplier of its own (differentiated) labor. It sells
labor to a firm which transforms household labor into a homogeneous input

good, X. That producer’s production function is:
1 . Aw
X = {/ (hj)"wdj:| , 1< Ay < oo (255)
0
The producer’s problem is to maximize (255) subject to:
1
Wi X — / W thjdh,
0

where W, is the price of X;. The first order condition associated with this

problem, which is the household’s demand for labor curve, is:

W T— e
iyl = [”“] X (256)

8.1 Wage Equation

The wage rate set by the household that gets to reoptimize today is Wj,t. The
household takes into account that if it does not get to reoptimize next period,
it’s wage rate then is

Wittt = Tobt 01 Wiy

where

Zt+41

w =
z,t+1 2

In period t + 2 it is

Wit = 7Tt7Tt+1Mz,t+1Mz,t+2W',t
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and

Witgr = T X X Ty g X X g Wit
P P P11 241 242 2t 5
— X oo X XX MG¢
P B P oz 24 Ztqi—1
Py 1 240 5

- 75t
P oz

[Technically, it is useful to note the slight difference in timing between inflation

and the technology shock. The former reflects that indexing is lagged. The

latter reflects that indexing to the technology shock is contemporaneous.|
Rewrite the demand that the individual household faces in the following

way':

T 1=y
h _ Wj’tJrl X
G+l = t+1
Wit

= {Pt+l:Pt7TtX"'X7Tt+l}:>

e~ T—w

_ ( Wi+ ) Xius
o Wi

E Zp1 Pymy X X Tyl

Aw
i~ T— Ao

_ Wittt 1 pon
= i

Wi Ze41 Py Ty X X Ty

= {Wj,t—i-l =Ty X X1y g X000 X /J'z,t-',-th} =

Aw

T 1w

_ Wj7tuz,t+1 X X :u“z,t-&-lX e

= t,j t+1
wt+lzt+lPt

where W, denotes the nominal wage set by households that reoptimize in

period ¢, and W; denotes the nominal wage rate associated with aggregate,
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homogeneous labor, X;. Also,

e T X Ty X X Ty —1 Ty
tl = =

T4l X oo X g T+l

The ;" household that reoptimizes its wage, WN, does so to optimize:

(= peimn) + i (1) + v ()
Ry(my —q) + @+ (1= 7)) + (1 = 7) %hmt
P 1 — 1Y) REusk *® (A by
EéZBt tu, , +( ) Rfugky + Ry ® (Ay) Siby
=0 =7 [(R=1) (m¢ — q) + (R — 1)@ (Ay) Spbi] + TR

“+wy [(1 - 6) ];Jt + /U’T,tF (it, it—l) + At — ]zﬁt+1]

Neglect irrelevant terms:

CEE/ACEL : E;Y (8&,) " {=Cryz(hjast) + vesiWyasihj e},
=0

s N 1—7Y
RB : By (B&,) " {~Ciz(hjus) + Ut+lEI_"_:rl§Wj,t+lhj,t+l},
1=0 Ttt1
where
('
h) = A
Z( ) 1+o0p, L

The presence of £, by the discount factor reflects that the household is only

concerned with the future states of the world in which it cannot reoptimize its

wage.
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- (mt+1 + Sibj, ) + Pfee (1 +75) + Pliy+ P, (a (ue) ke + Pk’,tAt))




Substituting out for h;;4; using the demand curve:

E — 1—t i (1 - Tty+l) h
e (BEW) T =Gz () + Ut (T y Mt}
-0 ( +Tt+l)
~ Ay . Ay
Wi e Wity gy X0 Xy 4y e
= hjivr = Xt = ’ —— X1 Xt p =
Wt+l wt—i—lzt—i-lPt
- Ay
oo 1—X,
W. X oo X w
I—t tHz 141 Pz t+i
Ey Z (BEw) ™ {=Copuz( 2 Xt Xit1)
=0 Wi+i1Zt4+117¢
- Auy
Yy T—w
(1 - Tt+l) Wik, pp1 X0 Xy gy
Fori o A Wit Xt Xiyi}.
(1 + Tt+l) thrthJrlPt
1—7Y ) (lf'ry ) P
Now, make use of: =0 (7‘“P = Uyt Pl
’ d)H—l b (1+T§U+L) b o (1+T§”+L) Pe
[e's} T T=x
W, X oo X w
-t thy 41 oz g1
Ey Z (BEw) {=Crpuz( P Xt Xi41)
=0 W12+t
»(/) W " X Xl 1=Aw
t+1 tHhz t+1 z,t+1
+ Wj,tJrl Xt,l Xt+l}'
Py Wi ze41 P
Make use of the fact that:
Wittt = e X X Tyqoafly g X X g W
Piy1 Pryo Pryg P Py Py
Pt+l = Ptﬂ—t+1><"'><7rt+l:Pt X X :Pt
Py Piy1 Pryo Py o Py Py
Wi t41 T X X M1 g X X to Wi
Pt+l Pt71't+1><"'><7'rt+l
o W g X Xy g T X X T
Pt T4l X o0 X Ty
Wiewr  Wip, 0 x--- X Mz,tHX
- = t,l
Py P
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Aw

[e%s} T T—X
W, X oo X w
-t thy 41 ozt
E; Z (BEw) ™ {=Cepua( Wrr i P Xt Xiy1)
=0 t+1RtH1Lt
Ay
T T T—w
Wity 441 X -+ X Nz,tHX Wity 41q X -0 X /~Lz,t+lX ¥
+ 4 t,l tl 41}
Py Wiz P
or, after rearranging:
[e%s} T =X
Wi X oo X w
-t thy 41 Kzt
Ey Z (BEw) {=Cupuz( Wt P Xt Xt41)
=0 t+1Rt 1Lt
~ ~ 7>\u) A A
=3 w w
Wity 1 X X gy Wity 1 X X gy Xpg \ 7T 1 T
+ 4y 2 iz X — X},
t t Wt 24l
- Aw
oo 1— X,
W, X oo X w
-t thz 141 Kzt
Er Y (B6,) " {=Conz( X, Xe41)
=0 t+1RtH1Lt
- T+ 2% Ay Ay
Wik, g1 X oo Xy g 1\ T X\ T
b4y — Xt Xy},
P Zt+1 Wt41

or, (¢z,t+l = Zt11Pyq)

Aw
W, XX T—Aw
> —Cpa(( et X Xet1)
E, Z (56 )l—t Wit12¢41 Pt ’
Aw . A Aw
= + 21ty = L\ TR (W x| TR x,, (X )T x
LYt 20\ zen Py B\ Wit t+l
- Aw
oo —C z( thu’z,t+1><“'><lu‘z,t+lX 1=Aw X
Et Z (ﬁﬁ )l_t b+ Wip1Ze41 P £l t+
w Aw _ Aw Aw
1=0 + LT (WX X 1+1’“’X Xer )Ty
Zt+l \ zeqy Py tU\ wig t+l
- Aw
Wip XX p 1=2w
fe'e) _ z,t+1 z,t+1
E I—t CtHZ(( wip1ze41 Pt X1 XtH)
t (5611}) W 1+1)\1>1\) Aw
— tHet 41 X Xy g A Xea 17w
=0 +¢z,t+l( Ze41 Pt Xt,l Wiy Xt+l
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But, note that:

241 = M1t
Zt+2 = My oz 417t
etc., so that
Mz,t+l XX /’Lz,tJrl o /J’z,tJrl XX lj’z7t+l l
24l Hoprr X0 Xy 2t 2
Then,
Aap
e W 1=Aw T 14
l t t
B (B8 —Copa(| ——5 X X))+ —
w t+1 t,l t+1 z,t41
=0 Wit 12 Py 2 Py

Differentiate (#) with respect to W, :

‘We

Aw
W, 1=Aw
9 <(wt+lztpt Xt’l) Xt

oW,
- T TS S v T Aw
W, e, T g e P w X T
t t+1 t t t,l 1+
Aw
>\w le&”w -1 Xt,l 1-Aw X
1=y * j2 i
— Aw W12t L7t
5 1+>\7w _Aw
%% 1-w Xip ) I w
(1 (3)" ™ () )
oW,
A Pt_1+)\w I B V7 S
“1t+A 1+ “1+N "1+
Y, Wy YVizg TV Tl Yw, o X
w

Aw
1 ~ AKJ 1 14 T—w
1—w X
7/)z,t+l <1 — )\w> t <ZtPt> t,l

now have the foc:
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Wt

)\w
e v
) Xiq1




Aw
_ / W, X Xi1 T ,\w
Copr2 ((Fﬂztpt Xy l) Xt+l) wf‘HZtPt X

Aw

2y +1 b =¥
s it ( ) th : (Ztlpt) Xea (wt+Ll> Xiti

Et Z (ﬁﬁw)l
=0

Multiply by W, ™*» (1 —Aw)/ A :

S _CtHZ/((#XH) T X)) (#) = Xin
0=E Z (ﬂfw)l t+ize Py 412t Py

1 i 1 g X =
= oo () W (27) X (385) 7 X

Aw
Multiply by P,'~** :

Aw

A
— o —We T=2w Xpq \ T e
CH‘ZZ ((1Ut+thPt Xt1l> Xt-H) Wit 2t Xt

1 Aw
1 W, (1)1 2w X1\ 1T- X
Vi B (g) X (th) X

Now get this in terms of stationary variables using w, = W, Wi, we = Wy (2 Py) :

0=FE Y (B¢,)
=0

Aw Aw
o0 — 1 _weWs T=Aw X \ T w
! Cii? ((szthf, Xt,l) Xiv1) <wt+l2t X1y
0 - Et (/Bfw) 1 1)\ X 1)\1)?
_ 1 w W, 1 —Aw t,1 —Aw
1=0 -Hﬂz,tHH—;t L (2) Xt (wm) X

and

>\'U.)
1( [ Wezpw 1= Aw X \ T 2w )\w
_CtJrlZ ( ( wtf'*'t’ztt X l) Xt+l) |:(wt+12t ) Xt+l:|

A 1 Aw
1 .~ 1wa*1fxw Xt 1-Aw
+1/)z,t+lzwtztwtzt Xt ZeWi iy Xt

0=F5 (&)
=0

or,
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Wizt Wt

>\u
[e’e] X ﬁ _ / X I-Aw X
0 = EtZ(ﬁfw)l< " ) Xt CtHz((wt”Zt ti> )

w

1 ~ T—X _17>\
+wz7t+lrwwtztwtzt v v Xt

Ay 1
1—Aw 1w 1

A
0 X =N _ 10 Wwy =
0 = EtZ(ﬁfw)l < " ) Xt G2 ((wt ;X l) Xevt)

+wz,tﬂ>Tuwttht,l

or,
X = 1 (. 2y
oo Z ) <w +th> XHWZ’HZE {wttht’l ™ Awter V24l } .
Finally, multiply both sides of this expression by
>\'ll7
(Wywyze) ™A,
o L X = 1 N Z,
E t X —[ ; —3“} Drwe Xeg — A AL Q-
t%(ﬁﬁw) (wwzzt)tﬂ (L . (Wyws 2t Wew X — AwCrpg T
)\’lU
> Wywze Xe g \ T v 1 /. Zi
E 5§wl<’> X1, i 0w X — ApCppy=—— ¢ =
t ; ( ) W12t t S Aw L s wz7t+l
o . Dy ,
Wywy Xy | 1T Vo | 2ty
E BE,) () D OAESS Wrw Xy — AwC =
t;( ) Wi+l " Aw o (CRE
so that
> Dpwe X, \ TE 1 /
Wrwe K \ 1T - 241
E o a2l X — L wi Xed — Aw =0,
t;wgw) ( o ) T { w0 X = Moo %H}
or
Aw
= 1 Wewe X g\ T (LN
E, Z (BEw) (wt+z> Xyt { N Wwe Xeg — Cryr2iq ¢ =0,

=0
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and

Aw

T—>w
Xy

I

hivi =

Aw

T—w
P
L X l) Xty

Wi
A1”
T— ey

t,l) X4

gz

2e41 Pt

(G
- (3
(i
£
-

-

N L P X X e } -
24l
~ 1—Aw
DV'uzt+4 X X oz 41
Xt i Xt l
Wi, p \J +
zf+le+’ t+147%
1— )\w
Xt
o0
wz,t+l ~ /
0 E htH { \ Wiwy Xg g — <t+l'zt+l} )
w

1=0

= {¢z,t+z = Z441Ut41 E ; }
1-—
1

w

(BE) Pusi{zep1ve 17— (
(1+71)

I
Mg

I
o

l

using the demand curve. Rewriting this

= .,
E, Z (€.B) Rty |:wtwt /\’Hl X+ Copfr (hjusr)| =0,
1=0 w

where

fu(hjest) = =z = —ALhlpy,

or,
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Tt l) 1
Pf—&-lrwttht,l - Ct-}-lzé—&-l}



oo

B (€wB) hyert | @y

1=0 w

Wt

where

(1 - T?H)
P = 24Uyl — %
A (T
Vi = Z+Vinl
(1 - Tij+l)
T T
wz,t+l qu,tJrl (1 + T;ﬂrl)

Writing this out, term by term:

o0

Ey Z (€wB) Bt

=0

Wwy

(0 . A
)\z’t Xio+ (o fL ((tht,o) =Aw Xt)

w

hjﬂg {wtwt

o,
+(€uB) hyjusr [Wewy )\’t+1Xt,1+Ct+1fL

Aw

+(€B)° hjass |Wewy \

Y,
JaR Xi3+CopsfL

..... 0

or
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+(€0B)? hypsa |Wewy Varto X2+ Cpafr ((

Aw
Y, Wewe Xp \ T w
)\’Hl Xig+ G fr el Xip || =0,

Aw

Y, wyw e
)\’Hl Xy + G fr : tXt,l Xt =
w Wt




L+78,) Aw

- (1—7Y) 1/’;,15
h“t["“““(1+—r?) N

+ (gwﬁ)l hj,t+1 Wywy

A?D

Yl

+(€uB)” hjte 2 X0+ Coiafr

443
+ Xt3+CeiafL

+ (EuB)% hjirs |wow

Xw+gﬁ0m&mfﬂxq

X1+ G fr <

(
(
(

t+1

Consider first the case, £, = 0. In this case, the above expression reduces

to:

o, . Y
0=h;+ [wtwt)\’tXt,o + (i fL ((thuo) = Xt)

or

(1-7/) @
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Xio+ G/ ((@tXt,o)liigjw Xt)] )

e B 1—7Y ?7[1: W+ W T—=Aw
E, Z (fwﬁ)l hj iy [wtwt E t+l) s Xig+ o fr ((wt tXt,l) Xt




8.2 Linearizing the Wage Equation

8.2.1 Differentiate with respect to 7y, [ > 0 and 7,1, | = 0 evaluate

that in steady state (1[) =1,

Wt:ﬁ,

(A=1Y) ¥
WTT7w) X,

+ fr =:0>:

The first order condition that we want to linearize is given by:

F

0="E Y (£,8) hjusi [ﬁ;twt
1=0

(1 - T?-H) @Z’;Hl T

(L4+72,) A 7

+ G fL ((
+

Wiwg

W41 T41

;e {wtwtmiit % + ¢ fL ((ﬁ/tXt’(])liiii’w Xt)]

D e e e R (Gt M

A (= I

s o 2 (B ) ™
+..... = 0.

The derivative of F with respect to my; when [ > 0, evaluated in steady

state, is:
h = X=H
RB - (fu}ﬁ)l X |:w
CEE/ACEL —(B¢,) L [w

(1—7¥) ] Aw 1
A o 4 X| =
TR WL syl
Ue Aw 1
—< Ll =
N T, ]w

The derivative of F with respect to ¢, evaluated in steady state, is:

10

0

Aw

T—Aw
Xy

)|



Blu_ (I_Tyw—;JrCfLLl

Fﬂ't:l_ﬁé_w w(]_—|—7'w))\w

Aw
X
—Aw

N

8.2.2 Differentiate with respect to w;, and evaluate the result in

steady state:

The derivative of F with respect to w;, evaluated in steady state, is:

oo . 1 T Aw
= Et;:(gwﬁ)lX l:w((ll‘FZZ))/?f: +CfLLqX (257)

Use the fact that:

(B€,)° + (BEL)" + (BE,)” +

Tﬂ?

(BEw ))

. = 1+ (B8,) +(88)" +
(Bw) iwsw)j = (B¢,) +(BE,) +
(2(65 )) (B€w) 2(65 Y| =1
(1 (BEw)) 2(55@]‘ =1
i(ﬁf Y| = m

.
Il
<

to rewrite (257):
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0 BS Uy [ =T Wl A

Fa, = o—Et;(éwﬁ) X {w(1+r“’) " +<fLL1_AwX}
_ 1 (-7 ¢7 Aw
B (1_(6511))))( |:w(1+Tw)/\w+CfLL1—>\wX:|

8.2.3 Differentiate with respect to w;,and evaluate that in steady

state:

The derivative of F with respect to wy, evaluated in steady state, is:

= {~:1,7rt:77, w((ll_z;i))f:—i-fL:O}é
_ (1—7¥) 47
foe = X[(HT”)AJ
1y [A=7Y) 97 Aw 1
+(£wﬁ) X (1+Tw)E+CfLL1—>\wUTt |
2y [ (A—7Y) Y] Aw 1]
+(£u)ﬁ) X (1+T“’)E+CfLL1—)\ww7t |
3 (1—7Y) 9] Ao 1]
+(§wﬁ) X (1+Tw)E+CfLL1_>\ww7t
4. = 0

Use the following to rewrite [, .
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(Z (ﬁw) = (B&) + (B8 +
= (B&,)" +(BE)" + ..
(B¢.) [ 2 (86.) | = (B€) + (BEL)® + ...
(Z (,ng)j) —(B6,) | 20086 | = (Bg)
(1-(BE,)) Z(ﬁgwy = (B¢,)
- i (B
I B e )
= {N—l,ﬂ't—ﬁ, w;f(“—i—fL—O}é
_ (1—7Y) 9]
Foo = X <1+Twm]
1o | (@—=7Y) 47 Ao 1
+(wB) X _(1+T”)E+Cf“1—>\ww7t
2o [(L=7Y) ¥] Aw 1
+(§wﬂ) X _(1+Tw) >\w +CfLL1*>\w’lU7t
5 [A=19) Y] A 1
+ (€8 X (l—i-T“’)E—’_CfLLl )\wwit
“+...
B (1—7Y) ] (B¢,) (1—7Y) 9] A 1
- X{(1+T'w)M]+(1—(ﬂ§w))X A a, T T

Use the following ”accounting” to rewrite ()
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1 U Aw 1
X |wl x|~ =
(1- (BE,) {“’Aw”“l—xw ]w
X{W + frooy 1X}
= +B6,X 3=+ frop- o X
+(BE,)° X | 3= + frogd- £ X | +
(BEw) U Aw 1 BELX |3 + fropiy— o X
T R RO W v wel i 8 3 | e Ao 1
w w w L +(ﬁ£w) X >\u; +fLL T—w EX |
[ Be)  x [ypue Ay 1]
! X{ Ye | gy 2w X] 1 _ | -G { w +fLLHwX} w
(1 (/Bfw)) Aw Aw w i;i iX}
[ (B ue A 1]
_ | ™D { wiy +fooe=s X} v
I —X e — frp - £ X? ]

1 Aw 1 Ue
(- (38, ))X{ N I X]w”Aw
(ﬁfu)) >\11) 1 )\'IU 1 2
(1 - (g, ))X{ 7“3 AMX]_f“l—Awa
B, /\ 1
B Ao 1 Mo 1oy
- ,Bfu,X[ +f“l AU,X}w L v
The result is:
_ (L—7Y) Y7 (BE,) (1—7Y) 9] Ao 1
Foo = X [(HTMMJ * (1(55w))h[(1+7’“)>\w Uy e
1 _ﬁng |:(1 TU)E +CfLL1 - )\w wt :| CfLL /\w wX
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8.2.4 Differentiate with respect to w;;;, [ > 0, and evaluate in steady

state:

The derivative of F with respect to wyy;, evaluated in steady state, is:

_ l /\w l

l )\w 1 2
- (gwﬂ) CfLLl — )\w E

8.2.5 Differentiate with respect to X;; (aggregate employment) and

Y. 1411, 1 >0, and evaluate in steady state:

The derivative of F with respect to X;1;, evaluated in steady state, is:

= (€8 hiCfrL

FXt+L

= (£,08) XCfrr

The derivative of f with respect to ¥ ,,;, evaluated in steady state, is:

Fuor,.,
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8.2.6 Differentiate with respect to (;,; and evaluate in steady state:

The derivative of / with respect to (;,, evaluated in steady state, is:

F<t+1 = (&wﬁ)lhj,t-i-lfL
= (B XS
. Ly A=) U
- X(Bfw) W(1+Tw) )\w

8.2.7 Differentiate with respect to Tf{_H and 7, and evaluate in

steady state:

The derivative of /- with respect to 77, ; and 74, ;, evaluated in steady state, is:

1 I

FTIEJH (gwﬂ) Xw(l—l—Tw)E
_ ! (-7 ¥
Frw, = (§wh) Xw(1+7w)2 bW
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8.2.8 Collecting terms

Frs =6y [0 23 P 4 25 x] £
Foe fg,éugwh[w((l ))f;HfLHAAwX“
Fo s e [ O
Fo. 1—16£wX {((;Z))iz,,“f“liﬁwi)(] LS
Foer © —(68) a2t X7
Fxo © (uB) XCfrr
For @ (B8, me;w
Few © (€uB) Xfr=-X (/Bswﬂwmlfi
Fro, o (6B Xw(1+17w)fw
(6 XD

Plug these into the formula (using the notation &, = 9+):

afF o . bF p -
a+—>b+..=0
F F
: al 4 5 bF b7, _ .
since “-*a + ?bb—l— ... = 0 we have:

aF o4 +bF b+ ... =0

Use this expression to get:
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Aw
1- 2w

Aw
1— Ay

1 (1 - Ty) ’(/};
— (B X {w(l T +{frr
BE., [ (A—=1Y) 9]
- _6§wX _w(1+7w)ﬁ +CfLe
Yl

A

1 .
X] =Tt T4
Y

1

=k

— Ty

+

Aw

1-2yp

+{frr X] Wiy

1 (1—7Y)
o pa)t [“’(1 o)

1 [(1—7Y) ]
SR T P

! Aw 1
—(€u,B) CfLLli)\wE

+(€uB) XCfrrXenXen
7)1 .
(1 T Tw) sz,H»lwz,tnLl
(I—7Y) ¥l

(IT+7w) Ay

1 ol .

WET?HT?H
(1 - Ty) 1/12 wo A
(1+ )2 E7t+l'r;u+l

Aw 1 R
[ th] wyy — (frr

2 A~
X Wy Wiy

T (pe,) Xwll

Ct+lCt+l

—X (BE,)' W

+(€,8) Xw

- (Ewﬁ)l Xw

or
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_ 1 (1—7-y) 1p: A - )
" (l—ﬁfw)X[ (1+T“’)/\+CfLL1—/\wX} (@0 + )

—Cfrr 1 :\w)\w x? Z (fwﬂ)l Wi

3 (1—7) vl A
_;(fwﬂ)lX{ 1+ ) CfLL )\ X:l Tt

BE., (1—=7Y) 9] w R
+1—ﬁ§ X[w( )/\7 CfLL )\wX}vrt
) XupT &
+(froX® Z €uB) Xip1 + ((1 ;\Uwz Z th
Jj=0 L
(1—71Y )wa; >
D C]ZO B6u) Con
A (1+T“’ Ty;) Tt+l
1—7Y) ¢ i
_Xw((1+:w N Jz::() )

After dividing by X, this expression is written:
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oo

X Z (Ewﬁ)l wt+l
C—

_ 1 (1_7—,1/) ’(/}; Aw =~ N Aw
S T {w(1+rw) Aw JrCfLLl—/\wX] (wt+wt> — Gy

Z B)’ [w —) & + CfLLil iu;\ X} Tl

. . {w(l—ry) v A X]ﬁt

1- ﬁgw
X D (6 Kevr+ S TS (e 0T
=0 =0

(1—7Y) wy?
T ) A

oo

C Z (5511})[ é—t+l

=0

Y T X

7=0

TV (1 —171Y) ww
_(1+Tw) 1+ 7w) Z Su B ) T

Denoting ((1+Tw)) o T fLL1 % X} [ fr+ fLLli\—;'in =61 ,w ((1+Tw))f7 _
— fr we obtain:
0 — 1 . (= . Aw x > -
= 0o 5£w)O'L (wt + wt) — CfLLl . ; (€uB) Wity
_Z(gwﬁ)lffLﬁ't-H + B%g 0Tt
j=1
+<fLLX Z (S’ll’ﬁ)l Xt""l - fL Z (ﬁgw)j /le[};t-‘rl
j=0 3=0
+fL Z (B¢, &t+l
j=0

o0 [o'e)

Y
*ﬂiiT?J)fLZ(fwﬁ)l%fH + s )fLZ(fwﬂ)lﬁuﬂ
j=0 =0

This can be written: (with ¢ = 1)
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- pe,) ﬁﬁw) o1 (@ -+ i)

~FrrX Y20 (EB) Xt — 25 aur,e+w(1;1i)A 30520 (BEW) Lo
| e ST () T S (e 8 7
G130 (EuB) Frrt — fL 000 (BEWY L + fLo X P zj 0 (€0B) W
*fLLXZ;X)o(f 5)lXt+l+w(i+:w)w CZJ o (BEw )’ €t+z

i 1—7Y)
~ S Lizo €uB) T + i e Sieo (€ul) T
s

— 0L+ 1 or|
w

% ) wyl
L OrTe + fril ot F LoDty — foo X X + (11+Tw) Ve “Crpj
(65111) v wyl TY(1-7Y) wyl

TAF) A Tt+l+m N Ti

(e

N
Il
o

{5’L+ BEu N]Z oL

1-p6g, 7" T 1-pe,

Consider the following example:

o0

ootz = (BE,) Yot

=0

oo

BE,, (41 +2e01) = > _(BE,) Y

=1

oL () et — fr 3000 (BEL) DL+ FLiX 25 0 (6uB) et |

Differencing these expressions:

xy + 2t — By (Tig1 + 2e41) = Y-

Applying this to (§), we get:
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1 (=
=g (02
B&w T pe 0L (@tﬂ + wt+1) + LB, T4

_ +0L1 ﬁg (55 Tiq1 — )
- AT .,.y w
iy — fro XX + 55 +T“,) Wit

7Y U”/)
=D v 2 4 W) A Tt
Note that
™o wyl ™ (I-1Y)wyl Y
A4+7) Ny  (AF+79)(1—=7Y) N  (1—17Y)
V(1 —7Y) wyl TV
= TarelE
(1+71w)

A+ (1+7) A

Use the above to get:

L (s
ﬂgwﬁ5L (@tﬂ + 7«?Jt+1) +0LBE T+

_ R 55 (55 Tig1 — )
/ 1,,\w _fLLXXt_ngt

Z,t

AW

+(117j-y)flz%? - (1+Tw LT

Note that
_ fro X

fr’

since

fLL (X) . —(J'LflL)(UL_1 oL

fL (X) - —ApXeor X

X = [y |2y X

Note, that 6, = —f + fLLl

so dividing the expression above by fr,
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(1 —15§w) [1 iwxw 7L 1] () (258)

ot [Pe 1] (e tien) + [ o 1] s
_ ~re [P 1] e T

R /\w
T+ oLTEY

Wy — o Xy

.
7Y Ay Fw AW ~
taom T T @ e S

8.2.9 The aggregate wage equation.

The aggregate wage equation is given by:

1

1 R
Wi = [(1 —&w) (V~Vt) T—xw +&, (Ft_luz,tWt_1>;l—)\,lu:| .

Dividing this by z;P;, we get:

1-XAy

1
5 1 T 1=y
e l(l — &) (Wpwe) 3w + £, ( ; 1wt_1> ]
t

(It is easy to see from this that the steady state value of w; is unity.) w; is the

scaled real wage. linearizing this leads to:

Wy =(1-¢,) (wt n @t) €, (Dot — (e — Feo1))
(1-¢,) (wt + I/l:)t) =Wy — &, (W1 — (Tp — T4—1))

Subsituting this into (258), and multiply by 1 — A, :
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1
(1—pB&,) (1—¢&,)
[ sty Pwon — (1= )] ey — &, (b — (frTm — 7))l
+Awor — (1= A)] BE i1 + (1= Auw) ¥, 4
= F+op Ay — (1 — Ay) op Xt

— lf%‘f Awor — (1= Ay)] (7t — BEyTre41)
(1= M) iy 7 = (1= M) oy 72— (1= M) &,

Awor — (1= )] [ty — &, (-1 — (7 — 714-1(DF9)

— PDwor=(1-X)]

= [(1=pe)I=t.))» We obtain

Letting by,

Wby — £y Wi—1bw + &bt — £ buwTi—1 (260)
[ B b1 — BEbwEy it + BEbu et — BEybulutt |
b (1= €,) (1= BE,) BEwitar + (1= Au) P,

= +op s — (1 — Ay) or Xt
—BEubuw (1 — &) T + BE,bw(1 — &,,) BE w41

w

| (=) g = (=) ey 7 — (L= 2w) G

or
0 = Wiby — Euthr 1bw + Epbuwit — Eubuii 1 (261)

—BEubuwit1 + BE,bwE Wt — BEbuwy Ter1 + BE, 0w, T
—bu(1—€,) (1= BE,) B, pn — (1= Au) 0,
—0 LAty + (1 — Ay) o Xy
+BEwbuw (1 — &)t — BEbw (1 — &) By Tet1
(1= ) ﬁ%g (1 - ) ﬁﬁ” WY

or

114



0 = bué, W1
— (14 BEL) bu + AwoL) Wy
+BE 1 buwe+1
+EbuwTi—1
— (1 +B) &ubuty
+bwBE 41

+ (1 - )‘w) {b;t

~(-A)ouk
—(1=2) ¢,

(1= M) ﬁﬁf
— (1= )

Reintroduce the expectations operator:

E, {nowtq M A N1 + M3 Tt + Ny + MaFe1 + 05 Hy + 77612)z,t + 107G, + st + 779727{0} =0

where
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bw fw Mo

—bw (1+ BE,) + 0L Aw "

BE wbuw 72

b UE

—Ewbw (14 5) M3

n= buw B =| m
- (1 - )‘w) oL M5

(1= Aw) U

—(1=2w) N7

(1= 2Aw) ﬁ UK

— (1 =) (1:’::11/) Uk

Note that we have used H instead of X in the equation above. This is due
to the fact that in ss all households (intermediate firms) supply (demand) the

same amount of labor. Compare with ACEL where L equals our H:

(3) Ei {noﬁ’t—l + W + NoWep1 + N3 Te—1 + N3t + NyTe1 + 775f/t + 77612}2,15 + 777ét} =0

where
buwéy, Mo
—bu (1+B€,) + oA m
BE wbuw Up’
buwée UE
n= —&wbw (14 8) = UL
bwBEw M4
—or (1= Aw) U3
1—-Xy N6
—(1=2Aw) Uk
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9 Net foreign assets

The evolution of net foreign assets at the aggregate level satisfies
SiBfyy = SiPrY] — SiP(CFM + 1) + Ry ®(ar-1,6,)8:B;

where we notice that R} ®(as—1, :zﬁt) is the risk-adjusted gross nominal interest
rate. Note that the definition of a; is given by

_ SiBi,
ay = ———.
Pz

Dividing through with 1/(P;z:), we obtain

StBt*-i-l - Stpt* EistPt* Ci + Iﬁ ~ St_lB: StPt_lzt_l
Pyzy P oz Py

+R*_ @ a —1 ?
2 2z 12l t)PtAthl Si—1Pz

and using our definition of a; and letting lower case variables denote detrended
values, we have

ai—1 St
Ty ¢ Si—1

ar =yl = (e + i) + (14 Bi @(ar1,3)

Totally differentiating this expression and using that a = 0, ®(0,0) =1, R* = R

and

Sy
t

T = 1 in steady state, we derive

€T ok xT * m = xT xXr m =T R
da; = dyfy” +"dyy — (" + ") dvyy —o® (def" + dif") + ——day—1,

z
and log-linearizing this equation, we obtain
~ L 2T A~k m = T T xr m A =N M R ~
ar =y " (¢ +07) — (" +i") vy — T (e iy )+Eat—la
z

and using the expressions for ¢/ and i*,* we finally derive

cm (/c\t — nc(l — wc) (,YC,d)_(l—nc) /,?;nc,d) + N )
i, i,d) —(1=n;) ~mi — a1
gm (it _ 771'(1 _ wz’) (,yz,d) (1-mn;) 7;m,d> T,
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which is the log-linearized equation for net foreign assets in this model. If we

1

instead use v* = 7

and 4% = =47 we get:

mo[ e, d\—(1=1¢) ~me,d
. 1 o o 1op 1 ¢ (Ct—nc(l—wc)(v’d) A >+ R .
ay =y — (77{ erf)Jr(cm +i™) fﬂc* 7 > i, d\ —(1=1:) ~mi,d ot
v A (G 1= ) ()T A T
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9.1 Log-linearization of the Law of Motion for the Capital

Stock

The law of motion for capital is

ACEL : Ky =(1—=8)K;+ py Y F(Iy, Li—1) + Ay

RB : K= —=0)K;+ Y F(Ii, I_1) + A

Scale the capital stock by z; :

- K
k/’t+]_ = .
Zt

Also, recall that investment is scaled as follows:

.
1 = —
2t
we obtain
K K i
A Zt = (1 — 6) ¢ Zi—1 + Tt l:l — S( t,‘uz’t ):| itZt + At
2t t—1 -1
or
- = TN
kt+1zt = (]_ — 5)ktzt,1 + Tt |:]. — S(Zl):| 142t + At
t—
or
_ — oz Tefh, ) A
e = (1= 9k 2204 1 15220 4y 2
24 -1 2t

or (denoting A, = 2t

2zt
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1 befty

-1

Et—&-l = (1 — 6)];&

-WQP—S( ﬂu+ﬁt (#)

z,t

Note that, given our assumption that S = 0 in steady state,

_ 1
E = 1-80k—+i

( )m

1 i

1 = 1-86)—+-=

( )Z+k
i 1
- = 1—(1—=46)—
k ( ( )m>

Linearizing the preceding expression (#), and evaluating the result in steady
state (taking into account S =5’ =0):

Differentiate the left hand side:

s _
Ok 1

Differentiate the right hand side:

F (];tu Mz,tu Tta ita it717 At)

1 itlj’z,t

+Tt[1—S(_ )]it+At

-1

= (1= 5)/_%

,U’z,t

Fl (Etay’z,tv Ttaihit—l)

1
= (1-94
( )Mz7t
1
ss 1—-6)—
( )Mz
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F2 <]%t7 Mz,t? Th itv itfl)

= 1 bl g, . Gt

= —(1-90)k — TS (2 )i ——

( ) tu?,t ! (Zt—l ) tZt—l
-1
ss  —(1-0)k—
-9 T

F3 (Etvﬂz’tv Tt;it,itfl)

- [1 - S(“"“)}

(F]

ss 1

Fy (];:tnuz,tv Thihit*l)

~ T, [1 B S(Zt/u‘z,t):| _g (Zt:u‘z,t> Kzt

(P -1 ) tp—1
ss 1
F5 (ktaﬂz,taTtaityit—l)
. it,let Z.tu“zt
= TirS < =
-1/ Y
ss : 0

Fo (Kt pz s Toyie,ig—1, )

= 1
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Collect terms:

_= 1 = -1 S
kkt+1 == (1 - 5);]{)]{& - (1 - 5)]{};[142,25 + ZTt + ’lit

or (divide by k)

=~ 1= 1 . P - i
kg = (1- 5);27% —(1- 6);Zuz,t + E'I} + Z“

Making use of the expression for the steady state investment capital ratio:

= 1= 1, 1) ¢ 1.
Fert = (1=0) = (1=0)ie o (1 (=00 ) T (1= (1= 0)- )i

Compare with ACEL :

1 = 1 .
—— k= (1=0)———— i+
/LZ’tT179 Mz,t’r179

kiy1 = (1-9)
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9.2 Log-linearization of the Production Function
Yie = 2 K3 X " — 20

Stationarize:

1-a a yl-a o
Yi zp CelP X T2

«
2t Ze2g

or

1-a « l1—-a_«
I G G

Yit = = _ ¢
Ry

l1-a l-a o @
zaXi talg Kiy o

o
Zt 21

11—« l—o o a
& aX; 2 (Ki,t> L

“t Zt—1

ze
— t— l—-aj.«a _
- P EtXi,t kt ¢
t

1 a
< > eth{;ak? - ¢
Mz¢

in steady-state:

Solve for y :

y(1+0p—1) = (1>axlaka

(262)

(263)

(264)

(265)

(266)
(267)

(268)



Differentiate the production function w.r.t. all of the arguments:

()" etioiz o)
8:“’2,75

0yit
ayit

=1

v
G = HeileaXiow
z,t

ss ¢ —p Y taXTog
0y _ i aXl_O‘ko‘
aﬁt /’[’z,t ot !

1 «
ss <> X1
jue

0yit < 1
= (I1-«a
0X; 4 ( ) Jz

ss (1a)<1

Oyt _ a( 1
Ok; ¢ 7

1 «
ss 1« ( > X!
ey

Collect terms:
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1\“ 1\° . 1
YUy = —#Z_aaXl_akaﬂZ t+<> Xl_a/faét-i-(]. — a) <> Xl_akaXXt-‘rOl (
’ H

z K
or
9 1 “ l-aj.a ~ ~ > 7
Yyr = 0 X % (—th,t +&+(1—a)X;+ akt)
1\“ N N
y@t = (u) Xl_aka (—Oéﬂzﬂg + € + (1 — a) X+ Oék}t)
Make use of:

1 1\“ 1\° . .
= () Xl-epag, = () xl-apa (_aﬂz’t +éa+(1—a) X+ akt>
f /“LZ 4

Divide by ( 1 )a Xl-oje

He

1

i = (—a,&w tat(l-a) X, + afct)
f

Multiply by Ay:

U = Af ((1 —a) X +a (fft — ﬂz,t) + gt)

A (1— o) Xy + Ao (l%t - ﬂz)t) + A
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