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SUMMARY

In this paper we propose a Bayesian econometric procedure for the evaluation and comparison of DSGE
models. Unlike in many previous econometric approaches we explicitly take into account the possibility
that the DSGE models are misspeci®ed and introduce a reference model to complete the model space.
Three loss functions are proposed to assess the discrepancy between DSGE model predictions and an
overall posterior distribution of population characteristics that the researcher is trying to match. The
evaluation procedure is applied to the comparison of a standard cash-in-advance (CIA) and a portfolio
adjustment cost (PAC) model. We ®nd that the CIA model has higher posterior probability than the PAC
model and achieves a better in-sample time series ®t. Both models overpredict the magnitude of the
negative correlation between output growth and in¯ation. However, unlike the PAC model, the CIA model
is not able to generate a positive real e�ect of money growth shocks on aggregate output. Overall, the
impulse response dynamics of the PAC model resemble the posterior mean impulse response functions
more closely than the responses of the CIA model. Copyright # 2000 John Wiley & Sons, Ltd.

1. INTRODUCTION

The quantitative evaluation of dynamic stochastic general equilibrium (DSGE) models in
macroeconomics is often conducted without formal statistical methods. While DSGE models
provide a complete multivariate stochastic process representation for the data, they impose very
strong restrictions on actual time series and are in many cases rejected against less restrictive
speci®cations such as vector autoregressions (VAR). Nevertheless, DSGE models are interesting
from a theoretical perspective and it is important to assess their empirical adequacy. This paper
provides an econometric procedure that enables a coherent model evaluation. Our approach is
applied to the evaluation of two types of standard monetary models: a cash-in-advance (CIA)
model and its extension with portfolio adjustment costs (PAC).

The potential misspeci®cation of the candidate models poses a conceptual di�culty for the
design of econometric procedures. The inference problem is not to determine whether a
particular model, for example the CIA or PAC model in our application, is `true'. Instead, the
goal is to determine which model summarizes the regular features of the data more accurately.
Our evaluation procedure di�ers from existing econometric approaches with respect to the
treatment of candidate model misspeci®cation and the explicit incorporation of loss functions.

Macroeconomists generally judge DSGE models based on their ability to replicate realistic
patterns of co-movements among key macroeconomic variables and impulse responses to
structural shocks, such as unexpected changes in the growth rate of money supply or total factor
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productivity. However, neither population moments nor impulse response functions are directly
observable in the data. Therefore we will construct a probabilistic representation of the data that
serves as a benchmark for the DSGE model comparison. A priori this benchmark is a mixture of
the DSGE models and a reference model. The reference model is introduced to cope with the
potential misspeci®cation of the DSGE models. It should impose weaker restrictions on the data
than the DSGE models and achieve an acceptable ®t. In our application, we use a vector
autoregression (VAR). Based on this mixture of DSGE models and a reference model, it is
possible to compute posterior distributions for correlations, impulse response functions, and
other population characteristics. The mixture weights for DSGE models and reference model
are given by the posterior model probabilities and re¯ect the statistical ®t of the various models.

For each DSGE model predicted, correlations and impulse response functions are computed.
A loss function that penalizes deviations from actual and predicted population characteristics is
chosen. Then the expected loss of the DSGE model predictions is calculated. The expectation is
taken with respect to the overall posterior distribution that takes the reference model into
account. The DSGE model that attains the smallest posterior prediction loss wins the
comparison. This idea is generalized to take parameter uncertainty into account, and to derive
loss function-based parameter estimates. Due to the explicit consideration of loss functions
de®ned over time series characteristics that are of interest to macroeconomists, our procedure
goes beyond model determination based on posterior probabilities or Bayes factors, e.g. Kass
and Raftery (1995) and Phillips (1996). The evaluation is robust, if the results are insensitive to
the choice of loss function.

The evaluation approach remains sensible even in a situation where all DSGE models have
posterior probabilities that are close to or equal to zero. We will argue that under special
conditions our evaluation procedure resembles a calibration approach (Kydland and Prescott,
1996), in which point predictions of DSGE models are simply compared to sample moments
without systematically taking standard errors of moment estimates into account. On the other
hand, if a parsimonious DSGE model has very high posterior probability in the presence of the
more densly parameterized reference model, this DSGE model is likely to win the model
comparisons regardless of the employed loss functions.

Many evaluation techniques that were previously proposed in the literature are based on p-
values for various sample characteristics of the data. The p-values measure how far
transformations of the data fall in the tails of their respective sampling distributions, that are
derived from the DSGE models. A non-exhaustive list of examples are Canova et al. (1994),
Christiano and Eichenbaum (1992a), Nason and Cogley (1994), Smith (1993), and SoÈ derlind
(1994). Canova (1994) computes Bayesian versions of these p-values following Box (1980).
However, p-values are not designed for model comparisons. Moreover, in cases where it is
believed that the structural models are severely misspeci®ed it is implausible to use sampling
distributions as a benchmark, that were derived from misspeci®ed models.

As an alternative, Diebold et al. (1998) propose a loss function-based evaluation of DSGE
model predictions under the sampling distribution obtained from a non-parametric spectral
representation of the data. In the language of this paper, the conceptual drawback of their
approach is that their non-parametric representation (reference model) has always posterior
probability one, regardless of the statistical ®t of the DSGE models. Our approach takes the
potential impact of the DSGE model predictions on the shape of the overall posterior
distribution of population characteristics into account. Despite low posterior probability of
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DSGE models, this impact can be signi®cant because DSGE models generally deliver more
concentrated predictive distributions than densly parameterized reference models.

Dejong et al. (1996) propose a Bayesian approach to calibration which also assigns zero
probability to the structural model. In particular, they focus on the evaluation of DSGE models
that generate singular probability distributions for the data. A measure of overlap between the
posterior distribution of unconditional moments obtained from the reference model and the
prior predictive distribution from a structural model is proposed. Geweke (1999a) shows that a
re®nement of the overlap criterion can be interpreted as posterior odds ratio for DSGE models
conditional on a reference model. He assumes that DSGE models only claim to describe
population characteristics, such as autocorrelations, but not the data itself. We, however, adopt
the traditional interpretation of macroeconometric models and regard DSGE models as
probabilistic representations of the data. Our posterior model probabilities document to what
extent the DSGE models are able to track the observed time series, and the loss function based
evaluation documents to what extent DSGE model predictions of population characteristics are
consistent with empirical evidence.

The paper is structured as follows. The CIA and the PAC model are presented in Section 2.
We will examine three questions. Are the two models able to track US output growth and
in¯ation data? Which model generates a more realistic correlation pattern between output
growth and present and lagged in¯ation? Which model should be used to calculate the predicted
change of output growth due to an unanticipated monetary expansion? The model evaluation
approach that is used to answer these questions is described in Section 3. Section 4 contains the
empirical analysis and Section 5 concludes. Computational details are provided in the Appendix.

2. TWO MONETARY DSGE MODELS

A standard CIA model and a cash-in-advance model with portfolio adjustment costs (PAC) are
considered. Detailed discussions of the models can be found, for instance, in Christiano (1991),
Christiano and Eichenbaum (1992b), and Nason and Cogley (1994). To make this paper self-
contained we brie¯y review the model speci®cations. The model economies consist of a
representative household, a ®rm, and a ®nancial intermediary. Output is produced according to
a Cobb±Douglas production function

GDPt � K�
t �AtNt�1ÿ� �1�

where Kt denotes the capital stock (predetermined at the beginning of period t), Nt is the labour
input and At is a labour-augmenting technology.

The model economies are pertubated by two exogenous processes. Technology evolves
according to

ln At � 
 � ln Atÿ1 � �A;t �A;t � N�0; �2A� �2�
The central bank lets the money stock Mt grow at rate mt�Mt � 1/Mt:

ln mt � �1ÿ �� ln m� � � ln mtÿ1 � �M;t �M;t � N�0; �2M� �3�
Equation (3) can be interpreted as a simple monetary policy rule without feedbacks. The
innovations �M,t capture unexpected changes of the money growth rate due to `normal' policy
making in the terminology of Sims (1982). Changes in m* or � correspond to rare regime shifts.
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At the beginning of period t, the representative household inherits the entire money stock of
the economy, Mt. The aggregate price level is denoted by Pt. In the standard CIA model, all
decisions are made after, and therefore completely re¯ect, the current period surprise change in
money growth and technology. The household determines how much money Dt to deposit at the
bank. These deposits earn interest at the rate RH,tÿ1. The bank receives household deposits and
a monetary injection Xt from the central bank, which it lends to the ®rm at rate RF,tÿ1.

The ®rm starts production and hires labour services from the household. After the ®rm
produces its output, it uses the money borrowed from the ®nancial intermediary to pay wages
WtHt, where Wt is the nominal hourly wage, and Ht is hours worked. The household's cash
balance increases to MtÿDt�WtHt. The cash-in-advance constraint implies that all
consumption purchases must be paid for with the accumulated cash balance. The ®rm's net
cash in¯ow is paid as dividend Ft to the household. Moreover, the household receives back its
bank deposits inclusive of interest and the net cash in¯ow of the bank as dividend Bt.

In period t, the household chooses consumption Ct, hours worked Ht, and non-negative
deposits Dt to maximize the sum of discounted expected future utility. It solves the problem

max
fCt;Ht;Mt�1;Dtg

IE0

X1
t�0

�t �1ÿ �� lnCt � � ln�1ÿHt�� �
" #

s:t: PtCt �Mt ÿDt �WtHt

0 � Dt

Mt�1 � �Mt ÿDt �WtHt ÿ PtCt� � RH;tDt � Ft � Bt �4�
The ®rm chooses next period's capital stock Kt � 1, labour demand Nt, dividends Ft and loans

Lt. Since households value a unit of nominal dividends in terms of the consumption it enables
during period t� 1, and ®rms and the ®nancial intermediary are owned by households, date t
nominal dividends are discounted by date t� 1 marginal utility of consumption. Thus, the ®rm
solves the problem

max
fFt;Kt�1;Nt;Ltg

IE0

X1
t�0

�t�1
Ft

Ct�1Pt�1

" #
s:t: Ft � Lt � Pt K�

t �AtNt�1ÿ� ÿ Kt�1 � �1ÿ ��Kt

h i
ÿWtNt ÿ LtRF;t

WtNt � Lt �5�
The ®nancial intermediary solves the trivial problem

max
fBt;Lt;Dtg

IE0

X1
t�1

�t�1
Bt

Ct�1Pt�1

" #
s:t: Bt � Dt � RF;tLt ÿ RH;tDt ÿ Lt � Xt

Lt � Xt �Dt �6�
where Xt�Mt � 1ÿMt is the monetary injection. The market-clearing conditions for labour
market, money market, and goods market are Ht�Nt, PtCt�Mt�Xt, and Ct� (Kt � 1ÿ
(1ÿ�)Kt)�K�t (AtHt)

1ÿ�. In equilibrium RF,t�RH,t.
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The portfolio adjustment cost model di�ers in two respects from the standard CIA model.
It adopts the information structure proposed by Fuerst (1992). We assume that the household
makes its deposit decision Dt before observing the monetary growth shock and the
technology shock. Thus in period t, after observing �A,t and �M,t, the household chooses
consumption Ct, the labour supply Ht, and next periods deposits Dt � 1. Since the household
cannot revise its deposit decision after a surprise change in the money growth rates, the
additional cash has to be absorbed by the ®rm, which forces the nominal interest rate to fall. Let
the household's cash holdings be denoted by Qt�MtÿDt. To make this liquidity e�ect
persistent, Christiano and Eichenbaum (1992b) introduced a portfolio management cost, which
is given by

~pt � �1 exp �2
Qt

Qtÿ1
ÿm�

� �� �
� exp ÿ�2

Qt

Qtÿ1
ÿm�

� �� �
ÿ 2

� �
�7�

where Qt�MtÿDt. The portfolio management cost reduces the time available for leisure. The
household's problem then becomes

max
fCt;Ht;Mt�1;Qt�1g

IE0

X1
t�1

�t �1ÿ �� lnCt � � ln�1ÿHt ÿ ~pt�� �
" #

s:t: PtCt � Qt �WtHt

Qt �Mt

Mt�1 � �Qt �WtHt ÿ PtCt� � RH;t�Mt ÿQt� � Ft � Bt �8�
Apart from the timing of the deposit decision and the portfolio adjustment cost, the model has
the same structure as the standard cash-in-advance model.

To solve the models, optimality conditions are derived for the maximization problems. The
real variables are then detrended by the productivity At, the price level byMt/At, and Xt, Qt, and
Dt are detrended by Mt. It can be shown that the system in the detrended variables has a
deterministic steady state and can be log-linearized around it. A solution to this linear rational
expectation system can be obtained by elimination of unstable roots according to the algorithm
in Sims (1995, unpublished manuscript).

Let yt be an n� 1 vector of observable variables. The log-linearized DSGE models yield state-
space representations for yt

yt � �0 � �1st � ���t �9�
st � 	1stÿ1 �	��t �t � iidN�0;��� �10�

where �t� [�A,t, �M,t]
0, �� is the diagonal matrix with elements �2A and �2M, and st is a vector of

percentage deviations of detrended model variables from their steady state. The system matrices
�0, �1, �*, 	1, and 	* are functions of the structural DSGE model parameters

� � ��; �; 
;m�; �; �; �; �A; �M; �1; �2�0

The DSGE models generate a joint probability distribution for the data YT� [y1, . . . ,yT]
0.

Traditionally, macroeconometric models were evaluated according to their ability to track
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and forecast economic time series, e.g. Fair (1994). However, many DSGE models have
di�culties tracking time series and macroeconomists started assessing business cycle models
based on their ability to reproduce co-movement and impulse response patterns observed in the
data. Our loss function-based evaluation procedure incorporates the practice of moment
comparisons but also retains an important feature of the traditional evaluation approach.

3. LOSS FUNCTION-BASED DSGE MODEL EVALUATION

The CIA model and the PAC model are denoted byM1 andM2, respectively. The parameter
vector of modelMi is �(i) 2�(i), yt is an n� 1 vector of observables and YT� [y1, . . . ,yT]

0. We
adopt a Bayesian approach and place probability on models and their parameters. Let
p(YT j�(i),Mi) be the likelihood function for model i, and p(�(i) jMi) the prior for its parameters.
In our application we will examine the implications of the DSGE models with respect to impulse
response dynamics and correlations between output growth and in¯ation. These population
characteristics are collected in generic m� 1 vectors '.

3.1 Accounting for DSGE Model Misspeci®cation

An important aspect of the model evaluation is the potential misspeci®cation of the DSGE
models. Since the vector of model parameters � is generally of low dimension, strong restrictions
are imposed on the short- and long-run dynamics of yt. These restrictions can cause poor
statistical ®t and forecasting performance.

If the number of structural shocks is less than the dimension n of the vector yt , then the
probability distribution of the observables yt is degenerate. In this case the DSGE model implies
that some linear combinations of yt are perfectly correlated. In practice these singularities are
rejected with a short span of time series data. While this paper focuses on the non-degenerate
case, we will argue below that the proposed evaluation approach can also be applied in the
degenerate case.

To cope with the potential misspeci®cation of the two DSGE models, we consider a reference
model M0 in addition to M1 and M2. The parameter vector of M0 is denoted by �(0), the
likelihood function is p(YT j�(0),M0), and the prior density is p(�(0) jM0). The reference model
has to satisfy two requirements. First, it has to be more densely parameterized than the DSGE
models to avoid dynamic misspeci®cations. Second, the population characteristics ' have to be
identi®ed within the context of the reference model, that is, conditional on �(0) it must be
possible to compute a unique value of '.

In the application we will use a vector autoregression as a reference model. The VAR is much
less restrictive in its dynamic speci®cation than the DSGE models, provided enough lags are
included. If ' consists only of unconditional moments of yt, such as autocorrelations and
autocovariances, it can be identi®ed from the VAR estimates without further assumptions.
However, the e�ects of unanticipated changes in the money growth rate measured by the
response functions to a money supply shock are not identi®ed in a reduced-form VAR.
Therefore, we have to impose restrictions on the VAR that guarantee the identi®cation of
impulse response functions. The identi®cation scheme for the reference model will be discussed
in Section 4.

The prior probabilities of the three models are �0,0, �1,0, and �2,0, respectively. It is assumed
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that the mixture of the three models provides a for practical purposes acceptable probabilistic
representation of the data upon which an evaluation of the structural models can be based. Two
additional assumptions will be made. First, if the structural models are nested within the
reference model, the prior p(�(0) jM0) assigns zero probability to the subset of the parameter
space that corresponds to the structural models. Second, to simplify exposition and
implementation of the framework it is assumed that the prior distributions of �(0), �(1), and
�(2) are independent of each other.

3.2 The Evaluation Procedure

The model evaluation proceeds in four steps:

Step 1
Compute posterior distributions p(�(i) jYT,Mi) for model parameters �(i) and calculate posterior
model probabilities

�i;T � �i;0p�YTjMi�P2
i�0 �i;0p�YTjMi�

�11�

where p(YT jMi) is the marginal data density

p�YTjMi� �
Z

p�YTj��i�;Mi�p���i�jMi�d��i� �12�

under modelMi. If the distribution of the data YT is degenerate under modelMi, as is the case
if the dimension of yt exceeds the number of structural shocks, then the posterior probability of
Mi is equal to zero.

Step 2
The population characteristics ' are a function fi (�(i)) of the model parameters �(i). Based on the
posterior distribution of �(i), one can obtain a posterior for ' conditional on model Mi. This
posterior will be denoted by p(' jYT,Mi). Since there are three models, including the reference
model, the overall posterior of ' is given by the mixture

p�'jYT� �
X2
i�0

�i;Tp�'jYT;Mi� �13�

The posterior probabilities �i,T determine the weights of the densities p(' jYT,Mi). If both
DSGE models are degenerate, then �1,T� 0, �2,T� 0 and p(' jYT)� p(' jYT,M0) .

Step 3
Loss functions are introduced to assess the ability of the DSGE models to replicate patterns of
co-movements among key macroeconomic variables and impulse responses to structural shocks.
The loss functions L(','̂) penalize deviations of DSGE model predictions '̂ from population
characteristics '.

The prediction from DSGE modelMi is obtained as follows. Suppose a decision maker bases
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decisions exclusively on DSGE modelMi. The optimal predictor1 is

'̂i � argmin~'2Rm

Z
L�'; ~'�p�'jYT;Mi�d' �14�

The two DSGE models are judged according to the expected loss (risk) of '̂i under the overall
posterior distribution p(' jYT).

R�'̂ijYT� �
Z

L�'; '̂i�p�'jYT�d' �15�

The posterior risk R('̂i jYT) provides an absolute measure of how well modelMi predicts the
population characteristics '. Risk di�erences across DSGE models yield a relative measure of
adequacy that allows model comparisons. For instance, one can select the DSGE modelMi that
minimizes R('̂i jYT).

Step 4
Since ' is a function fi (�) of the parameters �(i), one can obtain loss function parameter estimates
�̂l,i by solving the minimization problem

�̂l;i � argmin��i�2��i�R fi���i��jYT

ÿ � �16�
These estimates provide a lower bound for the posterior risk attainable through a particular
DSGE model. In other words, one can ®nd the structural parameter estimates that achieve the
best ®t of ModelMi in a particular dimension.

3.3 Loss Functions

While the choice of loss function L(','̂) can be tailored to the problem at hand, we propose
three speci®c loss functions that will be used in our application. The ®rst loss function is
quadratic in ':

Lq�'; '̂� � �'ÿ '̂�0W�'ÿ '̂� �17�
where W is a positive de®nite m�m weight matrix. Let IE [' jYT] denote the expectation of the
population characteristics with respect to the overall posterior p(' jYT). Since

IE �'ÿ '̂�0W�'ÿ '̂�jYT

� � � IE �'ÿ IE�'jYT��0W�'ÿ IE�'TjYT��jYT

� �
� �'̂ÿ IE�'jYT��0W�'̂ÿ IE�'jYT�� �18�

the ranking of DSGE model predictions '̂ depends only on the weighted distance

~Rq�'̂jYT� � �'̂ÿ IE�'jYT��0W�'̂ÿ IE�'jYT�� �19�
between '̂ and IE [' jYT] but not on higher-order moments of the posterior distribution. The
drawback of the quadratic loss function is that it requires the (subjective) speci®cation of a
weight matrix W.

1 If the data density is degenerate under modelMi, then the predictor '̂i can be calculated based on the distribution of
' � fi(�(i)) induced by the prior p(�(i) jMi).
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The second loss function, Lp('̂,'), penalizes point predictions that lie in regions of low
posterior density. Let I{x>x0} denote the indicator function that is equal to one if x>x0 is true
and else equal to zero:

Lp�'; '̂� � I
�
p�'jYT� > p�'̂jYT�

	 �20�
If the posterior density p(' jYT) is unimodal, the expected Lp-loss provides a measure of how far
the model prediction '̂ lies in the tail of the posterior distribution.

At last, we propose the L�2-loss. Let V' denote the posterior covariance of ' under p(' jYT).
Provided that V' is ®nite and non-singular, de®ne the weighted discrepancy between ' and the
posterior mean IE [' jYT]:

C�2�'jYT� � �'ÿ IE �'jYT��0Vÿ1' �'ÿ IE �'jYT�� �21�

The third loss function is of the form

L�2�'; '̂� � I�C�2�'jYT� < C�2�'̂jYT�
	 �22�

If the posterior distribution of ' is Gaussian, L�2 and Lp-loss are identical. In general, under the
Lp-loss function the DSGE models are compared based on the height of the posterior density at
'̂i. Under the L�2-loss function the comparison is based on the weighted distance between '̂i and
the posterior mean IE [' jYT].

The computation of the predictor '̂i requires solving the minimization problem (14). Under the
quadratic loss function it is straightforward to see that '̂i is the posterior mean
'̂q,i� IE [' jYT,Mi] of ' under modelMi. The L�2 and Lp-loss functions depend on the contours
of the posterior. Since we require that the calculation of the predictor is solely based on the
information contained in p(' jYT,Mi) (see Step 3), we let the loss function used in the minimization
(14) be based on the contours of p(' jYT,Mi) rather than p(' jYT). Hence, the expected Lp-loss is
minimized by the posterior mode of p(' jYT,Mi), '̂p,i, and the L�2-loss by the posterior mean '̂q,i.

3.4 Discussion

In Bayesian analyses, the statistic that is most frequently employed for the comparison of two
modelsM1 andM2 is the posterior odds ratio

�1;T
�2;T
� �1;0p�YT;M1�=p�YT�
�2;0p�YT;M2�=p�YT� �23�

IfM1 andM2 are the only models under consideration then p(YT)�
P2

i � 1 �i,0 p(YT jMi). If the
loss is one for choosing the incorrect model and zero for choosing the correct model (0ÿ1 loss),
then the posterior expected loss is minimized by selecting modelM1 if �1,T /�2,T>1.

Suppose a third modelM0 is added to the model space, but the goal of the analysis remains to
choose between modelsM1 andM2. If the prior model probabilities are adjusted to accomodate
the presence ofM0, the posterior odds ratio ofM1 versusM2 stays the same, provided thatM0

does not change the prior odds ratio. The consideration of modelM0 only changes the marginal
data density to p(YT)�

P2
i � 0 �i,0 p(YT jMi). However, the p(YT) terms in equation (23) cancel.

Under the 0ÿ1 loss it remains optimal to chooseM1 instead ofM2 whenever the posterior
odds ratio favour model M1. However, if the DSGE models ®t poorly and M0 has a high
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posterior probability, the 0ÿ1 loss function is not appealing. The function does not capture the
economic implications of selectingM1 orM2 if the reference model is `correct'. Since

ln p�YTjMi� �
XT
t�1

ln p�ytjYtÿ1;Mi� �24�

ln p(YT jMi) can be interpreted as predictive score (Good, 1951). The calculation of posterior
odds only captures the relative one-step-ahead forecasting performance of the DSGE models,
which is not the primary interest of many DSGE model evaluations. If both DSGE models
create a degenerate probability distribution for yt, then p(YT j�(i),Mi)� 0, i� 1,2, and the
posterior odds ofM1 versusM2 are not even de®ned.

Geweke (1999a) interprets DSGE models as structural speci®cations for population
characteristics ', rather than as models for the data YT or functions of YT. Under the
assumption thatM1 andM2 claim only to describe ', he shows that

�1;0
R
p�'jM1�p�'jYT;M0�d'

�2;0
R
p�'jM2�p�'jYT;M0�d' �25�

can be interpreted as odds ratio ofM1 versusM2 conditional on the reference modelM0. The
numerator of expression (25) is large, if there is a strong overlap between the predictive densities
for the population moments under DSGE modelM1 and reference modelM0.

In this paper we adopt the traditional interpretation of macroeconometric models and regard
DSGE models as probabilistic representations of the data YT, not just of the population
moments '. The principle of our evaluation approach is to replace the above-mentioned 0ÿ1
loss function by a loss function with an economic interpretation and to illustrate the sensitivity
of the model evaluation with respect to the choice of loss function. For instance, should the CIA
or the PAC model be selected to predict the e�ect of an unanticipated monetary policy change
that raises the price level by 1%?

To highlight important features of the proposed evaluation procedures we will discuss two
special cases: (1) the posterior probability of the DSGE modelM1 converges to one, and (2) the
posterior probability of the reference modelM0 converges to one as the sample size increases. In
both cases we will assume that the evaluation is conducted under a quadratic loss function with
some positive de®nite weight matrix W. We will use the fact that the ranking of DSGE models
under Lq-loss only depends on ~Rq('̂i jYT) de®ned in equation (19).

Case (1)
Suppose a sequence of observations {yt}

T
t � 1 is generated from model M1 conditional on a

parameter vector �(1),0 and the posterior model probability ofM1 converges to one: �1,T ÿ!p 1.
Here, `ÿ!p ' denotes convergence in probability as T tends to in®nity under the distribution of
{yt}

T
t � 1 induced by the data-generating model. We make the following additional assumptions.

For each modelMi, the posterior mean of the population characteristics converges to a ®nite
limit, that is, IE [' jYT,Mi] ÿ!p '�i�.M1 andM2 are asymptotically distinguishable based on the
population characteristics ' in the sense that '�1� ÿ '�2� � �' and j�' j>0.

From these assumptions it can be deduced that ~Rq('̂q,1) ÿ!p 0 and ~Rq('̂q,2) ÿ!p �0'W�'. For
any positive de®nite weight matrix W, the probability thatM1 is ranked aboveM2 converges to
one as the sample size T tends to in®nity. Thus, under regularity conditions that are su�cient for
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the above assumptions to hold, the proposed evaluation procedure is consistent. Regardless of
W, in a large sample our procedure favours the model that would be selected based on a
comparison of one-step-ahead forecast performances

PT
t � 1 ln p(yt jYtÿ1,Mi). Hence, the

procedure retains an important feature of the traditional approach to the evaluation of
macroeconometric models.

Case (2)
Suppose a sequence of observations {yt}

T
t � 1 is generated from the reference model M0

conditional on a parameter vector �(0),0 and the posterior model probability of the reference
modelM0 converges to one: �0,T ÿ!p 1. Moreover, assume IE [' jYT,Mi] ÿ!p '�i�. Under these
assumptions IE [' jYT]ÿIE [' jYT,M0] ÿ!p 0 and the ranking of DSGE models depends in large
samples on the discrepancy between IE [' jYT,M0] and the predictors '̂q,i, i� 1,2.

In the real business cycle literature moment predictions of DSGE models are often informally
compared to sample estimates obtained from time series data. Econometricians have criticized
this practice because no attention is paid to the fact that these sample moments are only noisy
measures of population moments, and standard errors associated with the sample estimates are
not systematically taken into account.

Consider a Gaussian VAR(1) with an nz� 1 deterministic trend component zt as reference model:

yt � �zzt � �1ytÿ1 � ut ut � N�0;�u� �26�
De®ne the T� n matrices Y and Yÿ1 with rows y0t and y0tÿ1, t� 1, . . . ,T. Let Z be the T� nz
matrix with rows z0t. Suppose that yt is trend stationary and ' consists only of autocovariances.
Based on the maximum likelihood estimates �̂1,mle and �̂u,mle of the VAR parameters, one can
calculate the implied autocovariances for the detrended yt, denoted by ÿyy,h:

vec�ÿ̂yy;0� � In2�n2 ÿ �̂1;mle 
 �̂1;mle

� �ÿ1
vec��̂u;mle� �27�

ÿ̂yy;h � �̂
h

1;mleÿ̂yy;0 �28�
where vec(A) stacks the columns of matrix A, In2 � n2 denotes the n

2� n2 identity matrix, and 

is the Kronecker product. For the autocovariances of order h� 0,1 we obtain

ÿ̂yy;0 � 1

T
Y0MzY� small ÿ̂yy;1 � 1

T
Y0MzYÿ1 � small �29�

where Mz� IT � TÿZ(Z0Z)ÿ1Z0. Thus, for h� 0,1 the VAR-based autocovariance estimates
are approximately equivalent to the sample autocovariances. The small-term arises because
Y0MzY is not exactly equal to Y0ÿ1MzYÿ1. To the extent that the posterior mean IE [' jYT,M0]
of the autocovariances can be well approximated by the maximum likelihood plug-in values
given in equation (29),2 the evaluation under the quadratic loss function resembles the widely
applied comparison of DSGE model predictions and sample moments.

2Consider the posterior expected value of a function f (�):Z
f���p��jYT �d� � f��̂mle� �

Z �
f��� ÿ f��̂mle�

�
p��jYT �d� �30�

In large samples the posterior distribution generally concentrates around �̂mle and the second term vanishes as T!1.
For a formal argument and regularity conditions see, for instance, Crowder (1988).
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It is a particular feature of the quadratic loss function that for any given W the posterior
variance of ' does not a�ect the ranking of the DSGE models. Informal Kydland and Prescott
(1996)-style moment comparisons usually incorporate judgments about the relative importance
of individual moments, i.e. the elements of the vector '. In our approach these judgements are
re¯ected in the weight matrix W.3

Model evaluation under the Lp and L�2-loss function, on the other hand, is sensitive to the
posterior uncertainty with respect to '. We will discuss the relationship between traditional p-
values and the posterior expected L�2 and Lp-loss in the context of the empirical application.

4. EMPIRICAL ANALYSIS

While the cash-in-advance and the portfolio adjustment cost models presented in Section 2
generate stochastic representations for several observable time series, our empirical analysis
focuses on two key macroeconomic variables, stacked in the vector yt. We will examine to what
extent the DSGE models ®t quarterly US output growth � ln GDPt and in¯ation data � ln Pt

from 1950:I to 1997:IV. The data were extracted from the DRI database. Aggregate output is
real gross domestic product (GDPQ), converted into per capita terms by the NIPA population
series (GPOP). The GDP de¯ator series (GD) is used as aggregate price level. Logarithms and
®rst di�erences are taken to obtain quarterly output growth and in¯ation.

In this application the dimension of yt is 2� 1 and matches the number of structural shocks in
the DSGE model. Therefore, the likelihood functions p(YT j�(i),Mi) are non-degenerate. We will
compute posterior distributions for the parameters �(i) as well as posterior model probabilities.
As pointed out in the previous section, the proposed evaluation procedure can also be applied if
the dimension of yt exceeds the number of structural shocks. However, if the intention is to ®t a
model to several macroeconomic variables simultaneously, we ®nd it desirable to include
enough shocks such that p(YT j�(i)) is non-degenerate. Examples of this modeling approach are
Leeper and Sims (1994), Kim (2000), and Dejong et al. (2000).4

4.1 The Reference Model

A VAR serves as reference modelM0:

yt � �0 � �1ytÿ1 � . . .� �pytÿp � ���t �t � iidN�0;��� �31�
where �t is interpreted as vector of structural shocks [�A,t, �M,t]

0. As in the two DSGE models, the
¯uctuations of output growth and in¯ation are due to technology shocks and unanticipated
changes in the growth rate of money supply. Without an additional restriction, the four elements
of the matrix �* are not identi®able from the data. Both the cash-in-advance and the portfolio

3 In practice, model DSGE evaluations are often based on population moments of ®ltered series. If yt corresponds the
®ltered data the argument remains valid. However, if yt corresponds to the raw series and the ®ltering is incorporated
into the de®nition of the population characteristic ', then the discrepancy between posterior mean IE [' jYT,M0] and the
sample autocovariances of the ®ltered series does generally not vanish.
4 Various approaches have been employed to remove the counterfactual singularities from the DSGE models prior to the
empirical analysis. For instance, Altug (1989) introduced measurement errors in the empirical speci®cation and Ireland
(1998) constructed a hybrid model. If our evaluation approach is applied to one of these modi®ed DSGE models, it will
generally lead to an assessment of the modi®ed DSGE model rather than the original model.
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adjustment cost model imply long-run neutrality of money growth shocks. This restriction is
imposed on the VAR and the elements of �* are identi®ed by the Blanchard and Quah (1989)
scheme.

Vector autoregressions are generally less restrictive in their dynamics than linearized DSGE
models. The identi®cation scheme, however, is application-speci®c and open to criticism. It
should be consistent with the DSGE models that are being compared. For our analysis, we do
®nd it plausible to identify money supply shocks through a long-run neutrality restriction and
more attractive than identifying them as innovations to a money stock series. The same long-run
identi®cation scheme has been used by Nason and Cogley (1994).

The reduced-form disturbances are de®ned as ut��*�t with covariance matrix �u��*���
0
*.

Let YT now be the (Tÿp)� n matrix with rows y0t, t� p� 1, . . . ,T (the ®rst p observations are
used to initialize lags). Let k� 1� np, XT be the (Tÿp)� k matrix with rows [1,y0tÿ1, . . . ,y0tÿp],
UT be the matrix with rows u0t, and B� [�0,�1, . . . ,�p]

0. The reference model can be expressed as

YT � XTB�UT �32�
For the calculation of posterior model probabilities it is important that the prior distributions of
the parameters are proper. To obtain a proper prior for B and � a portion of the sample
t� 1, . . . ,T* is considered as training sample. Let Y* and X* be matrices with rows y0t and x0t,
t� p� 1, . . . ,T*. De®ne

B̂� � �X0�X��ÿ1X0�Y�; �̂� � �T� ÿ p�ÿ1�Y� ÿ X�B̂��0�Y� ÿ X�B̂�� �33�
Conditional on the training sample, we use conjugate proper priors for B and �:

�jY� � IW
ÿ�T� ÿ p��̂�;T� ÿ kÿ p

� �34�
vec�B�j�;Y� � N

ÿ
vec�B̂�;�
 �X0�X��ÿ1

� �35�
where IW denotes the Inverted Wishart distribution. The appropriate lag length p is determined
from the data. The subsequent analysis is conducted conditional on a training sample that
ranges from 1950:I to 1954:IV (T*� 20). We use Y*

T to denote the (TÿT*)� n matrix with rows
y0t, t�T*� 1, . . . ,T.

4.2 The Model Evaluation

The prior distribution for the DSGE model parameters is summarized in Table I. The shapes of
the densities are chosen to match the domain of the structural parameters. As in Canova (1994)
and Dejong et al. (1996, 2000), it is assumed that the structural parameters are a priori
independent of each other. Thus, the joint prior density is simply the product of the marginal
densities. Since all the marginal densities integrate to unity, it follows that the joint prior
distribution is proper.

The prior was speci®ed conditional on information from the years 1950:I to 1954:IV. Based
on DRI series on Wages and Salaries, Other Labor Income, and National Income, we calculated
an average capital share of 0.356. The standard error (SE) for � was chosen to be 0.02 which is
about four times the SE of the sample mean of the calculated capital share. To specify a prior for

 we computed the average GDP growth rate during the training sample period. The priors for
the steady-state money growth rate ln m* and the autoregressive parameter � are obtained by
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®tting an AR(1) model to the DRI money base series. The priors for �, �, and � are chosen to
obtain plausible steady-state values for the capital±output ratio, the consumption±output ratio,
and the leisure±labour ratio. With 95% prior probability, these ratios lie between 8 and 24, 0.67
and 0.82, and 1.3 and 3.2, respectively.

Since model M2 depends on the adjustment cost parameters �1 and �2 only through
�� �1�

2
2, we re-parameterize M2 accordingly. Christiano and Eichenbaum (1992b) choose

�1� 0.00005 and �2� 1000, which leads to �� 50. In the steady state the adjustment costs are
equal to zero. The parameter � a�ects only the marginal costs (in terms of hours) of changing
bank deposits. Christiano and Eichenbaum (1992b) calculated that after an unanticipated one-
standard-deviation money growth shock their choice of parameters translates into a loss of 3
minutes in the third quarter after the shock. We centre our prior at �� 50 and use a standard
error of 20.

Step 1
Draws from the posterior distribution p(�(i) jYT,Mi) of the DSGE models cannot be generated
directly because the posterior does not belong to a well-known class of distributions. We can
only numerically evaluate the product p(Y*

T jY*,�(i),Mi)p(�(i) jMi) of likelihood and prior.
Therefore, a random walk Metropolis algorithm, described in the Appendix, is used to generate
parameter draws from the posterior distributions.

Posterior means and standard errors are calculated from the output of the Metropolis
algorithm and summarized in Table II. For both models the posterior mean of the capital share
parameter is about 0.42, somewhat larger than the value that is often used in calibration
exercises. Conditional on model M1 the posterior mean of � is 0.99, which implies an
annualized steady-state real interest rate of 4%. The posterior-mean estimate of � under M2

corresponds to a 6% real interest rate. The estimated technology growth rate 
 is 0.37 and
0.42% per quarter, respectively. According to our estimates, the implied capital output ratio lies
between 16 and 41, the consumption output ratio between 0.74 and 0.97, the leisure±labour ratio
between 2 and 5, and the nominal interest rate between 7% and 11%. The magnitude of the
estimated simulation standard errors for the posterior means and standard errors is about 1%.

Table I. Prior distribution for the parameters of the DSGE models

Name Range Density Mean SE

� [0,1] Beta 0.3560 (0.020)
� [0,1] Beta 0.9930 (0.002)

 IR Gaussian 0.0085 (0.003)
ln m* IR Gaussian 0.0002 (0.007)
� [0,1] Beta 0.1290 (0.223)
� [0,1] Beta 0.6500 (0.050)
� [0,1] Beta 0.0100 (0.005)
� IR+ Gamma 50.000 (20.00)
�A IR+ InvGamma 0.020* 2.000*
�M IR+ InvGamma 0.005* 2.000*

Notes: SE denotes standard error. The parameter � appears only in the portfolio adjustment cost model
M2. For the Inverse Gamma (�,s) priors we report the parameters � and s. For � � 2 the standard error is
infinite.
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The estimates are consistent with the ®ndings of Christiano (1991). To match the data, the
models need a high value of � to o�set the depressive e�ect of in¯ation on the capital stock and
on labour supply. The estimated autocorrelation of money growth is large at 0.86. Based on the
monetary base series from 1954:I to 1991:IV, Nason and Cogley (1994) estimated the
autocorrelation of money growth to be 0.728. Since prices in the model adjust quickly, a large �
is needed to capture the persistence in in¯ation. The estimated adjustment cost parameter for
M2 is 63.84, somewhat larger than the value suggested by Christiano and Eichenbaum (1992b).

Prior and posterior model probabilities are summarized in Table III. We assigned prior
probabilities of one-third to the two DSGE models and the reference model. Since there is
uncertainty with respect to the appropriate lag length p of the VAR, we use a mixture of four
vector autoregressions (lags 1 to 4) as reference model.

Table II. Posterior means and standard errors for the parameters of the structural models

ModelM1 ModelM2

Mean SE Mean SE

� 0.4168 (0.0218) 0.4193 (0.0233)
� 0.9901 (0.0021) 0.9856 (0.0029)

 0.0038 (0.0010) 0.0041 (0.0013)
ln m* 0.0141 (0.0017) 0.0136 (0.0023)
� 0.8623 (0.0343) 0.8610 (0.0433)
� 0.6837 (0.0479) 0.6558 (0.0534)
� 0.0020 (0.0011) 0.0029 (0.0016)
� 63.837 (23.211)
�A 0.0133 (0.0009) 0.0162 (0.0011)
�M 0.0029 (0.0002) 0.0033 (0.0002)

Notes: M1 is the standard cash-in-advance model and M2 is the portfolio adjustment cost model. The
moments are calculated from the output of the Metropolis Algorithm. The adjustment cost parameter �
does not enter model M1. The estimated simulation standard errors (see Appendix) for the posterior
moments are less than 1%.

Table III. Prior and posterior model probabilities

M1 M2 VAR(1) VAR(2) VAR(3) VAR(4)

Prior Prob �i,T*
1/3 1/3 1/12 1/12 1/12 1/12

ln p(Y*
T jY*,Mi) N/A N/A 1250.73 1253.01 1259.12 1249.95

Laplace approx. 1195.01 1182.35 1250.59 1252.77 1258.77 1249.46
Harmonic mean 1195.15 1182.47 1250.73 1253.01 1259.10 1249.94
Post. odds �i,T/�1,T 1.00000 3.1E-6 3.4E23 3.4E24 1.5E27 1.6E23
Post. prob �i,T 6.6E-28 2.1E-33 0.0002 0.0022 0.9975 0.0001
RMSE (� ln GDPt) 0.0099 0.0098 0.0093 0.0093 0.0092 0.0091
RMSE (� ln Pt) 0.0039 0.0042 0.0032 0.0030 0.0029 0.0029

Notes: Laplace approx. is the Laplace approximation of ln p(YT jMi) given in equation (37), Harmonic
mean refers to the simulation-based approximation of ln p(YT jMi).M1 is the standard cash-in-advance
model andM2 is the portfolio adjustment cost model. For the VARs, the harmonic mean approximations
are based on 8000 draws from the posterior parameter distribution. For the DSGE models it is based on
80,000 draws. In the latter case the estimated approximation error is about 0.5 (in log-units).
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The posterior model probabilities are functions of the marginal data densities

p�Y�TjY�;Mi� �
Z

p�Y�TjY�; ��i�;Mi�p���i�jY�;Mi�d��i� �36�

Since conjugate priors are used for the VARs, the marginal data density of the reference model
can be calculated analytically. For the two DSGE models expression (36) does not have a
closed-form solution. Two approximations are reported in Table III. The Laplace approximation
is of the form

~p�Y�TjY�;Mi� � �2��di=2j~��i�j1=2p�Y�TjY�; ~��i�;Mi�p�~��i�jY�;Mi� �37�
where ~�(i) is the posterior-estimator of �(i), di the dimension of �(i), and ~�(i) is the inverse Hessian
evaluated at the posterior mode:

~�i � ÿ @2

@�i@�0i
ln p�Y�TjY�; �i;Mi�p��ijY�;Mi�

� �ÿ1
��i��~��i�

�38�

The approximation error is small if ln [p(Y j�(i),Mi)p(�(i) jMi] is well approximated by quadratic
function of �(i). The term j ~�(i) j1/2 can be interpreted as penalty for the dimensionality of model
Mi. Second, we are reporting the posterior simulation-based modi®ed harmonic mean estimator
of the marginal data density proposed in Geweke (1999b) and described in the Appendix.

For all models, the two di�erent approximations of the marginal data densities lead to the
same substantive conclusions. The posterior odds of M1 versus M2 are roughly 1 to 300,000
and favour the standard CIA model. The in-sample root-mean-square-errors (RMSE) indicates
that the CIA model tracks the in¯ation series better than the PAC model. However, compared
to the vector autoregressions, the time series ®t of the two DSGE models is not good.

The VAR posterior is Gaussian in terms of the autoregressive parameters, but only
approximately quadratic with respect to the three covariance parameters. Therefore, the Laplace
approximations are quite precise. The approximation errors of the harmonic mean estimator of
the VAR marginal data densities are negligible. For the DSGE models the estimated numerical
standard errors of the harmonic mean estimates are about 0.5 for the log-densities.

We conducted a sensitivity analysis of the posterior estimates to the choice of prior
distributions. As the prior variance of � and � is increased, a better time series ®t of the models
was achieved. However, the posterior mean estimates of the implied steady-state real interest
rates and the capital share became very large. The former was more than 10% annually and the
latter above 70%. It is well documented, e.g. by Cogley and Nason (1995) and Rotemberg and
Woodford (1996), that standard business cycle models have di�culties in replicating the
persistence in output growth. The random walk technology shock leads to small autocorrelated
variations in the capital stock. To translate these variations into persistent movements of output
growth, a very large capital share � is needed. We found that for priors that lead to very large
estimates of � and 1/� the posterior odds favour modelM2 rather thanM1. Under these priors,
the marginal data density ofM2 can reach the magnitude of the VAR(4) data density.

Throughout the remainder of this section we only report numerical results for the prior
summarized in Table I. The prior variance of � and � is consistent with training sample
evidence and capital share values and steady state interest rates that economists regard as
plausible.
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Step 2
Since the combined posterior probability of the DSGE models is small, the 0ÿ1 loss function
that assigns the same loss to choosing M1 or M2 if the reference model is `correct' is not
appealing. Therefore we use loss functions that are based on the prediction of population
characteristics. The following characteristics are considered: (1) the correlations between output
growth and in¯ation corr(� ln GDPt, � ln Pt � h), h� ÿ2, . . . ,2; (2) the responses d ln GDP/d�A
and d� ln P/d�A to a permanent (technology) shock that increases output by 1% in the long run
and the responses d ln GDP/d�M and d� ln P/d�M to a transitory (money growth) shock that
raises the price level by 1% in the long run. Since the probabilistic speci®cation of the DSGE
models is de®cient, as indicated by their low posterior probability, we normalize the magnitude
of the structural shocks by their long-run e�ect rather than by estimated standard deviations to
compare impulse response dynamics. We describe in the Appendix how to generate draws from
the density p(' jYT)�

P2
i � 0 �i,T p(' jYT,Mi) and how to compute posterior expected losses.

Since �1,T and �2,T are essentially zero and Lp and L�2-loss functions are bounded by one, the
contributions of the DSGE model to the posterior p(' jYT) is neglected in the calculation of
expected values.

Step 3
This subsection summarizes posterior prediction losses for autocorrelations and impulse
response functions. The results for corr (� ln GDPt, � ln Pt � h) are presented in Table IV. The
®rst two rows of Table IV contain 90% highest posterior density (HPD) con®dence intervals.
The posterior indicates that the correlation among output growth and in¯ation is between
ÿ0.37 and ÿ0.05. According to the posterior mode predictions '̂p,i of the DSGE models (rows
3 and 4 of Table IV), the contemporaneous correlation between � ln GDPt and � ln Pt is less
than ÿ0.50. WhileM1 predicts a slightly negative correlation between current output growth
and future in¯ation,M2 implies essentially no correlation. UnderM1 current output growth is
nearly uncorrelated with past in¯ation.M2 suggests a small positive correlation between output
growth and in¯ation lagged by one period.

A variance decomposition indicates that under both M1 and M2 about 99% of the
¯uctuations in output growth and about 33% of the variation in in¯ation are due to technology
shocks. An increase in productivity causes output to rise and the price level has to fall. Since the

Table IV. Model evaluation statistics for correlations between output growth and in¯ation (lags h� ÿ2 to
h� 2 individually): 90% highest posterior density intervals, posterior mode predictions '̂p,i, and posterior

expected Lp-loss (risk) of '̂p,i

Correlations corr (� ln GDPt,� ln Pt � h)
'̂p;i h� ÿ2 h� ÿ1 h� 0 h� 1 h� 2

90% Interval (U) 0.0419 0.0543 ÿ0.0502 0.0222 0.1015
90% Interval (L) ÿ0.3003 ÿ0.2866 ÿ0.3722 ÿ0.3105 ÿ0.2421
Mode prediction i� 1 0.0005 0.0014 ÿ0.5774 ÿ0.0236 ÿ0.0228

i� 2 0.0042 0.0145 ÿ0.5103 0.0098 0.0048
Lp-risk i� 1 0.7977 0.7375 0.9950 0.7699 0.2942

i� 2 0.8089 0.7786 0.9887 0.8645 0.4711

Note: i� 1 is the standard cash-in-advance model and i� 2 is the portfolio adjustment cost model.
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price level adjusts immediately, the DSGE models predict a negative contemporaneous
correlation that is too large.

The informal assessment is con®rmed by a formal analysis of Lp and L�2 risks. The last two
columns of Table IV contain posterior expected Lp losses for the prediction of the ®ve
correlations individually. For h� 0 less than 1% of the posterior mass is concentrated at values
of ' that have lower density than '̂p,1 and '̂p,2, respectively.

5 At lags h� 1 and h� 2 the CIA
model dominates the PAC model.

Our procedure also allows a joint evaluation of the m� 5 moment predictions. Based on the
results of the univariate calculations we expect the DSGE model predictions to lie far in the tails
of the posterior distribution, where Kernel density estimates are likely to be inaccurate. We
therefore approximate the posterior densities p(' jYT,Mj) by Gaussian densities pÄ(' jYT,Mj)
with mean IE [' jYT,Mj] and variance Var [' jYT,Mj]. Moreover, the posterior mode predictions
'̂p,i of the DSGE models are approximated by the posterior mean predictions '̂q,i. The means
and covariance matrices are computed from the output of the posterior simulators. Therefore,
the height of the posterior density evaluated at the DSGE model prediction is

p�'̂p;ijYT� �
X2
j�0

�j;T~p�~'q;ijYT;Mj� i � 1; 2 �39�

The natural log of �j,T ~p('̂q,i jYT,Mj) is tabulated in the ®rst three columns of Table V. All
three components of ~p('̂q,i jYT) are very small. The results show that for predictor i the height of
the density ~p('̂q,i jYT) is determined by the component �i,T ~p('̂q,i jYT,Mi). The other two
components are several magnitudes smaller. Thus, ln ~p('̂q,1 jYT) � ÿ28.39 and ln
~p('̂q,2 jYT)� ÿ48.30. These approximations suggest that the posterior expected Lp-prediction
loss is smaller for modelM1 than for modelM2.

5Univariate kernel density estimates were used to estimate the posterior densities p('|YT,Mi) based on draws '(s) from
the posteriors of '|YT,Mi, i � 1,2. To obtain the DSGE model predictions '̂p,i under Lp-loss, we calculate the mode of
p̂('|YT,Mi). A ®rst sequence of draws ' is generated from the reference model to construct a density estimate of
p('|YT,M0). Then, a second sequence of draws '(s) from the reference model is used to approximate the Lp-risk:

1

nsim

Xnsim
s�1

p̂�'�s�jYT � < p̂�'̂p;ijYT
n o

We used a Gaussian Kernel with bandwidth � � (4/3)(1/5) nÿ 1/5
sim �', where nsim is the number of posterior draws, and �' is

the standard error of the correlation ', estimated from the posterior simulator output.

Table V. Model evaluation statistics for correlations between output growth and in¯ation (lags h� -2 to
h� 2 jointly)

ln��j;T~p�'̂q;ijMj��
j� 0 j� 1 j� 2 C�2�'̂q;ijYT�

i� 1 ÿ78.061 ÿ28.391 ÿ78.201 185.86
i� 2 ÿ59.537 ÿ41723. ÿ48.297 148.81

Note: C�2 �'̂q;ijYT� is defined in equation (21). i� 1 is the standard cash-in-advance model and i� 2 is the
portfolio adjustment cost model.
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The structural models introduce modes into the tails of the overall posterior p(' jYT). The
height of these modes is increasing in the posterior probabilities �i,T and decreasing in the
posterior variance of ' under model Mi. Since both '̂q,1 and '̂q,2 are far in the tails of
p(' jYT,M0) and �1,T is much greater than �2,T the CIA model ranks above the PAC model
according to the Lp-risk. However, for both predictors the height of the posterior density is so
small that the value of the Lp-risk is essentially equal to one.6

Now consider the L�2-loss. The scaled distances C�2 ('̂q ,i jYT), de®ned in equation (21), are
reported in the last column of Table V. Since C�2 ('̂q,1 jYT)>C�2 ('̂q,2 jYT) the previous ranking
of the two models is reversed. The expected L�2 loss for the portfolio adjustment cost model is
lower than for the cash-in-advance model. Under the L�2-loss function the comparison is based
only on the Vÿ1

' weighted distance between the predictor '̂q,i and the posterior mean IE [' jYT].
Since �1,T and �2,T are very small, IE [' jYT] is practically determined by the reference model.
The fact that �1,T>�2,T does not shift the prediction losses in favour of the cash-in-advance
model. Under the assumption that the posterior distribution of ' is approximately normal, the
magnitude of the L�2-risk can be approximated by F�2

m
[C�2 ('̂q,i jYT)], where F�2

m
is the

cumulative density function (cdf) of a �2 random variable with m degrees of freedom. For both
predictors the risk is essentially equal to one.

In our application the Lp and the L�2-loss functions lead to di�erent rankings of the models.
However, since the posterior losses are practically equal to one we conclude that the joint
predictions of the correlations are inconsistent with the data.

Figure 1 depicts impulse responses to the structural shocks �M,t and �A,t. The posterior
distribution indicates a positive hump-shaped response of output to a temporary unanticipated
increase of the money growth rate. The portfolio adjustment cost modelM2 is able to generate a
positive response of output, which is initially smaller and slightly more persistent in the long run
than the posterior mean response.

The money growth shock increases the amount of loans that the ®rm has to absorb since the
household's bank deposits are predetermined. To increase the demand for loans the nominal
interest rate has to fall which stimulates economic activity. The household can adjust its labour
supply in response to the money growth shock. The labour±leisure trade-o� determines
aggregate real output in the initial period since the capital stock is also predetermined. For the
posterior mean values of the structural parameters the incentive for the household to increase its
labour supply is not strong enough to generate such a large increase in output as suggested by
the overall posterior distribution. The hump-shaped response of output in the PAC model is in
part due to the high estimated autocorrelation of the money growth rates. For low values of �
output rises after impact of the unanticipated money shock and then decays monotonically.

In the standard cash-in-advance model M1 households can adjust their deposits
contemporaneously in response to the money growth shock. The nominal interest rate is
approximately equal to the real interest rate plus expected in¯ation. The money growth shock
increases the expected in¯ation rate. Thus, the nominal interest rate rises and output slightly
decreases. The model does not generate a liquidity e�ect. Both DSGE models predict a sudden
increase in the price level which results in too much in¯ation in the ®rst period.

6 If the posterior distribution p('|YT,Mi), i � 1,2, concentrates in a lower dimensional subspace of IRm, model Mi

introduces a point mass in the overall posterior distribution of '. To conduct a model evaluation under the Lp-loss, the
overall posterior density p('|YT) has to be carefully rede®ned with respect to a dominating measure that assigns non-zero
mass to this sub-space.
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In response to a permanent technology shock output rises steadily. Our posterior estimates do
not exhibit an initial overshooting of output. The technology shock is normalized such that the
long-run increase of output is 1%. The technology shock causes the price level to drop, leading
to a negative in¯ation rate. According to the DSGE models, the price level adjusts quickly,
whereas the overall posterior indicates a delayed response.

Evaluation summary statistics are reported in Table VI. We used the 12� 12 identity matrix

Figure 1. Posterior distribution of impulse response functions and Bayes predictors (lags 1 to 40) for cash-
in-advance (M1) and portfolio-adjustment-cost (M2) model
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W, scaled by the factor 1/12, to compute the Lq-loss. The visual impression from the plots is
con®rmed by the Lq-statistics: IRFs of the portfolio adjustment cost model resemble the
posterior mean response more closely than the cash-in-advance model IRFs do. We also report
the weighted distances C�2 ('̂q,i jYT) and the posterior expected L�2-loss. Since for all four
response functions C�2 ('̂q,1 jYT)>C�2 ('̂q,2 jYT) the ranking under the L�2-loss function is the
same as the quadratic loss function. The values of the L�2-risk imply that the posterior
probability of an IRF that is further apart from the posterior mean response (in L�2 metric) than
the response obtained from the PAC modelM2 is 39.56% for d ln GDP/d�M and 79.52% for d�
ln P/d�M. The L�2-risk for the GDP response to a technology shock is larger than the visual
inspection of Figure 1 suggests. This is due to the weighting induced by the inverse posterior
covariance matrix Vÿ1

'. We conclude that the PAC model is more suitable to predict the e�ects
of an unanticipated increase in the money growth rate and the e�ect of a change in total factor
productivity.

Step 4
Can one obtain better matching impulse response functions to an unanticipated money growth
shock by changing the parameter � of the portfolio adjustment cost modelM2? A loss function
estimate of � is computed to answer this question. Let ' be the 80� 1 vector composed of d ln
GDP/d�M and d� ln P/d�M. We use the quadratic loss function

L�'; '̂� � �'ÿ '̂�0�'ÿ '̂� �40�
with the identity matrix as weight matrix. To examine the improvements that can be achieved
through a modi®cation of the adjustment cost parameter � we set all other parameters equal to
their posterior mean value (see Table III). The loss function estimate is �̂IRF� 114.67. Thus,
the marginal costs of changing bank deposits are larger than under the posterior mean
estimate. The predicted responses are depicted in Figure 2. While the loss function estimate
increases the real impact of the monetary shock, a discrepancy between the posterior mean
response and the DSGE model response remains. A further increase of � ampli®es the real
e�ect in the initial period, but also increases its persistence. To match the posterior mean
response more closely, other parameters have to change: in particular, a counterfactually large
capital share, a high steady-state interest rate and a higher short-run labour supply elasticity
(1ÿh)/h are needed.

Table VI. Model evaluation statistics for impulse response functions (lags 1 to 12 jointly)

Impulse response function

'̂q;i d ln GDP/d�M d � ln P/d�M d ln GDP/d�A d � ln P/d�M

Lq-risk i� 1 0.0565 0.0013 0.0221 0.0059
i� 2 0.0264 0.0012 0.0036 0.0045

C�2�'̂q;ijYT� i� 1 4.7725 15.260 38.733 130.00
i� 2 4.4662 14.151 17.020 104.62

L�2-risk i� 1 0.4142 0.8137 0.9560 0.9939
i� 2 0.3856 0.7952 0.8453 0.9914

Notes: As Lq-risk we only report ~Rq�'̂q;ijYT� (see equation (19)). C�2�'̂q;ijYT� is defined in equation (21).
i� 1 is the standard cash-in-advance model and i� 2 is the portfolio adjustment cost model.
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4.3 Discussion

We found in our empirical analysis of the log-linearized DSGE models7 that the cash-in-advance
model has higher posterior probability than the portfolio adjustment cost model and achieves a
better in-sample time series ®t. Both models overpredict the negative correlation between output
growth and in¯ation. Unlike the PAC model, the CIA model is not able to generate a positive
real e�ect of money growth shocks on aggregate output. Overall, the impulse response dynamics
of the PAC model resemble the posterior mean impulse response functions more closely than the
responses of the CIA model.

Based on the impulse response function evaluation, our assessment of the DSGE models is
more favourable than the results of Nason and Cogley (1994). Both analyses are based on a
comparison of DSGE model response functions to response functions estimated through an
identi®ed VAR. Nason and Cogley (1994) conducted classical tests of the null hypotheses that
the IRFs were generated from the structural models. Conditional on calibrated DSGE
parameter values, they derived the sampling distribution of VAR based impulse response
function estimates. The variance of the sampling distribution provided a metric to assess the
discrepancy between DSGE model responses and VAR responses. For each model Mi a
di�erent covariance matrix is used. Since the parameter values are regarded as known and the
DSGE models are well approximated by a fourth-order VAR, Nason and Cogley (1994)
obtained small sampling variances which let the discrepancy between DSGE model prediction

Figure 2. Posterior distribution of impulse response functions, loss function predictor and Bayes predictor
(lags 1 to 40) for portfolio-adjustment-cost model

7 To the extent that the log-linearization provides an accurate approximation of the equilibrium in the non-linear model
economies, the substantive conclusions drawn from the analysis also hold for the non-linear models. Log-linear
approximations are generally accurate if the decision rules of the agents are smooth in the neighbourhood of the steady
state and the deviations from the steady state are modest. A numerical assessment of the accuracy of various solution
methods for DSGE models can be found in Taylor and Uhlig (1990).
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and VAR estimate appear large. In our calculation of the L�2-risk, the discrepancy between
DSGE model prediction and the posterior mean response function is scaled by the posterior
variance of the impulse responses, which is larger than Nason and Cogley's (1994) sampling
variances. This lets model predictions and posterior mean appear closer.

In our approach the metric between DSGE model prediction and overall posterior dis-
tribution of population characteristics is determined by the researchers' preferences. The Lq, Lp,
and L�2-loss functions lead to model evaluations that are similar in spirit to many existing
evaluation approaches. If a model dominates other structural models under several di�erent loss
functions, then it is a clear strike against the its competitors and the inference is robust.

Our approach is particularly interesting for policy analyses because the prediction of policy
e�ects can be convincingly stated within a loss function-based framework. Throughout the
paper, we considered a case in which the reference model was just identi®ed to yield predictions
with respect to the population characteristics '. The attraction of tightly parameterized
structural models, however, rests in their ability to generate predictions about aspects of
economic activity that cannot be analysed in the context of very general and ¯exible
speci®cations. An example is the prediction of the e�ects of a rare change in a policy regime,
such as switching from an exogenous money supply rule to a feedback rule. To choose a DSGE
model for predictions that are beyond the scope of the reference model, it is important to
carefully document in which respect the DSGE model ®ts the data, as emphasized by Sims
(1996). Our loss function-based model evaluation approach is a useful and ¯exible tool for
examining the empirical adequacy of DSGE models.

5. CONCLUSION

In this paper we proposed an econometric procedure for the evaluation and comparison of DSGE
models. Unlike in many previous econometric approaches, we explicitly take the possibility into
account that the DSGE models are misspeci®ed and introduce a reference model to complete the
model space. Three loss functions were proposed to assess the discrepancy between DSGE model
prediction and the overall posterior distribution of population characteristics that the researcher is
trying to match. The evaluation procedure was applied to the comparison of a standard cash-in-
advance model and a portfolio adjustment cost model. We examined the empirical adequacy of
these two monetary models based on posterior model probabilities and their ability to capture
the correlation between output growth and in¯ation and impulse response dynamics. The
evaluation procedure can be easily extended to examine DSGE model predictions of the
spectrum of macroeconomic aggregates. We focused on the evaluation of log-linearized DSGE
models. The principle of our approach can also be applied to non-linear structural models.
However, the implementation of the computations is likely to be more cumbersome.

APPENDIX: COMPUTATIONAL DETAILS

A.1 Reference Model

For each lag-length p, the posterior density of the VAR parameters is of the form

p�B;�jYT;M0� � p��jYT;M0�p�Bj�;YT;M0� �A1�
De®ne B̂T� (X0TXT)

ÿ1X0TYT and
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�̂T � 1

Tÿ p
�YT ÿ XTB̂T�0�YT ÿ XTB̂T�

The density p(� jYT,M0) has the shape of an inverted Wishart distribution with Tÿpÿk
degrees of freedom and parameter matrix HT� (Tÿp)�̂T. Conditional on �, the posterior
distribution of the coe�cients vec(B) is multivariate normal with mean vec(B̂T) and covariance
matrix �
 (X0TXT)

ÿ1 (see Zellner, 1971). To obtain independent draws (B,�)(s), s� 1, . . . ,nsim,
we successively draw from � jYT,M0 and B j�,YT,M0. The results reported in the text are based
on nsim� 50,000. For each draw (B,�)(s) we calculate the implied correlations and impulse
response functions '(s). With some small posterior probability �>0, the VAR is non-stationary
and the unconditional second moments of output growth and in¯ation do not exist. In the rare
event that a draw of B implies non-stationarity it is discarded. This corresponds to a truncated
prior p(B,�) that is zero in the non-stationary regions of the parameter space. Posterior
moments

R
g(')p(' jYT,M0)d' are approximated by simulation averages

1

nsim

Xnsim
s�1

g�'�s��

A central limit theorem for sequences of independently distributed random variables can be used
to assess the numerical accuracy of the Monte Carlo approximation (see Geweke, 1999b). The
marginal data density p(Y*

T jY*,M0)� p(YT jM0)/p(Y* jM0):

p�YTjM0� � ÿ �Tÿ pÿ k�=2� �ÿ �Tÿ pÿ kÿ 1�=2� �
��Tÿkÿp�ÿ1=2

X0TXT

�� ��ÿ1 �Tÿ k��̂T

�� ��ÿ�Tÿkÿp�=2
where ÿ[x] denotes the Gamma-function. p(Y* jM0) is obtained by replacing T, �̂T, and XT by
T*, �̂*, and X*, de®ned in Section 4.1.

DSGE Models
Conditional on the data YT and a set of parameter values �(i) the Kalman Filter is used to
evaluate the log-posterior density up to a constant

p���i�jYT;Mi� / p�Y�TjY�; ��i�;Mi�p���i�jY�;Mi�
A numerical optimization routine is used to compute the mode ~�(i) of the posterior density. Then
the inverse Hessian ~�(i) de®ned in equation (38) is computed. A random walk Metropolis
algorithm is used to generate nsim� 90,000 draws �(s)(i) from the posterior p(�(i) jYT,Mi). At each
iteration s, a candidate parameter vector #(i) is drawn from a jumping distribution Js(#i j�(sÿ1)

(i) )
and the density ratio

r � p�Y�TjY�; #�i�;Mi�p�#�i�jY�;Mi�
p�Y�TjY�; ��sÿ1��i� ;Mi�p���sÿ1��i� jY�;Mi�

is calculated. The jump from �(sÿ1)
(i) is accepted (�(s)(i)� #(i)) with probability min(r,1) and rejected

(�(s)(i)� �(sÿ1)
(i) ) otherwise. The sequence f��s��i� gnsims�1 forms a Markov chain that converges to the

target posterior distribution as nsim!1. The ®rst s0� 10,000 draws are discarded. We used a
Gaussian jumping distribution of the form Js � N (�(sÿ1)

(i) , c2~�(i)). We chose c� 0.2 for both
models. Based on the draws �(s)(i) we calculated the implied population characteristics '(s). To
assess the convergence of the Markov chain, we simulated independent sequences, with starting
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points drawn from an overdispersed distribution. We computed potential scale reduction factors
described in Gelman et al. (1995, Chapter 11.4). The potential scale reduction factors for model
parameters, correlations, and impulse responses were less than 1.005. Hence, we regard the
number of draws as large enough to conduct the evaluation. Posterior momentsR
g(')p(' jYT,Mi)d' are approximated by simulation averages

1

nsim

Xnsim
s�s0�1

g�'�s��

Since the sequences {g('(s))}nsims � s0+1 are serially correlated we used Newey±West standard errors
to assess the numerical accuracy of the approximation. The estimated simulation errors of the
posterior moments reported in the text are less than 1%. While this procedure is not formally
justi®ed (see Geweke, 1999b), it yielded simulation error estimates that were consistent with the
variation that we found across di�erent runs of the Markov chain. The modi®ed harmonic mean
estimator of p(Y*

T jY*,Mi) is de®ned as follows (Geweke, 1999b):

p̂�Y�TjY�;Mi� � 1

nsim ÿ s0

Xnsim
s�s0�1

f ���s��i� �
p���i�jY�;Mi�p�Y�Tj��i�;Y�;Mi�

24 35ÿ1

Let ��(i) and V�,i be the sample mean and covariance matrix computed from the posterior
draws �(s)(i). Then for � 2 (0,1)

f��� � �ÿ1�2��ÿdi=2jV�;ijÿ1=2 exp ÿ0:5��ÿ ���i��0Vÿ1�;i ��ÿ ���i��
h i

� ��ÿ ���i��0Vÿ1�;i ��ÿ ���i�� � Fÿ1�2
di

���
� �

where di is the dimension of �(i) and Fÿ1
�2
ki

��� is the inverse cdf of a �2 random variable with di
degrees of freedom. The discrepancy of ln p̂�Y�TjY�;Mi� across truncation levels � and
simulation runs was less than 0.6.
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