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This technical appendix explans in great detail the derivations carried out in relation to our paper. In addition to the
material reported in the paper, this technical appendix also provides some additional results - for instance alternative ways
of computing second moments (at second and third order) and how to directly implement pruning based on the Dynare
notation.

1 The class of DSGE model

We consider the class of DSGE models where the set of equilibrium conditions can be written as

By [f (Y1, Y6 Xe41,%¢)] = 0. (1)

Here, E; is the conditional expectation given information available at time ¢. The vector x; is the set of state variables

(pre-determined variables) and has dimension n, x 1. The vector y; contains the set of control variables (non pre-determined

variables) and has dimension n, x 1. We also let n = n, + n,.

X1,t

Xo.t

variables and x;; with dimension n,, x 1 contains the set of exogenous state variables. Note also that ng, + ng, = ng.
For the exogenous state variables we assume that

The state vector is partitioned as x; = [ ] , where x; » with dimension n,, x 1 contains the set of endogenous state

X241 =h (X2,t7 o)+ ON€L1 1, (2)

where €;41 has dimension n. x 1, and thus, 7 has dimension n,, X n.. We assume throughout that €;41 ~ ZZD (0,1),
that is the innovations are identical and independent distributed with mean zero and covariance matrix I. Further moment
requirements on €41 will be imposed later.

The general solution to this class of DSGE model is given by

v =g (x¢,0) (3)
Xt+1 = h (x4, 0) + one, (4)
e

where the functions g (-, ) and h (-, ) are unknown. We will therefore approximate these functions up to any desired order.
This is done around the non-stochastic steady state, i.e. x; = x45 and ¢ = 0. Formally, the expression for non-stochastic
steady state is given as the solution of (yss, Xss) to

f (YS87 YssyXsss Xss) =0. (6)

Note also that xss = h (x4s,0) and yss = g (Xss,0).

2 The pruning scheme:

2.1 Second order approximation

We start by partitioning the state vector using the approximated expression
Xy = x{ + %3,

where x{ denotes the first order terms and x; denotes the second order terms.
A second-order approximation of the state equation reads (for j =1,2,...,n;)



Tt41 (]a 1) = hx (]7 :) Xt + %Xghxx (.77 ) :)Xt + %hao' (J7 1) 02 + an (]7 :) €141
)
f i1 s i 1)=h . f s 1 f s /h s f s
Tiyq (4, )+xt+1 (Ja ) x(4y) (x{ +x7) + 5 (X +x{ xx (Jy550) (% +x3
+%hao‘ (Ja 1) o? +on (]7 :) €t4+1
)
/
ol Go) + o (G01) = ho (G, x] + i () %5 + ((x{ ) o (G5243) + (x2) B (G 5 :>> (x/ +xt)
+%h00 (.]a 1) o? +on (.]7 :) €t+1
)
w1 (1) + 2y (5,1) = ha (G, 1) %] + e (7, 2) X
! !
+3 ((x{) B (7,2 5) xf + (x{) hxx(j,a:)xf—%(xf)’hxx(j,a:)x{-+(xf)’hxx(j7a:)xf>
+%h00 (.7’ 1) o’ + an (.77 :) €t+1
)
w1 (1) + 2y (5,1) = ha (G, 1) x] + e (7, 2) X
! !/
+§((xf) B (G2,2) x] +2 (x] ) hxx<m:ﬁ)x5—+(xﬂ’hxx(mzﬁ)xf)

+%haa (ja 1) 02 + on (.77 :) €t+1
due to the symmetry of hyy (7,:, ).

A law of motion for the first order terms is thus

oliy (G:1) =y (3, ) x] +om (j,2) €1
A law of motion for the second order terms is thus

s ) s 1 ! ) 1 .
mkt$+1 (.77 1) = hx (jﬁ)x(t + 5 ((X{) hxx (]a 5 :) th> + §h00 (]7 1) 02

Inserting the decomposition of the state variables into the control variables we get (for ¢ = 1,2, ...n,)
yf (Z7 1) = 8x (Za :) Xt + %ngXX (Za 5 :) X + %gao (Za 1) o?

ys (i,1) = gx (4,:) (x{ + xf) + % (X{ + xf)/gxx (4,:,2) (xf + xf) + %ggg (i,1) o
(i
i (1) = g (i20) (X +x¢) + 4 ((xf)'gxx (i) + ()’ Bocx <>) (xf +x)
+%gga (i,1) 02
(i
yi (1) = g () (xf +x¢)
+% ((xf)/ Sxx (1,1,1) Xf +2 (xf)/ Zox (1,5, ) X5+ (x7) &xex (4,2, 2) xf)
+

Joo (i,1) 02



due to the symmetry of gy« (i,:,:)
We want to preserve terms up to second order, hence the pruned approximation is

s = e (i) (xf £ x5) 4 2 () e (i Vxd 4 2o (6 1) 02
y; (i, 1) = gx (4,0) (xi +x; +2 X gxx(27.7.)Xt+2900(271)0

/
because (x{) Exx (i,:,:) X is a third order term and (x§)' gxx (i, :,:) x{ is a fourth order term

2.2 Third order approximation

We decompose the state vector using the approximated exprresion
x = x| +x; +x7,

where the new term x}? denotes the third order term.
A third order approximation of the state equation reads (for j = 1,2,...,n,)
Ter1 (J,1) = hy (4, 1) x¢ + 0 (7, 1) €41
+ixihyx (4,1 0) X + 3hoo (4, 1) 02
Xy hexex (7, 1,25 1) Xy
—l—%)g’5 + %hoax (4,:) o%x; + éhggg (4,1) 03
Xghxxx(jv UZTRD :)xt

£
ol Go) 2t G+ apdy (G:1) = ha(G,9) (x4 %5 +x17) + om (G,2) €01
!/
3 (x4 x5 x0T e (G 2) (3] 45+ x07) + Shoo (1) 02
!
G x4+ 50) G 1,9) (] 4 x5+ 1)
+% (x{ +x; + xgd) /
(xf + x5 + x{d) Do (5, s 5, ) (xf + x5+ xgd)
3o (:3) 0% (xf 437 +307) + Shooo (1) 0
£
ol G+t G +apdy (1) = ha (G2) (3 +x5 +x1) +om (7,2) €
! > S > T / y S ' >
((x,f) oo (3,:2) - (63) o (7,5:2) + (37) i (y,:,:>) (xf x5 +x31) + $har (3,1 0
!

+3 (x{ + x5 +x{d) X

6
/
((X{) hy (7,1, 5,0) + (Xf)/ hooex (4, 1,:50) + (X:d)/ hyox (7,1, )) (X{ +x3i + X§d>

+

(SIS

—

! . ) / .
((x{ ) o (7, 502) + (33 B 32) - (350) B (G s :>) (xf -+ +x77)
3o (5, 0% (x] 435 +377) + S oo (5,1) 0%
¢
ol (G0 + 3t () + a2ty (1) = b () (5] 33 +x57) +om (5) e

+% ((X{)/ hoc (7,4,1) x{ + (X{)/ hyx (4,50 % + (X{)/ hyx (4,:,2) xfd)



i)

Tit1

+% ((Xf), hyx (]7 ) :) th + (Xf)/ hyx (]a 5 :) x; + (th)/ hyx (]a ) ) X€d>

! ! . s r - r
+% ((ng) hxx (]7 7') X{ + (X;d) hxx (]7:7:) Xt + (xtd) hxx (,77 7') xtd>
+3hoo (j,1) 0 /
+% (x{ + x7 +x{d> X

/
((X{) hXXX(j) 17 5 :) + (Xf)/ hXXX(j7 17 5 :) + (X;d)/ hXXX(j7 17 B )) (X{ + Xf + ng>

!
((x{) B (G 2) F () T (1, 2,5) + ()’ hxxxu,nx,:,:)) (xf 45 +x77)

3o (5, 0% (x] 435 +377) + S hooe (5,1) 0°

(j7 1) +x§+1 (.77 )+mt+1 (]7 1 hx( ) (Xt +Xt +X ) +U77 (]a :) €t+1

)=
! !/ !/
% ((X{) hxx .73 A Xt + 2 (X hxx .77 .y Xt + 2 (Xt) hxx (]7 °y )X:d>

/ > T
((Xf)/ hxx (.77 ©y ) Xt + 2 (Xf) hxx (j7 ) ) X:d + (X:d) hxx (.77 3] ) Xtd)
I
N (wf Y1) +af (7, 1) + 27 (7, 1) (xt) B (5,755, 2) (Xt +x7 +er)

5
Dl
ey (of (1) + 0 (1,1) + 24 (7,1) o (7 7507) (X1 4 x5+ x7)
+3hgox (4, :) 02 (X{erf +x§d)

W D= D= D= NI =

1 ))
(xiw,l)mf(m +xtd<v,1§ ) Baocx (7,7, 2) (] 4+ +7)
1
e

j.1)o?

due to symmetry in hyx (7,:,:)

)

f
Ty

)

(1) + w40 (1) + 23 (G51) =B () (3] x5+ x7%) + o () e

1 f/h C N oS 92 f/h R N 92 f/h ; rd
+3 Xt XX (.7"7')Xt + Xt XX (]7~7~)Xt + X3 XX (Ja 7')Xt
(065 B (51, 5) X 2 () T (G5 5) x50 (%) T (7, 2,1) X7
+1hoo (4, 1) 02
+5 30y (of (D) + a3 (1) + a1 (3,1))

/!

o () Do 9+ () Bl + ()
530 (of () +a (1,1) + 27 (1, 1))

x ((xn B (5,72 )]+ (%) B (4,75 %3 + () T (741,207
+5 3207, (of (0 D)+ (10 1) + 27 (3,1))

x ((xtd) B (725 0xE + (%59) e (7250 + (309) B (7,7, )1
3o (5, 0% (x] 435 +347) + S hoo (7, 1) 0°

hxxx(ja ERT :)X;d>

ol Go) 2t G+ opdy (1) = ha(G,2) (x4 %5 +x1) + om (G,2) €01



() hoe (e 0 xd 42 (xF) hoe (i x5+ 2 (30 has (4. ) x74
+3 | (X xx (Jy 5 0) % + 2 x; xx (J5 1) X§ +2 (%3 xx (J5 5, 1) X}
s S S ; T T / ; T
+% ((Xg)l hxx (]7:7 :) Xt + 2(Xt)/ hxx (.77 5 :) Xtd + (Xtd> hxx (]7:7:) Xtd)
+%hoa (.73 1) o?
1500 (2] (1) + @ (,1) + 2 (1)

/

/ !
X ((x{) Do (4,7 55 :)x{ +2 (xf) hocsex (3,7, 5 ) X5 + 2 (xf)
+e 20, (mf (v, 1)+ (v, 1) + 27 (v, 1))
) . R s . - ! . -
X ((Xi)/ hxxX(Jv Y :)Xt +2 (Xt>/ hxxx(]v Y :)Xtd + (Xtd) hoxex (5,75 5, :)Xtd)

3o (:3) 0% (xf 437 +307) + Shooo (1) 0
due to symmetries in hyyxx (4,7, :)

huoex (7,75 1, :)x:d>

A law of motion for z{ (j,1) is then (as before)

x{+1 (.77 1) = hx (.73 :) X{ + 077 (.]7 :) Et-‘rl

because we only keep first order terms
A law of motion for x§ (j,1) is then (as before)

: . 1 ! . 1 .
71 (1) = b ()X + 5 ((x{) B (3, :)x{) + 5hoo (. 1) o

because we only keep second order terms.
A law of motion for z}¢, (j,1) is then

i a2 / , L 1l / ,
7 (1) = B (x4 5 (x) B ()% + 2 0wl (101) (3 ) By, 9x]
y=1

3 ) 1 .
+6haox (.77 :) O'QX{ + gha'aa (ja 1) 03

Note that o2 is in perturbation a variable and 0‘2X{ is therefore a third order effect.

Inserting the decomposition of the state variables into the control variables we get (for ¢ = 1,2,...n,)
yrd (i,1) = gx (4,1) Xt + 53X, 8xx (1,1, 1) Xt + 2900 (i, 1) 02
X 8axx (15 1,1, 1)Xe
+4x} + 38oox (1,1) 0°%X¢ + £ 9000 (i, 1) 0°
X{ngxx (Za Ny, <, :)Xt

0
. . !/ .
g (i,1) = g (5) (xf 435+ x7) + 5 (] %3+ x1%) g (5,2) (%] 532 +%07) + 3900 (5,1) 02
!/
530y (of (D)t () + i (1) (% %3+ %07 gaonnis 750) (% x¢ -+ x7)

+%gaax (i, :) o? (X{ +x37 + X:d) + %gaaa (7;7 ]-) o3

)

. . ! . . N . .
yrd (i,1) = gy (4,:) (x{ + x5 + x{d) 4 % ((x{) G (1, 1,2) 4 (x3) oo (1, 5,2) + (Xtd) 8xx (7, 1 )> (Xf + x5+ Xtd)
+1 900 (i,1) 02



yid(i,1) =g

)

#25me (of (1) i (1) + 2 (1)
o () i)+ (60 i)+ () sl )
X (X{ + x5+ X:d)

2o (i) 02 (xf + %3 + x;d) + 0000 (i,1) 03

(i,)(xt +x7 +x; )

(K1) 3 ) e 5]+ 1) e 129
(K1) i 5150 )t 1590 + (1) e 50 )
(

X{)/gxx(7 7.)X;d+( ) gxx(7 7-)x€d+( ) gxx(’ ")x;d)

+ o+
N|—= N|—
e~ "

+ + +
@\»—' [T I
Q
q
—~
.

—_

S~—

s, (xt 1) + a3 (1, 1) + a5 (7,1))
() 5705+ ) 7509+ () 57059
X (xt + x5 —|—x:d>

+38o0x (i,:) 02 ( I 4 xs +x{d) + 9000 (i,1) 0®

it (i,1) = gx (i, )(Xt +x{ +de)

+% ((X{)ngX(7 7-)Xt +2(Xt) 8xx (1 : »‘)X{+2(X;d) B (1 ’:)X{)

5 (01 e (12201) X7+ 2 (55%) o (1527 %5 + (x0) e (1:3,2) X1
+%gw(z 1)o?
2500 (2] (1) + 0 (,1) + 2 (1)

! . . / .
X <(X{) Zxxx (4,7, 5,1) + (Xf)/ Exxx (1,7, 5,1) + (X;d) Sxxx (1575 5 ))
X (xf + x5 + x§d>
2800 (iy) 0% (xf + 3¢ +X77) + L9000 (i,1) 0°

10



We want to preserve terms up to third order, hence the pruned approximation is
) = gl (x] +xi+x7)
1 ! , )
+§ <(x{) Sxx (4y:,1) x{ +2(x5) gox (1,5 2) x{)

1
+§gaa (7'7 ]-) 02

1 ! .
w5 2l 000 () oclinis )
y=1
3
+6goax (27 :) O-QX{

1
~Yooo -al 3
+g9000 (i, 1) 0

i=1,2,..n,

2.3 Summary: NO pruning up to third order

The approximation of the state variables (x;) is here

. . 1 .
Ti41 (.771) = hy (]7:)Xt+§x2hxx (j,Z,Z)Xt

X/thxxx(ja 1, ) :)Xt

/
+ =X .
X;hxxx(jv UZTRD :)Xt

2

1
+ hao’x (], :) ngt + ihaa (j, 1) o

+ haaa’ (]a 1) 0—3 + an (.77 :) €it1

D =W | =

for j=1,2,...,n,.
The approximation of the control variables (y;) is

Yt (iv ]-) = 8% (i, :) Xt
1 .
+§X;gxx (Zu ) :) Xt
1 ngxxx(ia 17 5 :)Xt
+6X2

X:&gxxx (Z, Ng,y :)Xt

3 . 1 .
+6gaax (Zv :) JQXt + igo’o’ (Zv 1) 02

1
+ggaaa (27 1) 03

11



2.4 Summary: pruning up to third order

The approximation of the state variables is

2741 (4, 1)

i (j,1) =

for j=1,2,...,n,.

The approximation of the control variables (y;) is

i (i,1)

fori=1,...,n,.

X{-s-l = hxx{ +one (11)
) s 1 ! . 1 )
B ()5 + 5 () B G29) (%) + Shoo (1) 02 (12)
‘ - 2 ! ) s
B (:9) %+ 5 () B (,242) (60) (13)
7Y o (of
1 f , (Xt) hxxx(]717'7') (Xt)
“+—= (xt>
6 Y ) s
<Xt ) Dy (3, M 35 2) (Xt)
3 1
+7h00x (.7’ :) UQX{ + 7ho’o’a (Ja 1) 03
6 6
— s rd 14
Xi41 = Xppq T X T X (14)
gx (i,:) (x{ +x; + xgd) (15)

i
(x{) Exx (1,1,1) (x{ + 2x§)

(x{)lgxxx(i, 1,::) (x{)

) st (o)

1 ) 3 :

1 .
+égaoa (Zv 1) 0'3

2.5 Increasing efficiency for the simulation in FORTRAN

When simulating the pruned state space system, the efficency can be improved by re-expressing some of the sums in the
matrices and by using some of the symmetry in the second and third order terms (due to Young’s theorem). This is useful
in FORTRAN because we can reduce the number of summations. However, in MATLAB, this trick does not work as it

induces more loops.

First, to re-express some of the summations implied by the matrix notation, recall the following rules for the vec and

kronecker operators:

1. vec(A + B) = vec(A) + vec(B)

allB algB alan
2. A ® B- 0,21B a22B agnt
anmlB aanB anmnt

12



@

vec (ABC) = (C’ ® A) vec (B) hence x;Ax; = vec (xjAx;) = (X} ® x}) vec (A)

W

. (A®B)" = (A’ ® B’) and hence vec (A @ B) = vec (A’ @ B)
5. (A®B)(C®D)=AC®BD if AC and BD are defined
- )

(=)

A+B)®(C+D)=A®C+AD+B®C+B®Dif A+ B and C+ D are defined
7. [x, @ x}] = vec ([x:x})) = [x: ® x¢] = vee ([x:x}])
where x; has dimension n, x 1 and A, B, and C have dimension n, X n,. Hence, we may also write the terms of the
form x}hyx (4,:,:) x; in the following way
Xghxx (.77 5 :) Xt = (X; ® X:ﬁ) vec (hxx (.77 5 ))
= vec (hxx (4,5, 3))/ (x¢ ®xy)
= vec (hyx (4,5, 1)) vee ([x¢x}])

To exploit the symmetry in the second and third order terms, we use the vech-operator which stacks all elements of a

a1

a
a1l aiz2 ais a21
matrix on or below the diagonal. For instance, if A = | a21 a2 a3 | then vech (A) = a31
az; az  as3 >
a32
ass

It then holds that
vee (hyx (7, 1, ) vee ([x:x}]) = vech (2hxx (7, :) — diag (hxx (J, :)))/ vech (x;X}) (16)

Here, diag (hxx (4,:,:)) is an n, X n, with zeros except at the diagonal where the matrix has the diagonal elements of
hyx (4,:,:) for i =1, ...,n,. To realize the validity of the expression in (16), consider
vee (hax (4,1, 1)) vee ([xix]])
= Xihyx (7,5,1) X¢
= 2 ohi1 ptr B (7,5 1) e () e (K)
= Sohy oo (G B ) e (B)? 4 2552 SR oy e (G50 2) e () 2 ()
= xjdiag(hsec (4, 5,0))%e + 230321 35 4 Do (5, 55) e (R) 2 (K)
= x;diag(hyx (4,1, :))xe + 2 ['vech (hyx (7,3 :))' vech (x¢x}) — Xjdiag(hxx (7, :))xt]
= 2vech (hyy (4,1, 1)) vech (x,x}) — X, diag(hxx (7, :,:))x;
= 2vech (hxx (j. 1)) vech (x;x}) — vee (diag(hxx (7, 2))) vee (xix})
= 2uech (hyyx (4,1, 1)) vech (x,x}) — vech (diag(hxx (4,:,:))) vech (x:x})

= [2vech (hyx (j, 3, 1)) — vech (diag(hyx (4, 3, :)))] vech (x:x})

WITHOUT PRUNING:
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For the state variables in (7), we have

T4 (.77 1) = hx (.77 :) Xt + I:‘Ixx (]7 :) vech (thi) (17)
Hooox (7,1, 1) vech (x,x})

!/

+
»

~

Hxxx (], Ny, 5) vech (thg)

1
ho’o’x (]7 :) U2Xt + ihao (]7 1) 02

+

+
D =D W

hooo (J» 1) 03 +on (]a :) €t+1
for 5 =1,2,...,n, where we define

vech (2hyy (1,:,:) — diag (hyx (1,:,2)))

~

Hyx (1:ny,1:n5(n, +1)/2) = = (18)

vech (2hyy (g, :, ) — diag (hyx (N, :,:)))’

L[ vech (ha (5,1, 0) — diag (haxx (4,1, ,2)))
Hywx (5,1 :nz,1:n(ne +1)/2) = = (19)
vech (2hyxx (J, g, 1, ) — diag (hysx (4, Mes 5 1))
for j =1,2,...,n,. The advantage of this formulation compared to one which use all the symmetry in the third order terms
is simply that we only need to compute vech (x;x}) once.

For the control variables in (9), we have

Yt (7/a 1) = 8x (Z, I) Xt (20)
+Gox (i,:) vech (x4x})
CA"'xxx (17 1, :) vech (thg)
+x

Gxxx (4, g, 1) vech (x:x})

1 3 )
+§gUU (i7 1) 02 + ggaax (7’7 :) UQXt

1
~Jooo -71 3
+g9000 (1, 1)0

for i =1,2,...,n, where we define

!

vech (ngx (1; 5 :) - dzag (gxx (17 5 )))

Gxx(lzny,lznz(nx—&—l)ﬂ):i
vech (2gxx (ny; 1, 1) — diag (8xx (1y, 1, :)))I
vech (28xxx (i, 1,:,:) — diag (8xxx (%, 1,1, :)))/
Guxxx (1,1 :ng, 1 :ng(ng, +1)/2) = = (22)
vech (2gxxx (27 Ng,y 2y :) - dlag (gxxx (Za Ngy 2y :)))/

fori=1,2,...,ny.

WITH PRUNING:
For the state variables in (12) and (13), we have

. s 1 . 4 1 )
i1 (1) = o] + Floe (7 2) vech ((x{ ) (<) ) + 5hos (7,10 (23)

14



GG = b4 B ) (weeh () )+ veet (1) (1)) ) (24)

Bl (12 vect  (x]) () )

Hooex (7, M 2) ve;iz <
1

3 ) 1 .
+6haax (]7 :) 0'2X{ + ghaaa' (], )U

For the control variables in (15), we have
B = e (i) (xf x4 %) (25)
+Gx (1)) {vech ((xf) (x{)/> + vech ((Xf) (xf)/) + vech ((xf) (xf)/)]

] o
1

Goxx (i, ng,:) vech <(x{> (X{)/

1 . 3 . .
+§gaa ('Ly 1) o+ égaax (Za :) 0°Xy + ~9ooo (Za )0

2.6 Increasing efficiency for the simulation in MATLAB

In MATLAB the most important thing is to avoid for-loops. We therefore provide a representation based on the kronecker
product which does not require any loops. Even without using the symmetry in the non-linear terms, this greatly increases
the execution speed in MATLAB. Note first that

Xihyx (4,1, 1) x¢ = reshape(hyx, Ny, n2) (¢ @ x4)
where

2) _ By (2,1 : 14, 1) xx (2,1 :n,2) .. o (1,1 :ng,ny,)

hox (1,1 : 75, 1) hyy (1,1 :n,,2)
reshape(hxx, Nz, N h

hyx (ng, 1 : ng, 1)/ hyx (ng,1: nm,2)/ e hyy (ng, 1 nz,nz)'
And for the third order terms:

X;hxxx(ja ]-7 5 :)Xt
X; == Z?lm:l T (]171) Xihxxx(jajla:ﬂ)xt

X;hxxx(ja UZTRD :)Xt

=D > > we (G1s 1) g (G2, 1) 4 (35 1) hsex (4, 41, 52, )

= reshape(hyxx, Ng, n3) (X4 @ X @ X4)

WITHOUT PRUNING:
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For the state variables in (7), we have

Xep1 = hyexe + ﬁxx (xt @ %) + ﬁxxx (%t @ %t ® X¢)
1

GhMJU?’ +one

3 1
+6haax02xt + ihaao—z +

where we define

~ 1
Hxx = - h hxxa T 2
5 Teshape ( Ng,n2)
~ . 1 3
H,xx = éreshape (hxxx, N, ny)
For the control variables in (9), we have
Yy = 8xXt+ éxx (Xt & Xt) + éxxx (Xt QX ® Xt)

+3 2%, + Lgp00? + 1 s
= 8o0x0 X 58000 =~ 80000
63 t 2g 6g

where we define 1
_ 2
Gyx = §Teshape (gxx7 My 7%)

~ 1
Gyxx = éTeshape (gxxx7 Ny, ni)

WITH PRUNING:
For the state variables in (12) and (13), we have

~ 1
X1 = hyxi + Hyi (X{ ® x{) + ih(mo2

xfjl_l = hex}?+ 2H,, <x{ ® xf) + Hyox (x{ ® x{ ® x{)

3 1
+6hoax02xf + 6h00003

For the control variables in (15), we have
yit = gy (x{ + x3 —|—x§d) + Gyx ((X{ ®x{) +2 (xf ®xf)) + Gyxx (x{ ®xf ®th>

1 3 1
+§g0002 + ggaa'xJQX{ + ggaaao—?)

16
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3 Stastical properties: Second-order approximation

3.1 Covariance-stationary

Proposition 1:
The pruned second-order approximation for X{ ,x7, and yj is covariance-stationary if

1. the DSGE model has a unique stable equilibrium, i.e. all eigenvalue of hy have modulus less than one

2. €441 has finite fourth moment

Proof
Note first that

!
2t G ) = b ()% + 5 (3] ) e (203 (%) + Shoo (1) 0

~ !
xi 1 = hyx{ + Hyxvec ([(x{) (th) ]) + $h,e0?

reshape (hxx, N, ni)

where Hyx = 1

)

Xip1 = haxi + Hyx (X,fc ® x{) + %hm,o*2
!
because (x[ ® x{) = vec ({(x{) (x{) ])

We now form the extended state vector

Z; = Xy

We know the law of motion for x{ and x7, so we only need to find the law of motion for x{ ® x{ . Hence consider

xl @x], = (hxx1{c + 0n5t+1) ® (hxX{ + Un€t+1>

= hxx{ ® hxX{ + hxxzjsc Qone€ +oNeE L ® hxX{ T ONELL D ONE,
using (A+B)® (C+D)=A®C+A®D+B®C+BoD

= (e @hy) (x] @x]) + (2 om) (x{ @ €141

+ (om @ hy) (€t+1 ® X{) + (on® o) (€141 ® €41)
using (A ® B) (C® D) = AC ® BD

= (e @hy) (x] @x]) + (e 2 om) (x] @ €111

+(om ©B) (€10 @3] ) + (0m @ om) ((er1 © €141) — vee (1,,)) + (om @ om) vee (L,
Note that F [(€;41 ® €141)] = vec (I, ). Thus

X{+1 hy Onz X Mg On‘_l xn2 X{ OnT x1
X§+1 = OnT XNy hx Hxx Xf + %haao—z
th+1 ® X{+1 Onz XMy On% XNy h, ® hy th ® th (UT] ® 077) vec (Inc)

17



€t4+1

on 0 0 0 .
141 ® €41 —vec (Iy,)
+| o 0 0 0 o @l
0 (om®om) on®hxy hxy®on 7
X; @ €41
(i
zip1 = Az +c+ B, (36)

where Cov (£t+1,£t75) =0 for s =1,2,3,... because €41 is independent across time

The absolute value of the eigenvalues in hy are all strictly less then one by assumption. Accordingly, all eigenvalues of
A are also strictly less than one. To see this note first that

hy — /\Iﬂm 0, xn, On} xn2
= Onm XNy hy — >\Inz Hyx
Oni XNy Oni XNy hy ® hy — >\In§

_ Bi1 By
B2: B
where we let
_ | hx — AL, 0n, xn, I
B =  Onen, hy — AL, } which is 2n, x 2n,
[ 0, xn2 : : 2
B = =% | which is 2n, x nj

By = [ 0n2xn, On2xn, ] which is n2 x 2n,
Bos =h, ®hy — )\Ing which is ni X ni

= [Bu1| By
using‘ 0 g ‘:|U||Y| where Uism xmand Yisn xn

‘ |: hx - >\Inm Onzxnz

Onanm hx*AInm :H |hx®hx_)\]:nz‘

= |y — AL, | [y — ALy, | [hy ® hy — AL |

Hence, the eigenvalue A solves the problem
p(A) =0
)

|hx — AL, | |hx — AL, |

)

lhy — AL, | =0 or |hy ® hy — AL,2| =0
The absolute value of all eigenvalues to the first problem are strictly less than one. That is |A\;| <14 =1,2,...,n,. This
is also the case for the second problem because the eigenvalues to hy ® hy are \;A; for i =1,2,...,n, and j =1,2,...,n,

hy ® hy — ALz | =0

Thus, the system in (36) is covariance stationary if £, ; has finite first and second moment. It follows directly that
E[¢,,1] =0 and &, has finite second moments if €;41 has a finite fourth moment. The latter holds by assumption.

For the control variables we have

18



!/
7 (5,1) = g (0:9) (] +7) + 3 (%) e (6:5,2) %] + 900 (1,1) 0

)

Yi = 8x (X{ + X;?) + Gox (Xf ® X{) + $8000°

where Gyx = %Teshape (gxx, Ny, ni)

yf = DZt + %g600—2
where D= [ gy gx Gux |
That is y; is linear function of z; and y; is therefore also covariance-stationary.

Q.E.D.

3.2 Method 1: Formulas for the first and second moments

This section computes first and second moments using the representation of the second-order system stated above. This
method is fairly direct but has the computational disadvantage of requiring a lot of memory because we work directly with
the big B matrix.

The system
Ziy1 = C + AZt + B€t+1
1
yf = th + igaagz

The mean values are .
E [Zt] = (Ignm+ni — A) C.
1
By = DE 2] + 580007

For the variances we first have that ,
E[z412,,,| = E [(c + Az, + B¢, ) (c+ Az, + B¢, ) }

=FE|[(c+ Az, + B, ) (¢ +z, A’ + &, B)]

=Elc(c +zA +&,,B)]
+FE :Azt (c’ +z, A+ E;JFIB')]
+E :B€t+1 (C/ +z A" + 52+1BI>]

= FE [cc/ + czjA' + c&; B
+FE ;Aztc’ + Azz; A’ + Azt£;+1B’]
+E B, ¢ + Bz, A' + BE, & B

=cc' +cE[z}] A’
+AE[z]c + AE [z,;z]] A’ + AE [2,£,,,| B’
+BE [€t+1zﬂ A’ +BFE [£t+1£;+1} B’

19



We then note that

x|
/ . /
Bz = E [ Xy ] [ €1 (€41 ® € —vee (o)) (€t+1 ®X{) (th ® 6“’1) }
x{ & Xf
/ /
x! €41 x! (€111 ® €41 — vee (Ine))' x{ (€t+1 ® X{) x] (X{ ® €t+1>
li /
=E Xj€; 41 X; (€141 @ €141 — vee (L)' x{ (€t+1 ® X{) xi (X{ ® €t+1>

!/ /
(X{ ® X{) €iv1 (X{ ® Xf) (€141 ® €1 — vee (Tne)) (Xf ® Xf) (€t+1 ® X{) (X{ ® X{) (X{ ® €t+1)

0 0 0O
=0 0 0 O
0 0 0 O

Thus
E [ztﬂzéﬂ] =cc' +cFE[z}] A’ + AE [z;|c' + AE [z;z;] A’ + BE [£t+1£;+1] B’

=cE[z}]A'+ (c+ AE[z)])c + AE [z,z}) A’ + BE [£,,&,,,] B/

Note also that
E[z]E[z] = (c+ AE[z]) (c + AE [z])’

=(c+AE[z])c + (c+ AE[z)) E[z,] A’
=(c+AE[z])c +cE[z}] A+ AE [z) FE [z}] A’
So
E [zt+1z2+1] — E(zE|z;) =cE[2z}]A’ + (c + AE[z]) ¢’ + AE [z,;2,] A’ + BE [€t+1€2+1] B’
—(c+AFE[z])c —cE[z}|A' — AE [z;) E [z}] A/
= AFE[zz;] A+ BE [€,,,&,,,| B’ — AE[z] E[z]] A

' = A(Elzz] - Elz] E[7]) A"+ BE [§,,441] B’

Var (zi41) = AVar (z;) A'+BVar (&,,,) B’
(i

%ec (Var (z441)) = vec (AVar (z;) A’) +vec (BVar (€,,) B)

%ec (Var (zi41)) = (A ® A)vec (Var (z,)) +vec (BVar (&,,,) B)

vec (Var (z141)) (I(Qnm+n§)2 - (A® A)) = vec (BVar (£t+1) B’)
(i

vec (Var (zi41)) = (I(2nm+n§)2 - (A® A)) vec (BVar (&,,,) B')
Hence we only need to compute Var (St +1)'
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€41 €ti1

€41 ® €41 —vec(I,,) €41 ® €41 —vee (I,,)
Var =F
(£t+1) €+1® X{ €41 ® X{
X{ @ €41 X{ ® €t41
i €t11
€¢t1 X €41 — VeEC (Ine) / /
=B €1 ®x] €1 (€1 ® €1 —vee(Iy,)) (€t+1 ® th) (Xf ® €t+1)
L X{ @ €41
[ €1+1€1 4, €1 (€1 @ €1 —vee (In,))
/
(€41 @ €1 —vec(In,)) €1 (€41 @ €41 —vec(Iy,)) (€141 © €41 — vee (In,))
=L €141 ® X{ 62_,'_1 €41 ® th (6t+1 ® €41 — VeEC (Ine))/
x] ® €141 ) €54, x! @ €41) (€41 ® €r41 — vee (I,,,))
Ay f !
€141 (6t+1 & Xt) €141 (Xt & 6f,+1>
/
(6t+1 ® €i+1 — VeEC (Ine)) (6t+1 ® X{) (6t+1 ® €i+1 — VEC (Ine)) (th X 6t+1)
/ /
cnoxl)(mex)  (amox)(doun)
f Ay f f '
(Xt ® €t+1> (€t+1 ®Xt> (Xt ® €t+1) (Xt ® €t+1)
L. E €41 (€141 ® €41)'] /
_ | Ellerr1 @ eqr)€i1] E[(€r11 @ €1 —vee(In,)) (€41 @ €41 — vee(1,,))']
0 0
0 0
0 0
0 0
(Et+1 ® Xt) (€t+1 ® Xt) (€f+1 ® Xt) (Xt ® €t+1)
/
FE (xt ®et+1> (€t+1 ®xt) (Xt ®€t+1> (Xt ®€t+l>

All elements in this matrix can be computed (and coded) directly as shown below. The variance of the control variables
is then given by
Varly;] = DVar [z D’

3.2.1 Computing the variance of the innovations

1) for £ [€t+1 (€t+1 ® €t+1)/]

Ele1 (61 ®eq) ] =E [{Etﬂ (¢1, D}y, ({€t+1 (¢2, 1) {€r41 (93,1 )}¢3:1} _1>I]

Hence the quasi MATLAB codes are :
2
E eps_eps2 = zeros(ne, (ne)”)
for phil =1: ne
index2 =0
for phi2 =1 :ne

21



for phi3 =1:ne
index2 = index2 + 1
if (phil = phi2 = phi3)

E_eps_eps2(phil,index2) = m3 (e;11 (phil))

end

end

end
end

Note also that F [(€t+1 ® €441) EQH] = (E [€t+l (€141 ® et+1)/])/

2) E [(€r41 ® €41 — vec (I,)) (€141 @ €41 — vee (I,))']
Here

E [(€r+1 ® €141 —vee (In,)) (€41 @ €1 — vee(I,,))']
= E (€141 ® €111) —vee(In,)) (€41 ® €41) — vec (1,)')]

=F [(Et-i-l ® €141) ((€t+1 ® Et-&-l)/ —vec (Ine)/)]
+E [—vec (In.) ((€t+1 ® €41) — vec (In)/)]

=F [((6t+1 ®€rr1) (€141 ® €r11) — (€141 @ €41) vec (Ine)/)}
+E [—vec(L,,) (€41 ® €41) +vec (I, ) vee (1,,)']

= E (€41 ® €41) (€141 ® €41)'] — vee (I, ) vee (I,,,)
—vec (I, ) vec (I, ) + vec (I,,) vec (I, )

= E [(€141 ® €141) (€141 ® €41)'] —vec (I, ) vee (I,,)

Here
E [(€t+1 ®€rr1) (€141 @ 5t+1)/]

- l{em (61 ) e (62 DY | <{€f+l (69:1) fevsn (60, D} ”

¢3:
Hence the quasi MATLAB codes are
E_eps2 eps2 = zeros(n?,n?)
indexl =0
for phil =1:n,
for phi2=1:n,
indexl = indexl 4 1
index2 =0
for phi3 =1:n,
for phid=1:n,
index2 = index2 + 1
% second moments
if (phil == phi2 && phi3 == phid && phil™ = phid)
E _eps2 _eps2(indexl,index2) = 1
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E _eps2_eps2(indexl,index2) = 1
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E _eps2 eps2(indexl,index2) =1
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% fourth moments
elseif(phil == phi2 && phil == phi3 && phil == phid)
E_eps2_eps2(indexl,index2) = m* (e;41 (phil))
end
end
end
end
end

!/
3) FE |:(€t+1 ®x{) (€t+1 ® x{) }
Here
E ! Y
€t+1 @ X; | | €141 @ X3

=F Het+1 (¢1,1) {x{ (7, 1)}:;1}”6

Hence the quasi MATLAB codes are
E epszf epsxf = zeros(neng,ngne)
indexl =0
for phil =1: ne
for gamal =1 : nx
indexl = indexl 4 1
index2 =0
for phi2 =1:ne
for gama2 =1: nx
index2 = index2 + 1
if phil = phi2
E _epszf epsxf (indexl,index2) = E_xf xf(gamal,gama2)

{6t+1 (é2,1) {x‘]: >, 1)}::—1}n6 ]

4)1:1 ¢2:1

end
end
end
end
end
where E_zf xf = reshape(E [x{ ® X{] , T, NT)

/
4) E |:(€t+1 ®X{> (X{ X €t+1) :l
Here
B 1 (xf ’
€11 QX X; @ €441

Ne Ny

.y l{+ (@1, {af (1. 1)}:_1} {ol (21 {1 (6, 1”32—1}72—11

Hence the quasi MATLAB codes are
E _epsxf xfeps = zeros(neng,neng)
indexl =0
for phil =1 :ne
for gamal =1 : nx
indexl = indexl + 1
index2 =0

=1
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for gama2 =1:nx
for phi2 =1:ne
index2 = index2 + 1
if phil = phi2
E epszf xzfeps(indexl,index2) = FE xf xf(gamal,gama2)
end
end
end
end
end

5) E [(x{ ® etﬂ) (et+1 ® x{')/}

B[ (c ) e )] - [ e ) ()|

so B _xfeps epsxf=FE epsvf xfeps

6) E [(x{ ®et+1) (x{ ® et+1)/}

Here

2| (o) (e (1) )]

- l{xf (1, DAeer1 (90, 1) Zi:l}n:l ({et-i-l (¢9,1) {xf (72,1)}m— }ne— ) ]

71
Thus the quasi Matlab codes are
E xfeps _epsxf = zeros(ngne,ngne)
indexl =0
for gamal =1 : nx
for phil =1: ne
indexl = indexl + 1
index2 = (
for phi2 =1: ne
for gama2 =1:nx
index2 = index2 + 1
if phil = phi2
E xfeps _epsxf (indexl,index2) = E _xzf xf(gamal,gama2)
end
end
end
end
end
where E_zf xf =reshape(E [x{ ® x{] , T, NT)
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3.3 Method 2: Formulas for the first and second moments

This section computes first and second moments using a slightly different representation of the second-order system than
stated above. (Basically, this was the first representation we considered for computing these moments). The advantage of
this method is that it compared to Method 1 is less memory intensive because some of the matrix multiplications are done
by hand.

We start by deriving an alternative representation of the pruned state space system (the old representation). Hence
consider
xlp @xl, = (hxxgc + 0n6t+1> ® (hxX{ + U77£t+1>

= hxx{ ® hxX{ + hxX{ Qone€ +onNe; ® hxX{ T OoNELL R ONE
using (A+B)® (C+D)=A®C+A®D+B®C+BaD

= (hy ® hy) (x{ ®X{> + (hx ® om) (X{ & €t+1)

+ (on ® hy) (€t+1 ® X{) + (on @ on) (€141 @ €441)
using (A ® B) (C® D) = AC®BD

= (e @) (xf @x]) +v(t+1)
where
v(t+1) = (he@om) (xf @ e ) +(om @ h) (e @x] ) + (1@ om) (€101 @ €141)
Note that E [v (t + 1)] = (om ® on) vec(1,,,) because €;41 is independent across time and therefore also independent of
x!. Moreover, E {xﬂ =0 and E[e;41] = 0.

Thus
X{+1 hy Onm XMNg On_'z xn2 X{
X§+1 = Onz XNy hx Hxx X?
thJrl ® X{+1 Onzxnl Oni XMy hy ® hy th & th
0n, x1 ONE€L1q
+ %h00-0'2 + On,, x1
(rn@omyvec(L,) | | v(t+1) = (0@ o) vee(L,,)
Zip1 =Cc+ Az + &, (37)

where C'ov (E‘tﬂ, EH) =0 for s =1,2,3,... because €1, is independent across time. The expression for the controls are
as above, i.e.

, 1
Y§ = th + §g0002

The mean values are .
E [Zt] = (IgnT_;'_ni — A) C

1
Ely: =DE[z] + 5&70—02

and the covariance matrix is _
Var (zi11) = AVar (z;) A'+Var (£t+1)

)
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vec (Var (z141)) = vec (AVar (z;) A') 4vec (Var (étﬂ))
(i

vec (Var (zi41)) = (A ® A)vec (Var (z)) +vec (Var (étﬂ))
I

vec (Var (zi41)) <I(2nm+ng)2 - (A® A)) = vec (Var (Etﬂ))
(i

vec (Var (ziy1)) = (I(Qnm-i-ni)z - (A® A)>_1 vec (Var (EH_l))

The variance of the control variables is then given by

Varly;] = DVar [z D’

Hence we only need to compute Var (Et +1)'

B OM€ttq OM€t 1
Var (£t+1) =F Onle Onle
v(t+1)— (on®@on)vec(l,,) v(t+1)— (on®@on)vec(l,,)
ONe€11 , ,
=F 0, x1 [ o€, 1M Oixn, V' (t+1)—vec(l,,) (ocn®@on) ]
v(t+1) = (on®on)vec(l,,)
077€t+1062+171/ 0n,xn, OMEy (V/ (t+1) —vec (Ine)/ (on ® 077)/)
=K Onz XNy Onz XMy Onl xn2
(v(t+1) = (om @ on)vec (Ine)) ‘762-',-1"7/ 0n,xny Var [€t+1] 33
where

Var {ét—&-l} . (v(t+1)— (on@on)vec(I,,)) (V/ (t+1) —vec(I,,) (on ® on)’)

Recall that
v(t+1) = (he@on) (x] @ er) + (o0 @ hy) (€01 @x] ) + (o0 @ on) (€141 @ €111)

3.3.1 For Var [ém} .
Var [étﬂ} " = Elone, ., (v’ (t+1) — vec (Inﬂ)/ (om® 0'77)/)]

_ E[Un€t+1(((hx ® omn) (x{ ® €t+1) + (on ® hy) (6t+1 & X{) +(on®on) (€141 ® €t+1)) /
—vec(I,,) (on @ on)')]

! !
= E[UTI%H((X{ ® €t+1) (hx @ om)" + (€t+1 ® Xf) (n®@hy) + (€141 ® €41) (on @ on)’
—vec(L,,) (on® on)'))]

i !
= Elone,, (] @ 1) (e@om) + ome .y (e @xf) (om @ 1) + ome, 1 (€111 @ €01)' (om @ om)’
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—O0T€v€EC (Ine)/ (on® 0'77)/]

/ /
= e,y (x] @ 1) (he@om) +ome (e ©x] ) (0n @ 1)’ + omey (611 © €111) (m @ )|
because E [€;41] =0

= Blone, 1 (€141 © €141) (on'@01’)]
because €;1 is independent of xf and E [x{ ] = 0. Hence, for shocks with a symmetry distribution Var [£,,] 3=

For the implementation, consider:
Eler1 (€41 @ €141)]

= E €111 (€141 ® €141)’]

=F [{6t+1 (61, D)}y <{€t+1 (2, 1) {er+1 (03, Do 1} 1)/]

Hence the quasi MATLAB codes are :
E _eps_eps2 = zeros(ne, (ne)?)
for phil =1: ne
index2 =0
for phi2 =1:ne
for phi3 =1:ne
index2 = index2 + 1
if (phil = phi2 = phi3)
E_eps_eps2(phil,index2) = m> (e;41 (phil))
end
end
end
end

3.3.2 For Var [Etﬂ}%

Var [étﬁ-l} i =FE((v(t+1) — (on@on)vec(1,,)) (v’ (t+1) — vec (Ine)/ (on ® crn)')]

= Bl((hx @ om) (x{ @ erp) + (m @ h) (€110 @ x] ) + (1 © 0m) (€101 © €111) — vee(L,,) )

= Bl((hx @ om) (x] @ erp) + (m @ ho) (€110 @ x] ) + (1 © 0m) (€101 © €141) — vee (L) )

— El(hx 2 om) (x @ €111)
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! !/
((xf ©ern) (hx@om) + (e1©x] ) (@ 1) + ((err1 ® era) —vee(L,,)) (m® an>’)
+ (om ® hy) (€t+1 ® x{) X

/ /
<(X{ ® Et+1) (hy ® on) + <et+1 ® x{) (on ®hy) + ((etJrl ® €141) — vee (Ine)/) (om ® Un)')
+(on®@on) ((er+1 ® €r41) —vec(L,,)) x
4 I
(X{ ® €t+1) (hxy ® om)' + (€t+l ® th> (on @ hy) + ((€t+1 @ €p1) — vec (Ine)/) (om® o-n)')]

!
= E[(hx ® o) (Xf®€t+1) (X{®€t+1) x®@an)

+ (hx ® om) (xt ® 6t+1) (6t+1 ®xt> (om @ hy)’

+ (hx 77)( ®€f+1)(€f+1®€f+ ) —wvee(Ly,)") (on @ an)’

+ (om ® hy) (e . ®xt) ( ®et+1> (hy ® on)’

+ (om @ hy) (€t+1 ®xt) (etH ®Xt) (on @ hy)’

+ (om @ hy) (em ® xt) (€41 @ €r41) —vec(I,,)") (om @ om)’

o om) (e @ ernn) = vee (o) (<4 @ ) (e on)

+(on @ om) (e © ) —vee(T,,)) (e @ x]) (m @ by

+(on@on) (€1 © €rp1) —vee (In,)) (€41 @ €r41) —vee(L,,)") (on ®@ an)’]

= E[(hx ® om) (X{ ® €t+1> <(X{)/ ® €§+1> (hy ® om)’

/
x ®on) (X; €1 | €11 @ Xt ) (on ® hy)’
x ®omn) (Xt ® €t+1 €t+1 ®€q1) — (Xt ® €t+1) vec (Ine)/) (on® on)’
x & an

€141 ®xt (om @ hy)

\_/\_/

€11 ® Xt
€11 ® Xt) €11 ® €t+1 - (6t+1 & Xt

(x (
(
+ (om @ hy) (€t+1®xt < ®€t+1
9 (e d) (4
)
(

+(on@on) (€41 @ €ry1) —vee(ln,)) | €41 @ Xt

+(on®@on) (€141 ® €141) — vec ( ( ® 6t+1) x @ om)’

+(on @ on) ((e1+1 ® €141) c(Tn,)) ((er11 @ €r41)'

/
~ Bl on) (xf (/) @ etﬂegﬂ) (s om)
f /
+ (hx ® om) (Xt €141 @ €11 (Xt) ) (om ® hy)
+ (@ om) ((xf €l @ evvneiy) = (x] @ evi) vee(1,,)') (on @ om)’

N/
+ (0'77 X hx) <€t+1 <X{) (29 X{€%+1) (hx ® a_n)/
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!
+ (om ® hy) <€t+1€2+1 ©x] (X{) ) (on ® hy)’

+(on @ hy) ( (€161 O %] €t+1) - (€t+1 ® X{) vece (Ing)/) (on®an)’

((
+(on® on) < €11 R €y1) <(X{)/ ® e;+1> —wvec(I,,) <(x{>/ ® e;+1>> (hyx ® om)’
)
(

/! !
+(on®on) ( (€41 @ €141) (EQH ® (X{) > —vec(Iy,) <€Q+1 ® (X{) )) (on ® hy)'
+(0n @ o) (€41 © €r41) —vee (I,)) (€41 @ €141) —vee(n,)') (on ® on)']

!
E {xf (th) ] ®Ine) (hy @ on)’
f f ! /
<Xt €111 @ €41 (Xt) ) (on ® hy)
x/ €., @ €€, ) — (xS L) !
1 €tr1 @ €141€44 x; ® €41 ) vee(ly,,) ) (on @ om)
Y fr ’
€1 (X; ) ®@x3€4 | (hx®om)
!/
+(n@hy) (1,, ® E {xf (xtf) ]) (on @ hy)’
+(on @) B ((erer @ xfe,) = (e @xf) vee (1)) (on @ on)’
!/ !/
B (e @ ) ((xf) @t ) = vee ) (<) @ elia ) ) e om)

(
+(om®on)E <(et+1 ® €141) <e;+1 ® (x{)/> —vec(I,,) <e;+1 ® (x{)/>> (on @ hy)’

+(on @ an) B ((er+1 @ €r1) —vee (In,)) (€11 ® €;11) —vee(Ly,)') (on @ on)’

/
note that €;1 is independent of X{ and E {xf (x{) is know and E [e;1€;,,] =I,,,

+ (hx ® om)

+(on®hy) E

+(on®on)

!
— (hy ® o) <E {x{ (x{> ] ® Ine> (hy @ o)’
/
+(hx®on)E (xtfeferl ® €141 (x{) ) (o @ hy)’
r\' f /
+on o) E (e (xf) @xlel.y ) (e om

+ (om @ hy) (Ine ®E [xf (x{)/D (on ® hy)’

+(on®on) E ((er+1 @ €r41) — vee (In,)) (€11 ® €141) —vee(Ln,)') (on @ on)’
f

terms with three or one €;4; are zero because x; is independent of €;4; and E x{ } =0

= (hx® o) (E [Xf (Xf)l] ® Ine) (hx © on)’
#san £ (xlelyw e (<)) mon)
+(on®hy) E <et+1 <x[)l ® x{egH) (hy ® om)’
+ (om @ hy) <Ine QF [x{ (x{)D (0 ® hy)’

+(on ® on) x
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E (€141 @ €r11) (€141 @ €141) — (€41 @ €r41) vee (I,) — vee (In,) (€111 @ €)41) + vee (In,) vee (L,,)') (on @ on)’

i
= (hx ® om) <E [Xf (X{ ) ] ® Inﬁ) (hy ® o)’
/
#s o) E (xlely e (<)) mone)
!
+(on®he) E <€t+1 (x/) oxf e£+1) (hx ® om)’

on @ hy) <Ine ®F {x{ (x{)lb (on ® hy)’

on® on) X
(B (€141 ® €r+1) (€141 @ €)41) —vee (In, ) vee (I,,) — vee (I, ) vee (I,,) + vec (I, ) vee (I,,)') (om @ on)’

i
~ (o) (£ |x{ (x{) | £1,.) (b ony
/
#hoan £ (xlelyw e (<)) mon)
!
o) (e (xf) @xle,) (e o)

+ (om ® hy) <Ine QF {x{ (x{)l]> (on ® hy)’
+(on@on) (E(ery1 @ €p1) (€41 @ €41) —vee (I, ) vee (I,,)') (on @ on)’

Next consider (with dimensions nyne X neng)

E {Xfeiﬂ ® €t (X{ﬂ

2 [(sf o) (0 (1))

e[ ) (o ()]

| (nomsy)]

=E {xtf (71, 1) etﬂ}nm
= F |1 D (e (¢1’1)}Zf:1}%=1 ({et-i-l (6,1) {f (72,1)}m— }ne— ) ]

Y11=
Y1

Thus the quasi Matlab codes are
E xfeps_epsxf = zeros(ngne,ngne)
indexl =0
for gamal =1 : nx
for phil =1:ne
indexl = indexl 4 1
index2 = (0
for phi2 =1: ne
for gama2=1:nx
index2 = index2 + 1
if phil = phi2
E xfeps _epsxf (indexl,index2) = E_xf xf(gamal,gama2)
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end
end
end
end
end
where E_zf xf = reshape(E [x{ ® xﬂ , NT, NT)

Note also that

| (et oen (1))
(<) & (00 (1)) |

li
=F |:€t+1 (X{> ®X{€§+1}

=F

(E_xfeps _epsaf) = FE_epsaf xfeps

Finally consider the matrix (with dimension n? x n?)
E[(er1€011 ® €rr1€p41)]

€t+1 (17 1)
€ 2,1
=g D g (1) 4 (1) ey (o) ]
€141 (na 1)
€i+1 (1, 1)
€ 2,1
o WOV a 01 da2) . dyng ]
€r+1 (e, 1)
e (LD ey (1,1 e (L1)e(1,2) o apr (1) 64 (1ne)
— E[ €t+1 (27 1) 62+1 (1, 1) €t+1 (2’ 1) €2+1 (17 2) T ! (2, 1) 62+1 (17 ne)
€t41 (e, 1 )€t+1 (L,1) g1 (ne, D) e1(1,2) oo g1 (Me, 1) €444 (1,7m¢)
€t+1 (1 1) 6t-‘,—l ( ) 1) €t+1 (la 1) E1/5-‘,-1 (17 2) e €4l (L 1) 6:‘,-{-1 (1,715)
o | € (2,) €41 (L,1)  et1(2,1) 64 (1,2) €1 (2,1) €41 (1, me) ]
€t+1 (ne,l) €t41 (1,1) €t+1 (’I’Le,].) €t41 (1,2) €t41 (ne,l) 6£+1 (Lne)
1 (L) e (L) A €41(1,1) et+1 (L2)Aee .. a1 (1, 1)€, (1,ne) Ace
_ E[ €i4+1 (271) €t+1 (1,1) Aee €t4+1 (2, 1) €t+1 (172) AEE €t4+1 (2,1) 6;_,’_1 (l,ne) Aee
€t+1 (Ne, 1 )Et 1(L1) A €41 (e, 1) 6§+1 (1,2)Ace o €q1 (ne, 1) €4 (1,me) A
er1 (LD ey (L,1) a1 (1,)e,(L2) o e (L,1) €t+1 (1,me)
where Aee = €t+1 (2 1) €;+ (1, 1) €t+1 (2, ].) 62+1 (17 2) €t41 (2 1 6t+1 1 ’I’Le)
€441 (n671)€t+1 (1,1) ey (ne, )€t+1 (1,2) o €rg1 (e, 1) 6t+1 (1,m¢)
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€1 (1, 1) €41 (1,1) {Aee (91, ¢2)}Z:£f,¢2=1 er1 (1, 1) €441 (1,2) {Aee (¢4, ¢2)}Z;£ﬁ¢2=1
€1 (2,1) €111 (1, 1) {Aee (01, 02) o 05 5 1 €1 (2,1) €440 (1,2) {Aee (D1, 2) } 11 5,21

€r+1 (e, 1) €41 (1, 1) {Ace (¢4, ¢2)}Zf£f7¢2=1 €r+1 (ne, 1) €441 (1,2) {Aee (¢4, ‘1’2)};‘;5167432:1
€r+1(1,1) 624.1 (1,me) {Ace (1, ¢2)}Zfﬁ1€,¢2:1
€r+1 (2, 1) €41 (1, me) {Aee (61, ¢2)}¢f’:‘f,¢2:1

€t+1 (e, 1) 624_1 (1,me) {Ace (1, ¢2)}Z::f,¢2:1

Ne

crer (11) {eb 1 (10) {Aee (012020 2}

€41 (2,1) {62_,'_1 (1, 03) {Ace (¢4, ¢2)}Zi£f,¢2:1}¢e:1

Ne

€t41 (e, 1) {61/5+1 (1, ¢3) {Aec (¢4, ¢2)}ijf,¢2:1}¢ -

Hence the quasi MATLAB codes are
E_eps2 _eps2 = zeros(n?,n?)
indexl =0
for phid=1:n,
for phil=1:n,
index]l = indexl + 1
index2 = 0
for phi3 =1 :n,
for phi2=1:n,
index2 = index2 4 1
% second moments
if (phil == phi2 && phi3 == phid && phil™ = phid)
E eps2 _eps2(indexl,index2) = 1
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E eps2 eps2(indexl,index2) =1
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E eps2 eps2(indexl,index2) = 1
% fourth moments
elseif(phil == phi2 && phil == phi3 && phil == phid)
E_eps2 eps2(indexl,index2) = m* (e;11 (phil))
end
end
end
end
end

3.4 Method 3: Simple formulas for first and second moments

This section computes first and second moments at second order using a more direct approach. The advantage of this
method is that we do not in a second-order approximation re-compute some of the moments already know from a first-order
approximation. A direct implication is that we in Method 3 only need to invert smaller matrices than in Method 1 and 2.
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3.4.1 First moments

Note first that
Elx]=FE [x{] + E[x]]

For the first order effects, we have due to stationary of the linear model
E {x{} =h.F [X{q] + onkFE [e]

1E {xtf} — hyE {x{_l} = Fle]

Y [xﬂ = Ele,]

For the second order effects we have
/

E [231 (. D)] = b (5, B 5] + 1B [(x{ ) B (G:5:3) (x{)} + Lo (5,1) 02

)

(I-hy) E[x}] = B E [vec ({(x{) (xf)/} )} + Lh,,0?

where Hyx = %reshape (hxx,nw,ni)

!/
To compute E {x{ (x{ > ], consider

Var (X{) = h,Var (X{) h;{ + O’an/
vec (Var (x{)) = vec (thar (x{) h;c) + vec (027777/)
(i

vec (Var (x{)) = (hx ® hy)vec (Var (x{)) + vee (a?nn’)
)

(Ing — (hx ® hx)) vec (Var (x{)) — vec (‘7277"7')
I

vec (Var (th)) = (Ing — (hx® hx))_1 vec (o*nn’)

Notice there that
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)]) ~ vee (Var (x!))

Ex)]=(I-hy)" (I:IXXE {vec ([(x{

)6

The mean value of the control variables is given by

)] o)

Bly;) = g« (B |x! | + Elxi]) + GueB | (x] @] )] + 8000

Bly) = gxE ] + Gue | (xf ©x] )| + 8000

3.4.2 Second moments

. . !
We need to compute E {(x{ ® xf) (x{ ® xf) }, B {xf (xf

this will allow us to find Var (z;). This is because

oxf) | Bt x0)). B [« (x oxl) | and £ [x] ()] as

Var (z:) = E [(z: — E [2]) (z¢ — E [z1])']
= El(z — Elz]) (z; — Ez;])]
= Elzz, — 2.E 2] — Elzi] 7, + E ] E[2;]]

= B[22} — E [z E [2]]

and
th / /
Bl =E|| xi |[(x) & (Hex) ]
x{ ®x{
/ /
SO e ()
=F xfxgc x? (x5) X <x{ ®x{>l

!
Finding F {(xf ®th> (X{ ®xf) }
From above:
x/ 1 @x] = (he ®hy) (x{@x{) +v(t+1)
where
v(t+1) = (e @on) (xf @) +(on @ hy) (1 @x] ) + (on @ om) (€141 @ r4)

and E[v (t+1)] = (om ® on) vec(1,,). Note that (x{ ® x{) and v (t + 1)’ are uncorrelated

So
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E (th+1 ® X{H) (X{H ® th+1)/
= B{(hx @ ) (x{ @ x] ) +v ¢+ DHbe@h) (x] @x]) + v+ DY
)

B{(hy ©hy) (x] @xf ) +v(t+ DH(x] @x]) (he @) +v (6 +1))

I
/N

(x{ ® x{)/ (hy ® hy)' + (hy ® hy) (x{ ® x{) v(t+ 1)’}

=(hx®hy) E [(xf ®x{) (X{@X{)/:l (hy ® hy)’

+(hy ® hy) E [(x{ ®x{)} E[v({t+1)]+E[V({+1)E [(x{ ®x{)'] (hy ®hy) + E[v(t+1)v(t+1)]
Letting
cz(hx®hx)E[(x{®x{)] E[V{t+1)]+EN(t+1)E {(x{@x{)l] (hy ® hy) + E[v(t+1)v(t+1)]

we therefore have (due to stationarity)
/ !
Bl(xl ox!) (xl @xl)] = o n) Bl(x] @x]) (x @x]) | (e @ h)' +c

vec (E[(x{ ®x{) (x,{c ®x{)/]) = vec ((hx®hx) E[(x{ ®x{) (x{ ®X{)l] (hy ®hx)/> + vec (c)
(i

vec (E[(x{ ® xf) (xf ® X{>/]> = ((hx ® hx) ® (hx ® hy)) vec (E[(X{ ® xf) (X{ ® xf)/]> + vec(c)
because vec (ABC) = (C’' ® A)vec(B)

)

vec (E[(x{ ® x,{) (x{ ® x{)l]> (Is— (hxy @ hy) ® (hy ® hy)) = vec(c)
i)

vee (BI(xf xf) (xf & x{) 1) = vee(©) (s~ (910 (o 1)

!/
Finding F {xf (X{ ® x{) }
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f FY T foof foof '
E {X‘;_H (xt_H ®xt+1) } =F [(hxxf 4+ Hyx (xt ®xt> + %h,waQ) ((hx ® hy) (xt ®Xt> +v(t+ 1)) ]

E [(hxx;? + Hy (x{ ®x{) + %hwaZ) <(x{ ®x{)/ (hy ® hy) + v (t + 1)’)}

I
=F [hxx;gS (x{ ® xf) (hx ® hx)/ + hyexiv (t+ 1)/}
- / -
+F {Hxx (x{ ® x{) (x{ ® xf) (hy ® hx)/ + Hy (xf ® x{) v(t+ 1)/}

/
+E {éhmoz (x{ ® x{) (he @ hy)' + th,p0?v (t + 1)’]

= h,E {xg (x{ ® x{)/} (hx @ hy) +h B [x{] E [v (t +1)']
+Bl | (] 0] (x] @ x] ) | (o) + Frocl? [ 0] B v 0417

+ih,,0°E [(x{ ® X{>/:| (hy ® hy) + ih,,0%FE [V (t+ 1)']
Letting
~ / ~
c=hyE[x) E[v(t+1)] + [(xf ox]) (x @x]) } (hy @ hy) + FcE [x] @ x| B[ (4 1)

!
+1ih,,0%E [(x{ ® x{) ] (he ® hy)' + $h,oo?E [v (t +1)]
we therefore have (due to stationarity)

! Y Foxl) '
E I:X?+1 (Xt+1 ®Xt+1) } =hyE [Xf (Xt ®Xt) ] (hy @ hy) +c

/ !/
E|xi,, (xtf+1 ® xfﬂ) }) = vec (th |:Xf (x{ ® x{) } (hx ® hx)/> + vec (c)

!/ !
E|xj (xtfH@x{H) }) = (hx ® hy ® hy)vec <E [xf (x{@x{) ]) + vec (c)

E |x§ (X{ ®xf)/}) (Ini — (hx ®hy ® hx)) = vec (c)

B [xi (xf ®xtf)'D — vec () (Ts — (hy ® hy @ hy))

Finding F [x] (Xf)/]
- -~ /
E |:X§+1 (Xf+1)l:| =F [(hxxi + Hxx (X{ & X{) + %h(TO'O-Q) (hxxf + Hxx (XZ X X{) + %thUQ) :l

- .
=F [(hxxf + Hyx (x{ ®x{) + %haa(ﬂ) <(x§)’h; + (x{ ®x{) H_ + %h;aa2)]
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r
= [ () i (] 0 x ) B+ 400,07 )|
- . , . N o~
8 B (x 0x]) (0 i+ (xf @] ) il + 07 |

I~
+8 [hano? () b+ (<] ) By + 0 )]

I -
=F [hxx;g (xf)/ h! + h,x§ (X{ ® x{) H,, + hxxféhfmgﬂ
~ . -~ . ! - - .
+E {Hxx (x{ ® x{) (x5) b + Hooe (x{ ®x{> (x,{ ® x{) )2 (A = (x{ @x{) ;hggaz]

.
+E |:éha'a(72 (Xf)/h;c + %haoo—z (X{ & XZ) H;(x + éhm’o—z%hiﬂ?az]

I~
=hyF [xtg (xf)/} h! +hyF {xf (X{ ® X{) } H., + hyF [x]] %h’aga2
- _ n - -
+H, < F thf ®x,{> (Xf)/:| h! + HyxFE |:(X{ ® x{) (x{ ®xf) } H  +HE {x{ ®xﬂ %h;aO'Q
M -
+1h,,02E [(x)'] W, + Lh,,02E [(x{ ® x{) ] ., + lh,,02Llh, o

200

Letting
s
c=hyF {xf (x{ ® x{) ] H, +hyE[x]] $h, o?

- - n - -
+H,F Kx{ ®xf) (X;)/} h! + Hy FE |:(X{ ®x{) (th ®Xf) } H,, + H.FE {th ®Xﬂ %h'ggo2

1~
+%h0002E [(xf)'] h! + %hUUO'QE [(x{ ® X{) ] H  + %hUUUQ%h:mUQ
we therefore have (due to stationarity)
S S / S S
E [Xt+1 (x541) } =hyE [x (xt)/} h! +c
0

E[x; (x5)] = vee(e) (Inz — (hy ® b))~

/
Finding E {x{ (x{ ® xf) }
/
E {X{H (X{H ®X{+1> }
i /
=F (hxx{ + anetﬂ) ((hx ® hy) (th ® x{) +v(t+ 1)) }

=F _(hxxf +O'7]€t+1) ((X{®x{)l(hx®hx)/+v(t+1)/>}

i /
= E |hyx! (xtf ® X,{) (hy ® hy) + hyx! v (¢ + 1)/}

!
+E {<0n€t+1 (X{ ® X[) (hx ® hy)' + one v (t+ 1)/>}

Recall that v (t + 1) = (hx ® on) (x{ ® €t+1> + (om ® hy) (€t+1 ® x{) + (on ® on) (€141 ® €141) so we get
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/
— hE {x,{ (xf @x]) } (hx @ hy)' + 0+ E [omey; (€141 @ €r41) (om @ om)]

!
= hyE {X{ (X{ ® X{) } (hx ® hy)"+ 0+ onE [er11 (€111 @ €41) ] (on @ o)’
)
/ !/
vec (E |:X{+1 (xf+1 ®x{+1) }) = (hx ® hx ® hy) vec <E [x{ (x,{c ® x{) })

+vec (onE (€41 (€141 @ €41)] (om @ o))
because vec (ABC) = (C' ® A) vec(B)

(;
! -1
<E [X{H (X{-&-l ® X{+1) D = (Is — (hx @ hx ® hy))  vec (0nE [€r11 (€141 © &) ] (om @ om)’)
Finding E [x{ (xg)/]
E f s " El(n f hox?® ﬁ f f 1y 2 !
Xit1 (Xt+1) xX; +ON€E xX; + Hyx (X} @ X3 | + 5ho00
_ f s\ 1/ f f =y 1./ -2
=F hXXt (Xt) hx + Xi ® X} Hxx + 2haag

I o~
= hyE {x{ (xf)l} h, + hyeE {xf (x{ @ x] ) } 2 08

vee (B [xl11 (x341)']) = (e @ b vee (B [x] (x3)'] ) + vee (th [x{ (x/ @x] )/} ﬁ;x)
(i

vee (B [ ()]) = (L = e ) vee (b [+ (] o) | 1)

3.5 Decomposition: The total variance of the state variables

The previous subsection have computed Var (z;) and Var (y§). We next discuss how the total variance of the state variables
should be computed. Starting from our decomposition, we have

— s
X = X; +X;

Hence, it is natural to compute moments of x; based on this decomposition. Hence, for the variance we get

Var (x¢) = Var (xtf + xf)

= Var (x{) + Var (xi) + Cov (X{,Xf) + Cov (Xf,xf)

Note that this procedure is fully consistent with the one adopted for the control variables. To realize that, let us consider
the case where one element in y; simply reproduces one state variable. Then gx = 0 except gx (k,j) = 1 if we want to have
the k’th control variable to reproduce the j’th state variable, while all remaining derivatives of g are zero. Hence, we have

y (k), :X{+Xf-
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Hence, Var (y (k),) = Var (x){c + xf).

One potential short-coming of this procedure for computing the moments of x; might be that we do not include all

higher order terms. In the case of the variance, one could believe that we omit the fourth order term Cov (xf, Xf ® x{ ) in

our expression of Var (X{ + xf) However, this is not the case. To realize this, recall

X{+1 = hxx{ +one 4

1 1
X; 1 = hyxi + inx (x{ ® X{) + ihMOQ
The law of motion for the total state variable is
X{Jrl + X7
1 1
= hy (xf + x{) + §Hxx (x{ ® x{) + §h0002 +one

We compute second moments of xj + X{ based on the first line in this expression. But, of course, we could equally well
have computed the moments based on the second line in this expression. Adopting this alternative approach, we obtain

1
Var <xf+1 + xfﬂ) = hyVar (Xf + x{) hy + ZHxxVar <xf ® th) H,, +o’nn’
1
—|—§th01} (xtq +x! x/ ® x{) H.

1
+§HXXCO’U (x{ ® xf, x; + xf) h!

It is evident that this expression for Var (x{ 11 tx¢ +1) includes the term Cov (xf,x{ ® x{ ) Using this expression to

solve directly for Var (Xf + x{ ) gives exactly the same expression for Var (xf + X{ ) as the one we first suggested (which

we obtain without solving more equations!)

3.6 The auto-correlations

This section derives the auto-correlations for the states and the control variables.

3.6.1 The innovations

We start by showing that &;,; and &, , are uncorrelated for s = 1,2, .... To see this note that
!
E [ét-{-lét-{-l-{-s] =

€141
€141 ® €141 — vee (I,) Y '
b €1 @ x| €iiirs (Erq1vs @ €qrps —vec(Ly,)) (€t+1+s ® X{+s) (X{+s ® €t+1+s)
x] ® €41
€1+1€1 1145 €1 (€rs14s @ €ryrps — vee(Iy,))
(€41 @ €11 —vec(Iy,)) €hqys (€41 @ €41 —vec(In,)) (€r414s @ €414 — vee (In,))

=E €1 @] ) €141y, €41 @ X] ) (€r4145 @ €r3145 —vee (I,,))

xf ® €11) €144 x{ ® €t+1) (€14+145 ® €145 — VEC (Inc))/
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!/ !
f f
€41 (€t+1+s & Xt+s> €111 (XtJrs X €t+1+s)
/ !

(€t+1 ® €141 —vee(Ln,)) (€t+1+s ® X{—i—s) (€t+1 ® €11 —vee (L)) (X{-&-s ® €t+1+s)

I !/

(€t+1 ® X{) (€t+1+s ® X{+s) (€t+1 ® X{) (X{+s ® €t+1+s)

li !/

(X{ ® €t+1> (6t+1+s ® X{-Q—s) (Xf ® €t+1) (Xi:rs ® 6t+1+s)
00 0 0
o o000
10 0 0 O
00 0O

3.6.2 The auto-covariances

Recall that we have ;

Xt

Z; = X3
f f
X; ®X;

zZi11 = c+ Az + B,

1
yf = th + §g0002

To find the one period auto-correlation, i.e. Cov (z41,2:), we have

Cov (z441,2¢) = Cov (¢ + Az, + BE,,1,2;) = ACov (z4,2,) = AVar (z;)

because Cov (z¢,€,,,) = 0 as shown above. And for two periods
Cov (zt42,21) = Cov (c + Az + BE, o, zt)

=Cov (A (c+ Az + B¢, ) + B o, %)

=Cov (AQZt +B&; 1o, zt)

= Cov (A%z,2;)

= A%Cov (2, 2)

= A?Var (z)
Here, we use the fact that Cov (Et 129 zt) = (. This follows from the same arguements as above, that is consider
! th~ 1 f ! f !
E[z:&,,] = E X7 [ €42 (€112 ® €y —vec(Ine)) (€t+2 ® Xt+1) (Xt+1 ® €t+2> ]
@ x!
1 1
/ ! ' / Y - '
X; €119 X; (€t42 @ €142 — vec (Lne)) X} (6t+2 ® Xt+1> X (xtJrl ® €t+2)
/ /
=F X[ €10 i (€142 ® €40 — vee (Ine)) X3 (€t+2 ® X{H) x; (X{H ® €t+2)

!
(xf ® x{) €11 (x{ ® xf) (€42 @ €119 — vee (L)) (x{ ® X{) (et+2 ® x{_H) (xf ® X{) (X{_H ® et+2)
=0

Hence, in the general case
Cov (z441,2:) = AVar (z;)

For the control variables:
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Cov (yf.l,-la yf) = Cov (th+l + %gaaa27 th + %g0002)
= COU (DZt+l, DZ[;)
= DCov (Zt+l) Zt) D/

= DA'Var (z,) D’

4 Stastical properties: Third order approximation

4.1 Covariance-stationary

Proposition 1:
The pruned third order approximation for xtf , x5, %74 and yi? is covariance-stationary if

1. the DSGE model has a unique stable equilibrium, i.e. all eigenvalue of hy have modulus less than 1

2. €441 has finite sixth moment

Proof
Note first that

!
21 Go1) = b () x50 4 3 ()]) e (G5, 2) (x2)
!/
) (xf) hasx (7, 1,5, 1) (x{)
++ (x) e + 8hoax (4,2) %%/ + §hooo (7.1) 0°

X;-Cﬁl—l = hxxfd + Zﬁxx (X{ ® xf) + ﬁxxx (xf ® X{ ® xf) + %haaxO'QX{ + %haaga3

where fIxx = %reshape (hxx,nw,ni) and ﬁxxx = %reshape (hxxx,nw,n,i). So we need to find the law of motion of

(x{ ®x§) and (x{ ®x{ ®x{).
Hence,
(x{+1 ®xf+1) - (hxx{ + U?76t+1) ® (hxxf + Hox (x{ ®x{) + %h(mg?)
= hxxf ® hyxi + hxxf ® ﬁxx (x{ ® x{) + hxxgc Q %hgaaz

+omne; @ hyxi +one, ® Hyx (x{@x{) —|—O'7’]€t+1®%h000-2
using (A+B)®(C+D)=A®C+A®D+B®C+B®D

= (hy ® hy) (x{ ®x§‘) + (hx ® ﬁxx> (x{ ®xi® x{) + (hx ® 3hyy) (xtf ® 02)

+ (01 @ hy) (€441 @ x3) + (Un ® ﬁxx) (em ®xi® x{) + (o @ h,,) (€011 ® 0?)
using (A ® B) (C® D) = AC ® BD
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= (hx ® hy) (x{ ®x§) + (hx ® ﬁxx> (xt ®xt ®xt> + (h %h(m(r?) x{

+ (UT’ ® hx) (€t+1 ® X?) + (077 ® ﬁxx) (etJrl ® Xt & Xt 0""] ® %hgg’o-2) €tt1

Recall from above
st @xfiy = (e @by (x] @x]) + (2 om) (x] @ 141
)

+ (on ® hy) (€t+1 ® X{) +(on @ on) (€141 @ €141
So
X{—&-l ® X{+1 ® X{+1 = (hxx{ + ‘777€t+1> ® ((hx ® hx) (X{ ® X{) + (hx ® om) <X{ ® €t+1>

+(on @hs) (er1 @x] ) + (m @ on) (6111 @ €141)

= hyx! @ (hy ® hy) (x{ ® x{) +hyx! @ (hy @ on) (x{ ® em)

+h,x! ® (on @ hy) (€t+1 ® x{) + hyx! ® (on @ on) (€141 @ €141)

+ (mer) @ (x @ 1) (xf @ x] ) + (omery) @ (e @ om) (x] @ €111

+ (omeryr) © (om © hy) <6t+1 ® Xf> + (on€y 1) ® (on @ on) (€141 @ €141)

— (hy ® hy @ hy) (x{@x{@x{)+(hx®hx®an)(x{®x{®et+1)

+ (b @ on @ hy) (x] @ €1 @xf ) + (e @ on @ om) (xf @ e @ e
+(on @ hx @ hy) (€1 @xf @ xf )+ (n @b on) (e @x] @)
+(on®on @ hy) (€t+1®6t+1®xt)+(U"7®U77®077)(6t+1®6t+1®6t+1)

= (hy ® hy ® hy) (x ®x! ®xt) + (hy ® hy @ o) (x{@x{@etH)

+ (b @ o @ hy) (x] ®et+1®xt) + (e @ on @ on) (x{ @ €1 @ e
+ (o ® hy ® hy) <€t+1 ® X3 ®Xt) + (on @ hx ® o) (€t+1 ® x| ® €t+1)
+(on ® on @ hy) (€t+1 ® €41 ® Xt) +(n@on®@on) (€41 ® €41 @ €41) — Ef(€141 ® €141 @ €41)])
+(n®on®on) Ef(€41 @ €111 ® €141)]
Thus we can construct the following extended system
X{+1 On, x1
X{i shy,0?
xly @xli, _ (on @ on) vee (I,,)
x;y a shoooo?
X7{+1 ® Xerl Onixl
i x{H ®x{+1 ® xtf+1 | (en®@on®@on) E[(€41 ® €141 ® €141)]
[ hy 0n, xn, Onf xn2z  Ongxng, 0p, xn2 0n, xn2 17T X{ 1
0, xn, h, H, . 05, xn, Onzxng Onzxng x?
012 xn, Onz2xn, hx@hx Opzsxn,  Onzxn2 012 xn3 x! @ x{
+ ES P Onuxne  Opoxnz by 2H,x Hooox x4
(hx ® %hggUZ) 0n2xn,  Onzxnz  Opzxa, (hy ® hy) (hx ® ﬁxx) X{ @ x3
L Ousxn, 0n3xn, Onixnz Onaxn, Onsxnz (hx®@hx®hy) | [ x| ©x{ ©x] |
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on 0 0 0 0 0
0 0 0 0 0 0
0 (on®@omn) on®hy hy®on 0 0
+ 0 0 0 0 0 0
on ® thyeo? 0 0 0 on ® hy on @ Hyx
0 0 0 0 0 on @ hy @ hy
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
hy ®hy®on hy®om®hy hyR®om®on mAIhy®on mRondhy MRonRon
~ i _
€11 ® €41 —vec(L,,)
€4+1® X{
x! ® €1
€141 ® X7
€ X xf X xf
t+1 ¢ t
x x{ X x{ X €41
x{ ® €1 @ x{
X,{ D €41 D €41
€11 ® X{ & €141
€1 ® €141 D X]
L (€141 @ €141 @ €141) — E (€141 @ €141 @ €441)]
(i
Ziy1 = C + AZt + B£t+1 (38)

The absolute value of the eigenvalues in hy are all strictly less then one by assumption. Accordingly, all eigenvalues of A
are also strictly less than one. To see this note first that

p() = [A-AT
I h,—AI OnTXnT Onjxni Onmxnm OnTxni OnTxng
O’nm XNy hx_AI Hxx OnT XNy OnL xn2 OnL xnd
_ Oni XNy Oni XNy hy ® hy—AI Oni XNy Onixni OQ% xnd
%hoox02 OnJC XNy Onx xn?2 hx_)\I 2Hxx Hxx_?(
hy ® %hoagz Oni XNy Onfc xn2 Oni XN hy ® hy—AI hy @ Hyx
L On§ X Mg Oni X Ty Ong xn?2 Ong XNy Oni xn2 hx & hx ® hx_)\I
— [ Bll B12
B21 Ba

where we let
hy—MI 0, xn, 0, 5n2

B11 = Onmxnm hx_>\I Hxx
Oni XNy Oni XNy hx X hx*>\I

Onz X Mg OnT xn2 OnT xn3

B, = Onzxnz Onmxni Onzxni
L Ong X Mg Oni xn2 Ong xn3
%haaxo—2 Onz XNy Onr xn2
By = (hx @ %h0002) Ong XNy Ona xn?2
L Oni XNy Oni XNy Oni xXn2
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hy—AI 2H,, Hioxx
Bas = | Op2un,  (hy @hy) —AT (hx ® ﬁxx)

Onixnz Onixnz (hx ®@hy ® hx) =l
= [Bu1| By
. U C . .
using | o =|UJ||Y| where Uism xmand Y isn xn

= |hx — MI| |hyx — AI| |hy ® hy — AI| |Bas|
using the results from the second order approximation

= |hy — M| |hyx — AI| |hy ® hy — AI| |hy — AI||(hx ® hy) —AI] |(hx ® hy @ hy) — ]|
using the rule on block determinants repeately on Boo

Hence, the eigenvalue X solves the problem
p(A) =0

lhy — M| |hy — M| |hy ® hy — AI| by — AI| | (hy ® hy) —AI| |(hy ® hy @ hy) —AI| = 0

|hxy—AI| =0 or |hy @ hy—AI| =0 or |(hx ® hy ® hy) —AI| =0

The absolute value of all eigenvalues to the first problem are strictly less than one. That is |A\;| <14 =1,2,...,n,. This
is also the case for the second problem because the eigenvalues to hy ® hy are A;A; for ¢ = 1,2,...,n, and j = 1,2,...,ng.
The same arguement ensures that this is also the case for the third problem.

Thus, the system in (38) is covariance stationary if £;,, has finite first and second moment. It follows directly that
E [St +1] = 0 and &, has finite second moments if €;11 has a sixth moment. The latter holds by assumption.

For the control variables we have ,
Ui 1) = g (50) (x4t 4 x77) + 5 (x]) g (5000) (x] + 2x5)
(x{)/ Sxxx (i, 1,:,1) (x{)
+3 (x{ / + 3900 (1,1) 02 + 28o0x (4,:) azx{ + $9ooo (i,1) 0®
(X{) Sxexexc (B Ny 2y ) (x{)
(i

yz’d = 8x (X{ +X§ +X§d> + éxx ((X{ ®X,{> + 2 (X{ ®Xf)) + éxxx (X{ ®X{ ®X,{>
where Gyx = %reshape (gxx, Ty, ng) and Gyxx = %reshape (gxxx, Ty, ni’)

)

~ ~ ~ xX; ®x;

y{d = [ 8x + %gaax02 8x G"xx 8x 2C’"xx c7"xxx ] rd + %gUUUQ + %ggaags
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1 2,1 3
= Dz; + 58000 + 680000
That is y;¢ is linear function of z; and y}¢ is therefore also covariance-stationary.

Q.E.D.

4.2 Method 1: Formulas for the first and second moments

This section computes first and second moments using the representation of the second-order system stated above. This
method is fairly direct but has the computational disadvantage of requiring a lot of memory because we work directly with
the big B matrix.

The system
Ziy1 = C + AZt + B£t+1
rd 1 2 1 3
yi = th + igaoa + égaaaa

The mean values are .
Elz] = (IBnm—&-Qni—&-ng - A) C.
1 1
E[y{] = DE[z] + igaoa—z - éga'ocra_g

For the variances we first have as above that ,
E[zi017,,] = B[ (c+ Az + BE,..) (c+ Az + BE,..)'|

= E [cc/ + czjA' + c&; B
+E [Aztc’ + Az z; A’ + Azt£;+1B’]
+E [BE,, ¢ + Bz, A' + BE, & B

=cc +cE[z,] A’
+AF [z ¢+ AE [z;z;) A’ + AFE [ztfiﬂ] B’
+BE [£t+lzﬂ A'+BE [£t+1£2+1} B’

and
Elz] E [Zt], =(c+ AE[z])(c+ AE [zt])/

=(c+AE[z])c +cE[z}] A’ + AE [z) E [z}] A’

Hence,

Elaid,)] — Bz Elm) = o + B[] A
+AE[z]c + AE [z,z]] A’ + AE [z,£,,,| B/
+BE [€,.12;] A’ + BE [£,,,£,,,] B’
—(c+AE[z))c —cE[z;]A' — AE [z E [z,] A

= A (E[zz;) — F [z:] F |2}]) A’
+AE (2,8, B + BE [§,,,]] A’
+BE [5t+1£2+1] B

)

Var(zip1]) = AVar|z A’
+A (E[z&),,| —Elz) E[€,,1]) B + B (E[&,,12,] — E[&,1] E[z}]) A/
+BE [€,,,£,.1] B’
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Notice that F [z;] E

)

Var [Zt+1]

Moreover,

Var [y;’{d

[€,1] = 0 because E [&;,,] =0

| =DVar [z, D’

=AVar[zy| A"+ BVar [€,,] B + ACov [z, €&, 1] B' + BCov [§,, |, 2;| A’

Contrary to a second-order approximation, we have that Cov [Zt, & +1] 2 0. This is seen as follows

E [Zt€::+1] =F

! /
x| e (e oan—vee@,) (anoxf) (doan) (anox)
F oo ! f 7\ f ! f
(Xt XX ® €t+1) (Xt X €41 X Xt) (Xt X €11 ® €t+1) (€t+1 XX ® €t+1)

f /
(6t+1 @ €141 @ Xy )

Onx XM Onm xn?2
Onw XN Onl xn2
_ Oni XN Ong xn?2
Onm XTe Onz xn?2
Onz XTe Oni xn2
Oni XMNe Oni xXn?2
—[0 R 0]

(€141 ® €141 ® €141) — E[(€141 @ €41 @ €441)]) }

OnJc XMeNg
Onw X NNy
Oni XMNeNg
Onw XMeNg
Onz XNeNg

Oni XNeNg

OnJC XMzNe
Onw XTNgNe
Oni XMNgNe
Onm XNzMNe
Onz XNgNe

Oni XNgNe

OnJC XMNzNe
Onw XNgMNe
071% XMNgNe
Onm XNgMNe
Onz XNgNe

Oni XNgNe

We now compute the non-zero elements in this matrix

1) The value of ry g

!
T =E {X{ (X{ ® €41 ® €t+1> }

Onac Xnen?
Onm Xnen?
Ong Xnen?
Onz Xnen?
Oni Xnen?

O 3 2
ny ch’ﬂm

OnaC xn2ne
Onm Xn2ne
Ong Xn2ne
Onz Xn2ne
Oni Xn2ne

O 3 2
’I’LanxTLc

=’ [{ (V1 1)}:;1 {96{ (72,1) {€t+1 (@1, 1) {ets1 (02, )}¢2—1} b 1}%_1]

Thus, the quasi Matlab codes are
E zf xzfeps2 = zeros(nz,nx x ne X ne)
for gamal =1 : nx

index2 =0

for gama2 =1:nx

for phil =1 : ne

for phi2 =1: ne

end

index2 = index2 + 1
if phil == phi2
E xf xfeps2(phil,index2) =

46

E zf xzf(gamal,gama2)

/

OnJC xnZne
Onm Xn2ne
Oni Xn2ne
Onz Xn2ne
Oni Xn2ne

O 3 2
nxxnxne

1,9
72,9
73,9
74,9
75,9
76,9

/
(€t+1 ®x] ® X[)

71,10
72,10
73,10
74,10
75,10
76,10

1,11
2,11
3,11
T4,11
5,1

76,11

Onm xn2
On,: xn2
Oni xn2
Onz xn3
Oni xn2

Ong xn3



end
end
end
end

2) The value of 71 19

i
ri0=F [X{ (€t+1 ®X{ ® €t+1> ]

{ef 0}

1=

=F {6t+1 (¢1,1) {x{ (Y2, 1) {et41 (@5 )}452—1}7 _l}ne 1

¢1=1

3) The value of 71,11

/
1,11 = E |:X{ (€t+1 & €41 ® X{) :|

- [{etonn} feo e e td o))}

. Po=1 ¢,=1

4) The value of 759

!/
rog=E [xg (xtf ® €141 ® €t+1) }

— E|{a (7171)}3:_1{3:{ (72,1){6t+1 (@1, 1) {ers1 (dg, 1 >}$§—1} 1}% ]

Y2=1

5) The value of 1 19

/
r210 = E [Xf (€t+1 x| ® €t+1) }

=FE [{z} (74, 1)}:11:1 {€t+1 (¢1,1) {37{ (Y2, 1) {er41 (9,1 )};:_1} 1}% ]

$1=1

6) The value of ro 14

I
ro11 = E [Xf <€t+1 @ €441 ®X{) }

— E {5 (7, 1)}:f:1 {€t+1 (¢1,1) {6t+1 (¢9,1) {fﬂtf (725 1)}2 }:e=1}

7) The value of r3 g

!
r30=FE {(x{ ®XI) (X{ @ €41 @ €t+1> }

=F

72:1 'yl:l
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{toun{efean}” } {sd o0 foneontan e

Ny

v3=1

|



8) The value of 73 19

/
r310=F [(X{ ® X{) (€t+1 ®x{® €t+1> ]

et {d o} 1 Lanon {d ountaneann) | ]

71=1 Pr=l

=F

9) The value of 7311

X !
rgi1=£E [(x{ ® X{) (€t+1 Q€1 ® Xf) ]

- E {x{ (71,1) {;c{ (v, 1)}:_1}% {6t+1 (61,1) {6t+1 (¢, 1) {x[ (735 1)}::_1}% } e

v1=1 $2=1 $1=1

10) The value of rq 9

/
T4,9 = E |:ng (X{ ® €¢t1 ® €t+1) :|

=F

{279 (1, 1)}:;“:1 {;p{ (72, 1) {ft-i-l (¢1,1) {€et41 (2, )}¢2—1}¢1_1}nm ]

V=1

11) The value of 74 19

!
410 =L [de (€t+1 & X,{ ® €t+1) ]

=F

{27 (7, 1)}:;1 {€t+1 (¢1,1) {x{ (72, 1) {et41 (@95 )}(’;e_l} }"e ]

¢1=1

12) The value of 7411

/!
rqnn=FE [x;d (€t+1 ® €t41 ®X{) ]

- {I:d (71’ 1)}:f:1 {€t+1 (¢1’ 1) {et—H (¢2, 1) {l'{ (72, 1)}: }ne }ne

=1 ¢,=1

13) The value of 7359

/
r59 =FE {(X{ ®Xf) (th ®e€41® €t+1) }

=F

{xtf (71, 1) {2f (72, 1)}:::1}:;1 {iﬁ{ (73, 1) {6t+1 (¢1,1) {€r41 (¢2, >}¢2—1} 1}% 1

v3=1

14) The value of 75 19

/
r510 = E [(Xf ® X?) (€t+1 x| ® €t+1) }
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=F

{of (u, ) {5 (s 1>}:;;1}:;1 {+ (61, 1) {2f (3. 1) {ers1 (62, 1>}$:_1}::_1}% ]

=1
15) The value of rs5 11

!
rsi = E [(x{ ® Xf) <€t+1 @ €141 ®X{> }

- B {x{ (71, 1) {25 (79, 1)}:::1}:;1 {6t+1 (¢1,1) {€t+1 (¢2,1) {m{ (735 1)}% }"e } .

=1
73 $a=1 ¢,=1

16) The value of rg 9
/
Te9 = I {(x{ ®x,{ (29 x{) (x{ @ €141 @ €t+1> ]

Ny

= {xf (71, 1) {m,{ (v4,1) {xf (v, 1)}% }"w } {xf (74, 1) {€t+1 (61, 1) {er11 (f3, 1)}22:1}% }nz

-1 _ P1=1 _
73 v2=1 v.=1 ' 4=t

17) The value of r¢ 10
F oo o of f '
re10 =& [(Xt ® X ®Xt) (€t+1 X @ Et+1> }

Ne

_ {x{(%,n{xtfml){x{(%,l)}”‘” } } {etH(qsl,l){m{ m,l){em<¢2,1>};§;_1}:Z_1}

=1 _ =
T =1) fr=t

18) The value of rg 11
I
re1 =FE [(xf ® x{ ®Xf> (6t+1 ® €41 ®X{) }

=F {x{ (74,1) {xf (7v9,1) {x{ (73, 1)}:1_1}”1 }nm {€t+1 (¢1,1) {€t+1 (¢2,1) {m{ (V4o 1)}7%_1}”6 }ne
\ - Ya

V2= by=1 ¢1=1

Notice that all the required moments needed to compute these 18 terms are available from the covariance matrix at

second order. Hence we only need to compute Var ({t +1). This is done below.

4.2.1 Efficient computing of BCov [, |, 7]

The matrix B is very big and we therefore by hand try to simplify the summations BCov [St +1,Zt]. Note that such a
simplified expression is also useful when computing auto-correlations. We first note that

BCO'U I:£t+1, zt] - BE [ét«}»lz;]

0
=B| R
0
because FE [ztEQ_H] = [ 0 R O ]
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on 0 0 0 0 0
0 0 0 0 0 0
B 0 (om®omn) onm@hxy hy®on 0 0
- 0 0 0 0 0 0
on ® ih,,0? 0 0 0 on@hy  on® Hyx
0 0 0 0 0 on ® hyx ® hy
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
hy ®hy®on hy®om®hy hyR®om®on mAIhy®on mRondhy MRonRon
0
x| R
0

o oo oo

| [hx®on©®@on on@hy®on on@oen®hy R’

Onm X (3ngz+2n2+n3)
OnI X (3nz+2n2+n3)
Oni X (3ngz+2n2+4n3)
Onm X (3ngz+2n24+n2)
0n2 x (3ny+2n2+n3)
| [hx®on®on on®@hy®on on®@on®hyx |R’ |

We see that [ hy®on®on om@hy®on onRonhy ] has dimensions n2 x 3 (nxng) and R has dimensions
(3nm +2n2 + ng) X (Bnine) Thus
[ hy o m®on om3hy®on on®Ron R hy ] R’ has dimensions n3 x (3nw +2n2 + ng)

Hence,
Cov [zy,€&,,,| B’

/
= (BCOU [Et-{-lvzt])
= [ Onnxnm Onnxnw Onnxng Onnxnm Onnxng R [ hx @onR®on N hx @on mRION hx ]/ }

where nn = (?mm + 2n2 + ni)

4.2.2 Computing Var [§,, ]
We start by noticing that
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€41
€141 ® €41 —vee(l,,)
€+1® X{
X{ & €41
€11 ® X}
€41 & x,{ & th
X{ & X{ @ €41
X{ & €41 @ X{
X{ ® €41 @ €1
€41 ®X] ® €141
€41 ® €141 @ X]
LL (€141 ® €41 @ €41) — E[(€441 ® €141 @ €141)] |

E [€t+1€;+1} =F

/

!/ !
X [ €1 (€1 ®eryr —vee(Ly,)) (6t+1 ® X{) (X{ ® €t+1) (er41®@x7) (€t+1 ox{ ® X{)
/ !/ / /
(X{ ox{ ® €t+1) (X{ @ €t41 @ X{) (Xf ® €41 @ €t+1) (€t+1 ox{ ® €t+1)
!/
(€t+1 ® €41 ® X{) (€141 ® €141 ® €141) — E (€141 ® €41 @ €441)]) }

p11 p12 O 0 p5 me P17 Pig O 0 0 P1,12
p22 O 0 p2s5 P26 D27 P2s O 0 0 D2,12
P33 P34 P35 P36 P37 P38 P39 P30 P3,11 P32
P44 DPas5 Pa6 P47 P48 Pa9  Pa10 P41l P42

P55 DPse P57 P58 P59 P50 Ps511 P52

be,s D67 P68 P69 P6,10 P6,11  P6,12

pPr7r Prsg Pr9 DPrio  Priir Pri2

P88 D89 DPs,j10 DPs,211  Dg,12

P99  P9,10  P9,11 P9,12

Ppio,10 Pi1o,11  P10,12

P11,11 0

P12,12

Only stating the elements on and above the diagonal. We first notice that E [(€;4+1 ® €141 ® €:41)] can be computed as:
E eps3 = zeros(ne x ne X ne, 1)
index =0
for phil =1:ne
for phi2 =1:ne
for phid =1:ne
index = index + 1
if phil == phi2 && phil == phi3
E_eps3(index,1) = m? (e;41 (phil))
end
end
end
end

We next compute all the elements in this matrix. The method is illustrated below

1) for p1 1
FE [€t+1€£+1] =1

o1



2) for p1 2
E [€141 (€141 ® €141 — vec (Ine))/] =FE €141 (€141 ® €t+1),}

—FE [{6t+1 (¢1, D}y, <{€t+1 (¢, 1) {ers1 (s, 1)}2221}28 )/1

,=1
Hence the quasi MATLAB codes are :
E_eps_eps2 = zeros(ne, (ne)?)
for phil =1: ne
index2 = (
for phi2 =1: ne
for phi3 =1:ne
index2 = index2 + 1
if (phil = phi2 = phi3)
E_eps_eps2(phil,index2) = m3 (e;11 (phil))
end
end
end
end

3) for pi1 s
E e (6111 ©%])] = E[er1 (€111 @ x7)']

=F [(6t+1 & 1) (eft-i-l ® (X;)l)]
=E [€t+162+1 ® (Xf)l]
= IQE [(x})']

4) for p1g
A FosdY
E {Gt-&-l (€t+1 ® x; ®Xt> } =F [(€t+1 ®1) <62+1 ® (Xt ®Xt> )]

!
— E |:Et+162+1 ® (X{ ®X{) :|

:1®E[(xtf®x{)']

5) for P17
ot ' F o)
E |:€t+1 (xt ® x; ®et+1> } =F [1 ® €441 ((Xt ®xt) ®e;+1>}

!
=F [(x{ ®x{) ®et+1e;+1}

:E[(x{@x{)/] o1

6) for p1 g

I
E |:6t+1 (X{ ® €ty1 ®X{) :| =
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E |{et+1 (91, 1)}2::1 {1“{ (71,1) {Et—i-l (¢5,1) {z{ (o, 1)}% }ne }m

vo=1 $y=1 -
Thus, the quasi Matlab codes are
E _eps_zfepsxf = zeros(ne,nx X ne X nx)
for phil =1 :ne
index2 = 0
for phi2 =1: ne
for gamal =1 : nx
for phi2 =1:ne
for gama2 =1:nx
index2 = index2 + 1
if phil == phi2
E eps_xfepsxf(phil,index2) = FE_xzf xzf(gamal,gama2)
end
end
end
end
end

4.3 Method 2: Formulas for the first and second moments

This section computes first and second moments using a slightly different representation of the third-order system than
stated above. (Basically, this was the first representation we considered for computing these moments). The advantage of
this method is that it compared to Method 1 is less memory intensive because some of the matrix multiplications are done

by hand.
We first recall that _
(%1 @xip) = (he @) (x] @x7) + (b @A) (x] @ x] @ x] ) + (B @ Ihooo?) x{

+(on @ hy) (€141 @ %7) + (an ® fIxx> (€t+1 ®xi ® x{) + (on ® thyeo?) €141
We also know that
X{-H ® X{+1 = (hx ® hy) (X{ ® X{) + (hy ® om) (X{ 0 €t+1)

+(on@hy) (€1 @x]) + (on @ on) (€11 @ er11)
SO
X{+1 ® th+1 ® X{H = (hxX{ + Un€t+1> ® ((hx ® hy) (X{ ® XZ) + (hx ® om) (X{ @ €t+1>

+ (o @ hy) (€t+1 ® X{) +(on®@on) (€141 ® €111))

= hyx! ® (hy ® hy) (x{ ® x{) + hyx! @ (hy ® om) (x{ ® €t+1)

thax! @ (o @ by) (1 @ x] ) + hax] @ (o0 @ o) (€111 @ €441)

+ (omern) @ (hx @ by (x] @ x] ) + (ome, 1) @ (he 2 om) (x] @ €11

+ (omera) @ (on @ o) (e @ x{ ) + (ome,41) @ (on @ om) (€41 @ €141)

= (hy ® hy ® hy) (x{@x{@x{) + (hy ® hy ® o) (x{@xf@etﬂ)
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+ (hx ® on @ hy) < ®€t+1®X{>+(hx®J7I®U7I) (X{®6t+l®€t+1>
+ (om @ hy @ hy (€t+1 ® X ®Xt) + (o ® hy ® on) (€t+1 x| ® €t+1)
+ (UT’ Kon @ h (€t+1 @ €t41 ®Xt) + (O”I’] ®on & 0"’7) (€t+1 ® €41 @ 6t+1)

:(hx®hx®h (X ®Xt ®Xt)+ut+1

where u;41 = (hx ® hy ® om) (x{ ® x,{ ® €t+1)
+ (b @ on @ hy) (x] @ e @x] ) + (e @ om @ om) (x] @ e @ e )
+ (o @ hx ® hy) (€t+1 x| ® Xf) + (on ® hx ® om) (€t+1 ®x| ® €t+1)
+(on o @y (e @ e ©x] ) + (o0 © o0 © o) (€141 © €141 © €41)

Thus we can construct the following extended system

[ ij;rl hy 0y xny On}, xn2 01 5 Onz xn2 Onz xng
X?—&-l Onzxnz hx Hxx Onz X Mg On,an On,Xni
X{+1 ® X{Jrl . 30712 XMy Oni XNy hx & hx Oni XNy Onixni Ogi xng
Xg_(,'i_l o 6h00x02 01, xng On,, xn2 h, 2H Hox
X{+1 (% X1?+1 (hx oY %hUUUQ) OnanL Onz xn2 Oni XNy (hx oy hx) (hx oy Hxx)
X1 ® Xt41 ® X1 L Ong,xnz O'rngnz Oni xn2 Ong XNy O'rngni (hx @ hx ® hx) J
Xf 1
t
Xj
| xlex
xid
x! ®x;
| x{ ox] ox] |
i Onz x1 OM€s 1
sho,0? 0n, %1
n (on @ on)vec(l,,) n v(t+1) = (on®on)vec(Ly,)
+%h0'l70'0-3 5 Oanl
0n2 %1 (om @ hy) (€141 ® x7) + (Jn ® Hxx) (€t+1 ® x{ ® x{) + (on ® thye0?) €141
On‘;’;xl +E [utJrl} L i1 — E [ut+1}

Zit1 =Cc+ Az + EtJrl

Hence, €;,1 = B§; ;. The expression for the controls are as before, i.e.

1 1
Yt = th + igoUUQ + ggaoaag,

The mean values are )
E [Zt] = (Ian+2n§+n2 - A) C.

1 1
E [yt] = DE [Zt] + 5g0002 + ggoado—s
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We showed above that
Var [z¢41] = AVar(zg) A+ BVar [€,,,| B’ + ACov [z¢,€,,,]| B’ + BCov [§,,,,2:] A’

which is equivalent to
Var[zii1] = AVarzg A"+ Var [étﬂ} + ACov [z,,&,,,| B + BCov [€,,,2] A

We have already known how to compute the ACov [zt, §t+1] B’ and BCov [£t+1, zt} A’. Hence we only need to compute
Var [E’t +1]' Recall from above that

[ ON€tt1 ]
Onle

- v(t+1)— (on®on)vec(I,,)

€t+1 = 07,m><1

(on @ hy) (€141 @ x7) + (JTI ® ﬁxx) (€t+1 by X{ ® X{) + (077 ® %haaa2) €11

U1 — E [ut+1]

where
V(E+1) = (@ om) (x] @ e ) + (n @by (e @ x] ) + (on @ o) (6111 @ €141)
and
w1 = (hx®hx®on) (X{ ®x| ® €t+1)

+ (@ on @) (x] @ e @xf ) + (e @on@on) (x{ @ €1 @ )

+(on@hy @ hy) (€1 @xf @xf )+ (n@ b on) (e @x] D)

+ (o ® on @ hy) (6t+1 ® €41 ® X{) +(m@on@on) (€111 ® €11 @ €41)
Note that

Elu]=(on®@on®on) Ef(€41 @ €141 @ €141))]

because €11 is iid, E [€;41] = 0, and E {xﬂ = 0. Note also that F [u;y1] can be coded directly as:

E _eps3 = zeros(ne x ne X ne, 1)
index =0
for phil =1:ne
for phi2 =1: ne
for phi3 =1:ne
index = index + 1
if phil == phi2 && phil == phi3
E_eps3(index,1) = m3 (e;41 (phil))
end
end
end
end

Hence,

Var [éﬁl} = E[ét+1 (ét+1)/}
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ON€i11
Onle
v(t+1)—(on®on)vec(l,,)
Onle
(on ®@ hy) (€141 @ XF) + (077 ® Hxx) (€t+1 ® x{ ® x{) + (on ® th,,0?) €141
1 — Elugg]

x[ o€ m’ Oixn, V(E+ 1) —wee(,,) (on @ on)" Oixn,
’ _ /
(€41 ®%5) (on @ hy) + (€t+1 ® x| ® XZ) (077 ® Hxx) e (on® %hw(’i)/ upy — E v, ]

:E[

oN€110€41M  On, xn, Var [£t+1 13 0y, xn, Var {§t+1 5 Var {§t+1 16
Onanm Onwxnr Oanni OTLL XMy Onxxni Onw><n3
- Var [étﬂ] 0,2x,, Var [étﬂ 0,,xn, Var [Etﬂ Var [étﬂ
Var (.1,) = Bl w1 w o 5 5 ]

OnIXnI Onzxnz Onmxn2 Onzxngg On,Xn%

Onx XNy Var {Et-&-l

Var [EHJ 51 Onixm Var |:€t+1
0p,xn, Var [ét+1

Var |:ét+1:| 61 Ongxm Var [Et+1

where we have defined:
pd ! ! !
Var &1 = Elone,, (v(t+1) —vee(L,,) (on @ on)’)]

Var [&a] = Blv (t+1) = (om @ om)vee (L) (v (t+ 1) = vee (I,,) (on @ on)')

~ / - /
Var €. = Elone,., <(€t+1 ©x3) (on @ he) + (€1 ©x] @x]) (on© Ha) +efp (& %haaog)')]

Var | [ t+1:| 16 = J77£t+1 (u;5+1 —-F [u£+1])}

Var [§t+1 i =E[((v(it+1)—(on®@on)vec(l,,))
/ _ ’
X (€41 ®@x5) (o @ hy) + (€t+1 ®x{®x{) (Un®Hxx> + €4 (077® ;hggoi)/>]

E((v(t+1) = (on® on)vec(Ly,)) (w1, — B [uj,4])]

Var [ét-s-lLG

Var [étﬂ}ss = E[((an ® hy) (€41 @ x5) + (J’I’] ® fIxx) (€t+1 ® X{ ® x{) + (O"I'] ® %hwg?) 6t+1)

X

’ _ /
(err1@x3) (on@he) + (e @xf @x{ ) (on® ) + €4y (m @ ;hwa?)’>}

Var [&..] = El((on @) (er11 ©%5) + (o0 @ He ) (€101 9 x] @ x]) + (0 ® Yhor0?) €121 (w10 = B [u).,])]
Var (€] = Bl — Blur]) (0, — 2 [u,,])]

We have already derived the expressions for Var [Et +1] and Var {Et +1} , and we will now compute the remaining
13 33
terms.
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4.3.1 For Var [étﬂ} s

Note first that Var [Et +1} has dimensions n, x n2.
15

Var {étﬂ} LT Elone, ((et+1 @x3) (on @ hy) + (et+1 ® x{ ® x{)l (017 ® I;Ixx)/ + €4 (an ® ;hgg(ﬂ)’)]
= Elonerss (1 @x1) (0 ® )/ +omersy (e @xf ©xf) (on© ) + omerielys (0@ Shoso?)]
= Blomesss (b (x0)) (om0 )+ omecss (s (xf) @ (x1)) (om0 Fra) + 0m (019 an0?)]
= E[on (€41 ® 1) (€11 ® (x7)") (on @ hy) +0m (€141 @ 1) (GQH ® (x{)/ ® (X{)l) (Jn ® I:Ixx)/—kan (on® %hMJQ)/]

/ / - /
= Elon (1€, © (1)) (on @ h)' + 07 (emezﬂ @ (xf) @ (x!) ) (on© Fx) +0m (00 ® dhge0?)’

1) on(L, ®E[x]") (on @ hy)’

2) +om (Ine ® (E {x{ ® X{D/) (on ® flxx)/

3) +on (on @ %h(maz)/
Checking the dimensions:

Term 1: (ng X ne) (Me X Neng) (Ngng X nengﬁ)/ ok
Term 2: (ng X ne) (Ne X Nengng) (Npng X nenznm)/ ok
Term 3: (ng X ne) (ngng X ne)/ ok

4.3.2 For Var [Etﬂ} 6

Note first that Var [Et +1} has dimensions n, x n3.
16

Var {€t+1} 6 Elone, (aiyy — B [u,])]
= Elone,up,]
!/
[0n6t+1((xt x| ® €t+1> (hx ® hy ® on)’
! ’
X; Q€41 ® Xt) (hy ®on ® hx)/ + (x{ R €41 @ etﬂ) (hy ® o ® f”l)l

+ (e

/
+(6 1 ®x] ®Xt> (077®hx®hx)l+(€t+1 ®X{®€t+l) (on @ hy @ on)’
+(

!
€1 @ e @x] ) (N @ on @ hy) + (61 @ €1 @ e (m @ o @ om))]

!
=onk (€t+1 (X{ ®x{ ® 6t+1) ) (hy ® hy ® on)’

. / . /
+onkE [€t+1 (X,{ ® €41 ® X{) } (hx ® on ® hy)' + onE |:Et+1 (X{ ® €11 ® €t+1> (hx ® on @ o)’
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/

/
+onk [€t+1 (6t+1 x| ® Xz{) } (on ® hx ® hy)' + onE |:€t+1 (€t+1 x| ® €t+1> (on @ hy @ o)’

/
+onk [€t+1 <6t+1 ® €41 ® X{) } (on®on @ hy)' + onE [€11 (€141 @ €11 @ €141)'] (on @ o @ on)’]

=onkE ((1 ® €141) ((x{ @x!
!
+onk [€t+1 (Xf ® €41 ® Xf) } (hx ®on®hy)’ +0
!/
+onE [(€t+1 ®1) <e,’5+1 ® (x{ ® xf) )} (on ® hy @ hy)' 4+ 0
+0+onE [e141 (€141 @ €141 @ €11) ] (o @ on @ on)']
!/
=onk {(Xf ® X{) ® €t+1€;+1] (hy ® hy @ on)’
/
+onk [€t+1 (X{ ® €41 ® X{) } (hx ® o ® hy)’
I
+onkE [etHEQH ® (x{ ® x{) } (on ® hy ® hy)’
+0nE (€111 (€111 @ €141 ® €111) | ((m @ o @ on)']
foxt) '
=on <E [(Xt ®Xt) :| ®Ine) (hx ® hx ® om)
i
+onkE |:€t+1 (x{ ® €141 ® x{) } (hy ® o1 ® hy)’
FoxlY '
ton (L, @ B | (x{ @x{) | ) (o @ he @ )

+onE [e11 (€141 @ €11 @ €r41)'] (om @ o @ on)']

!
Hence we only need to compute directly the terms E |:€t+1 (x{ ® €141 @ x{) ] and E [€t+1 (€141 ® €41 ® etﬂ)/].
We first note that
I
FE |:€t+1 (X{ ® €141 ® X{) :|

And
E (€1 (€41 @ €1 @ €11)| = E [€r41 (€11 @ €], @ €fyy)]

= F |erq (61/5+1 ® {{6t+1 (1, 63) }gomn €1 (1, ¢4)}:e—1>}
€t+1 (d)lv 1) Ne
—g| ¢ (¢,1) <{€t+1 (1, ¢2) {{€t+1 (1, 63) Yo €1 (1, ¢4)} e } >
’ 2= gy
€41 (¢47 1)

Thus, the quasi Matlab codes are
E_eps_eps3 = zeros(ne, (ne)”)
for phil =1 : ne
index2 =0
for phi2 =1 :ne
for phi3 =1:ne
for phid =1 :ne
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% second moments

if (phil == phi2 && phi3 == phid && phil™ = phid)
E eps_eps3(phil,index2) =1

elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E eps_eps3(phil,index2) =1

elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E _eps_eps3(phil,index2) =1

% fourth moments

elseif(phil == phi2 && phil == phi3 && phil == phid)
E_eps_eps3(phil,index2) = m* (€441 (phil))

end

end
end
end
end

4.3.3 For Var {étﬂ}&%

Note first that Var [Etﬂ} . has dimensions n2 x n?2.

Var |:ét+1:| 35

/ - /
= E[(v(t+1) - (on @ o) vee (L)) ((et+l®x:>’<an®hx>’+ (o] @x!) (mo ) +e (m@éhwrﬂ)/)]

= E[((h ®on) (Xt & €t+1) + (om ® hy) (6t+1 ® x{) + (o ®on) (€111 ® €41) — (0N ® on) vec (In)>

’ _ /
< ((er1@x)) (n@be) + (e @x] @x!) (@ Ha) +elp (me ;hwa“‘)'>}

= E[

(hy ® on) (x{ ® et+1> (er41 ® x3)' (0 @ hy)’
+ (hx ® om) (X{ ® €t+1) (€t+1 ® x,{ ® x{)l (JT[ ® fIxx>/
+ (hx ® om) (xic ® et+1) €1 (on® %hggoz)/

+(om ® hy) (€01 @ ) (€111 9 x3)' (om @ )
+ (on ® hy) (€t+1 ®X{) (€t+1 ®x] ®Xt>/( )
+ (om @ hy) (€t+1 ® x{) €. (on® hwa2)'

+(on®@on) (€11 © €11 (€41 @ %;)’ (077®h )/ ,
+(n®@on) (€41 @ €41) (€t+1 ® Xt ® Xt) (Un ® ﬁxx)

(
(€t11 ® €141) 6t+1 (on ® 3heeo )/
—(om®@on)vec(l,,) (€t41 ® xt) (cn®h )

’ _ ’
— (on @ om) vec(I,,,) (6t+1 ox{ ® X{) (on ® Hxx)
!
—(on @ on)vec(I,,) €4 (O’T] ® %hwaz)

+(on®@on)
(
)
)
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(B @ om) (X @ €141 (€11 @ %)’ (01 @ he)’
’ _ ’
+ (hx ® om) (x{ ® €t+1) (EtJrl ® x,{ ® xtf) (an ® Hxx)
+ (hx ® UT’) (XIJ: ® €t+1€;+1) (UT’ Y %hoaaz)/
+(om © ) (1€ ©xf (7)) (o © h)
’ _ /
+(on @ hy) (emezﬂ @xf (x/ @xf) ) (om® F)
+ (0”7 ® hx) (6t+16t+1 ® Xy ) (O'T] ® h000'2)/
+(on @ on) (11 @ €r41) (€141 @ %;)’ (077®hx): /
+ (O”I] & 0"17) (€t+1 ® €t+1) (€t+1 X X{ ® X{) (0'17 X ﬁxx)
+(on®on) (€11€;, 1 @ €r11) (o @ %hoaU2)/
-0
—0
-0
]
(by @ om) (%] @ er1) (eri1 @x7) (o @ 1)’
’ _ ’
+ (hx ® om) (xt ® €t+1) (EtJrl ® x,{ ® x{) (J’I’] ® Hxx)
40
+ (01 @ 1) (vl xf (x1)') (om @ )’

! ~ /
+ (om ® hy) <€t+162+1 02y X{ (x{ ® x{) ) (an ® Hxx)

+0
+(on @ on) (€11 @ €41) (€141 ©%;) (0 @ hy)’

’ ~ /
+(on®@omn) (€111 ® €:41) (€t+1 ®x] ® Xf) <077 ® Hxx)
+(on @ on) (er+1€41 @ €41) (00 @ Lthyeo?)’

]
= E[
(hx ® om) (X{ ® €t+1) (er+1 ©%;)" (on ® hy)’
tgwon) (xf ©en) (e exf oxf) (one Fe)
+ (o1 @ 1) (T, @xf (7)) (om @ )
+ (om @ hy) <Ine ® x{ (x{ ® x,{)/) (on ® flxx)/
+(on @ on) (€11 © €11) (€41 ©%;) (01 @ hy)’
+(on @ on) (€141 @ €r41) (€t+1 ®x{ ® Xf)/ (017 ® I:Ixx)/
+(on®on) (€161, ®€p1) (oM ® %hwg2)/

]

Note that
(on®@ on) (€141 ® €141) <€t+1 ® X{ ® Xf> (077 ® Hx )

/
=(n®@on) (€41 ® €41) ® 1) <€t+1 ® (Xt ®xt) ) ( )
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’ - ’
= (on @ on) <(€t+1 ® €141) €141 @ (Xz{ ®X{) ) (UW@Hxx)
. / - ’
= (on®@on) <(€t+1 ®err1) (€41 ®1) @ (th ®X{) > (077 ® Hxx)
’ _ ’
= (om®on) <(€t+162+1 ®€rp1) ® (X{ ®X{) ) (U"l ® Hxx)

So
Var [§,11]4; =

1) (hy ® on) E [(xf ® €t+1> (€141 ® Xf)l} (on @ hy)'

2)  +(hy®on)E {(x{ ® et+1> (et+1 ox! ® x{ﬂ (077 ® ﬁxx)/

3)  +(om®hy )(Ine ®E [xt (x5) D (om @ hy)'

4)  +(om®hy )(I 6®E[x{ (x{@xf)?)(an@flxx),

5 +(m@on)E (€41 ® €41) (€141 @%5) ] (on @ hy )’

6) +(on®on) <E [(ers1€0 @ €1)] @ F [(xt ® x{)/D (crn ® fIxx)/

7) +(on®@on) (E (41611 @ €41]) (on @ %haaaz)
Checking the dimensions:

Term 1: (ngng X ngne) (ngne X nenw) (Neng X Nzpng) ok
Term 2: (nang X ngne) (Ngne X nen?) (nen2 x n2) ok
Term 3: (ngng X NeNg) (NeMy X Nge) (Meng X Ngng) ok
Term 4: ( 2 x nenm) (NeNy X NeMgNy) (MeNaNg X Ngnyg) ok
Term 5: ( 2 x ng) (ng X nenz) (neng X ngnyg) ok

Term 6: (n2 x n?) (n2 x nen?) (nengng X ngng) ok

Term 7: (n? x n?) (n2 x ne) (ne X ngyng) ok

We then need to show how to compute the following matrices

E [(X{ ®€t+1) (€141 ®Xf)/} =F [{33{ (71 1)€t+1}:;1 ({€t+1 (62, D) x}}5e _1>l]

=F

ECACIRONCHRECHED) ey S ({em (62,1) {a} <72,1>}”;_1}:_1)/]

Thus the quasi Matlab codes are
E _xzfeps epsrs = zeros(ngne,neny)
indexl =0
for gamal =1 : nx
for phil =1: ne
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for gama2 =1:nx
index2 = index2 + 1
if phil = phi2
E _zfeps epsxs(indexl,index2) = E _xf xs(gamal,gama2)
end
end
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end
end
end

where E_zf xs=F [x{ (xf)/] = reshape((E [x{ ® XfDI,n:L',n:c). This is so because
Bt oxt] = B[ {af ) (a1 G012} ]
x{ (ve, DAi (02, 1)}:;1
| el e e (Y
o (ne 1) (o (32, D),
So simply doing (for a 2 by 2 matrix)

o/ (1,1 2% (1,1) 2 (2,1)2%(1,1)
o (1,1 2% (2,1) 2 (2,1)2%(2,1)

and we therefore need to transpose E [xf ® Xf} in the expression above.

reshape(E [x{ ® xf} ,nr,nx)=F {

And )
E [(X{ ®€t+1) (€t+1 ®X{ ®x{) }

=FE { (71, 1) {ery1 (&4, )}¢1_1} - <{€t+1 (¢2,1) {(X{ ®X{> (’72»1)}:3_1}”6 1) ‘|

r !/

- {x{ e o )}%_1} .14:1 {QH (2 1) {x{ (72, 1) {xi{ (V3 1)}m: }nl } |

Thus the quasi Matlab codes are:
E _zfeps epsxfrxf = zeros(nxne,ne (mz)2)
indexl =0
for gamal =1: nx
for phil =1 :ne
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for gama2 =1:nx
for gama3 =1:nx
index2 = index2 + 1
if phil == phi2
E zfeps epsxfxf(indexl,index2) = E xf xf xf(gamal,gama2,gama3)
end
end
end
end
end
end
where E_zf af zf = reshape((E [x{ oxi® X{D , VT, NT, NT)
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And
E [(€r+1 ® €r41) (€141 @ x7)']

- l{6t+1 (@1, 1) {€t41 (2, )}¢z—1} -1 <{6t“ (63,1) {=t (71’1)}:f—1}22—1)/]

Thus the quasi Matlab codes are:
E _eps2 _epsxs = zeros(Nene, NeNy)
indexl =0
for phil =1 : ne
for phi2 =1: ne
index]l = indexl + 1
index2 =0
for phi3 =1:ne
for gamal =1 : nx
index2 = index2 + 1
if phil = phi2 && phil == phi3
E_eps2 epsws (indexl,index2) = E_xs(gamal, 1) x m? (e;41 (phil))
end
end
end
end
end

Finally:
E[(€r11€4, ® €11)] = E [({Gtﬂ (¢1,1) {€f1 (1, 09) Z::l};_l ® 6t+1)]
=

=F l{{etﬂ (¢1,1) {€Q+1 (1, ¢9) Z::l} €t41 (B3, 1)} ]
b1=1 $5=1
Thus the quasi Matlab codes are:
E eps2 eps = zeros((ne)® , ne)
for phi2 =1:ne
indexl =0
for phil =1: ne
for phi3 =1:ne
indexl = indexl 4 1
if phil == phi2 && phil == phi3
E_eps2_eps(indexl,phi2) = m?> (e;41 (phil))
end
end
end
end

4.3.4 For Var |:ét+1:|36

Note first that Var [Et +1} 26 has dimensions n2 x n3.

Var [§a] = BIv(t+1) = (on @ omyvee (1,,)) (0}, — B [u;,1])]
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= E[((hx ®on) (X{ ® €t+1) + (om ® hy) (€t+1 ® x{) +(on®on) (€1 R €v1) — (0m ® on) vee (In)>

X (wpy — E [u,])]
= El((he@om) (xf @ eri1) + (n@hy) (€1 @] ) + (on @ om) (111 €411) = (on @ om) vee (I,) ) wj]
( x ®on) (Xf ® €t+1> + (om @ hy) (6t+1 & Xf) +(on®@on) (€111 ® €41) — (o @ o) vec (Ina)) E [u2+1]]

= ( @ o) (x] @ i)+ (on @) (€1 @x] ) + (@ on) (€41 @ €11) — (on @ o) vee (T, ) ) ul.]
E[(0+0+0)E [u}4]]
= El(hx 0 on) (x] @ €111 ) i,
+(on@hy) (e @xf ) ul,,
+(on®@on) (141 ® €41) Uiy
—(on ® o) vee (I, ) uj ]
= Bl(hx 0 on) (x] @ €111 ) i

+ (om @ hy) (€t+1 ® X{) u
+(on®@omn) (€111 ® €r41) Uy 4]
—(on®@on)vec(1,, ) E [uéﬂ]

:E[
(hx ® om) (x{@em) (( ® x| ®et+1)/ <« ®@hy @ on)
+(xt ® €411 ®xt) «@on@hy) + (X{®€t+1®€t+1)/(hx®on®an)l
+ (6t+1 ®Xt ®Xt> on®hy ® hy) + (€t+1 ®X{ ® €t+1)/ (on @ hy ® on)’

/
+ (€t+1 ® €41 ® X{) (on®on @ hy) + (€111 @ €141 @ €41) (on @ o @ o))

/
(o @ hy) (€t+1 ® Xt) (X ® X{ ® €t+1) (hx ® hy ® 077)/
! !
+(xd @enex) eomend + (xl @ e @en) (hewomson)
! !/
(e @xf @xf) (n@he@hd + (e @xf @ e ) (on@hy 2 on)’

li
+ (€t+1 ® €11 ® x{) (cn®@on® hx)/ + (€141 D €141 ® €t+1)/ (en®on ® 0'77)/)

(on @ om) (€141 @ €141) ((Xic ® x| ® €t+1)/ (hy ® hy ® o)’
+(x wenex!) eemoh + (x s anoen) hsomoon)
t(anex oxf) (mohen) + (anox{ ©ean) (nohoon)
+ (6t+1 & €41 @ X{)/ (on®on®@hy) + (€111 ® €111 @ €41) (o @ o @ om)’)]
— (on @ o) vec (I,,,) E [uj,, |

!
(@ om) (x] @ evs1) ((xf @x{ @ er11) (hx @b om)’
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/
+ (xt ® €441 ®Xt> (hy ® on ® hy)" + (x{ ® €111 ®€t+1) (hx ® on ®@ o)’
/
+ (€t+1 ®x{ ®Xt) (on @ hy ® hy) + (€t+1 ®x{ ® €t+1) (on @ hy ® o)’
+(

e ®en @x!) (n©on©he) +0)

(om ® hy) (€t+1 ® x; ) ((X ®x{ ® €t+1) (hy ® hy ® on)’
!
+(xd @e@x]) hoomehd + (x @ e @ e

/

) (hx®on®an)'
! /
+(€t+1®xt ®Xt> (on®hy @ hy)' + <€t+1 ®X{®€t+1) (on®@hy @ on)’

!
(e @e@x]) (@ on@he) +0)

(on @ on) (€141 ® €141 (Xt x| ® €t+1) (hy ® hy ® o)’

+ (x{ ® €41 @] ®on®@hy) +

!/

\/\_/\-/

+ (€t+1 ® xg ® Xt

(s
(on @ hyx ® hy)' +0
+0+ (€141 ® €41 D €

+1) (on@on @ on)’)]

&

—(en ® on)vec (I,,) E [uy 4]
=E|

(hx ® 0'7’ Xt ® ef—‘,—l (X ® X{ ® et+1> (hx ® hx ® O'T])/

/
+ (hx ® om) (Xt ® €41 (xf®et+1 ®xt) (hx®0n®hx)/

+(hx ® om) (%} ® €141 ( €t+1®6t+1)/> (hy ® on ® on)’

li
€1 ® xt ®xt) ) (01 © hy © hy)’

+ (hx ® on) Xf®€t+1 (€t+1 ®Xt ®€t+1> (on @ hy ® o)’

/
+ (hx @ om) (€141 ® €41) ® (X{> ) (on ® on @ hy)’

Kl

Lo
X

o

Y

x

\_/\_/\_/\_/\_/\_/ S— ——r —— — ~— /T

/\

(xt
) (xd
(
(x
(6t+1 ® x!
(
(
(
(
(

+(om 9 h) (x @xf @ €0 ) (b B om)’
+(n®hy) (€1 ®x] (X{®€t+1 ®Xt>/(h ® on ® hy)’
+(on@hy) (€41 @ %] (X{ ® €41 ® 6t+1> x®on®an)
+(on ® hy) (€011 ®x] (et+1®(xt®xt)/) (01 ® hy ® hie)’
+(on @ hy) (€41 ®x (€t+1 ®Xt ® €141 l (cn @ hy @ o)’
+(on@hy) (€41 @ x! < €41 ®€41) ® (X ) ) (on®@on @ hy)

/
+(on@on) (e @e) (x] @x] @) (he @by on)

!
+(on@on) (e @en) (X @ e @xf) (he@on@hy)
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+(on ® om) (€141
+(on®@omn) (€141

/
® €t41) (€t+1 ®x| ® X{) (on @ hy ® hy)’
® €r41) (€111 @ €41 @ €41) (on @ on @ om)’]

—(en ® on)vee (In,) E [, 4]

= B

(b ®0n)< (xf ox{) ®ez+let+1> (hy @ hy @ on)

/
+ (hy ® om) (X{ ® €t+1) (th ® €41 ® X{> (hy ® o ® hy)’

+ (hy ® o) <x{

x ® on) (X ® 61t+1) <€t+1 ® (Xt ®x;
x ®omn) (Xf ® 6t+1)

x ® an) (Xf ® €t+1)

+(on@hy) (1
+(om ® hy) (et+1
+(on @) (erra
+om i (e

+ (on @ hy) (€t+1

+ (on ® hy) (Et+1

N/
X{) ® €141 (€141 ® €t+1)/> (hx ® om @ o)’
f li

) (om @ hy, @ hy)’

>/
X

/N

€11 @ Xt X €141 on X h, ® UT’)

/—\

et+1 ®et+1 ® (X ) ) ‘777®0'77®hx)’

!
®x Iox! ®€t+1> (hy ® hy ® on)’

t
!
®Xt ®6t+1 ®X{> (hx ®gn®hx)/
!
i Xt ® €141 ® €t+1> (hx ® on @ o)’

i
{(x{®x{)>(0n®hx®hx)’

R x

AAA

€141

) (x
N (x
/)
®
® xt) (et+1 ®x{ ® Et-l—l) (on® hy @ on)’

/
€1 @ €p1) ®x] (X{) > (on ® on @ hy)’

li
+(on®on) (1 (€141 @ €141)) <(x{ ® xf) ® eQH) (hy ® hy ® o)’

+(n©on) (e

. N/
® €r41) (Xf X €t41 ®X,{> (hx ®on® hx)/

/
+(on @ on) (€141 ® €41) ® 1) (€2+1 ® (Xf ® th) ) (o ® hy @ hy)’

+(on @ on) (€41

® €r41) (€41 @ (€141 @ €411)) (M@ o @ on)']

—(en®@on)vec(1,,) E [u),4]

(e 0m) (£ |x

+(hxy®on)E
+ (hx ® o) <E
+(hx®on)E

+ (hx ®@on) E

i
L oxd) | o1, ) (s on)
f f 7\ ’
(Xf ® 5t+1) (Xt Q€41 @ Xt) } (hx ® on ® hy)
[ ! ( f) } QF [6t+1 (€t4+1 ® 6t+1)/]> (hx ®om® a'n)/
/
Xt ® €t+1 (€t+1 ® Xt ®Xt> )} (om @ hy ®hx)l

/
(Xt ® €t+1) (€t+1 ®xi® €t+1) } (on @ hy @ on)’
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6) + (@ on) B | (x{ @ 1) <(€t+1 @en) @ (x) )} on © on ® hy)'
[ £ (f
7) +(on@b) E | (e ox!) (x @xf @ e } x @ hy @ o)’
[ £\ (f
8) +(on®@hy) E (et+1®xt)(xt®et+1®xt } @ on@hy)
9) +(om®@hy) B (€t+1 ® Xf) (X{ ® €41 @ €t+1) } (hxy ® on ® o)’
- !
10) + (om @ hy) <I,,Le ®F {x{ (xf ® x{) ] ) (01 ® hy @ hy)’
f f ! /
11) +(on ®hy) E [(6t+1 ox]) (e @xf @) } (o1 ® hy ® o)
/ [Ny /
12) +(on®@hy) ( E €41 (€41 @ €41) | @ B |x] (Xt> (on ® on @ hy)
/
13) +(neon) (E {(xf ®x] ) } R E [(er+1 ® €141) e;H]) (hx ® hy @ on)’
!
14) Hon@am B (e w ) (0 e ox]) | (oo
i
15) +(on © o) (E (€141 @ €r1) €4] ® F [(xt @x]) ] ) (01 ® hy ® hi)’
16 +(on@on) £ [(€t+1 ® €141) (€t+1 ® (€t+1 ® €t+1))] (on®on® 0'77)’
17) ~(om@an)yvec (L) E [u},,]

Hence, we need to compute the remaining matrices directly. This is done below where the number relates to the row in
the expression for Var [Et +1}
36
1) None

2)
I
E {(xtf ®et+1) (xf ® €141 ®xf) }

= ({x{(vl,l){au(¢171)}$i_1}jj1) {x{m,l){6t+1(¢2,1){x{(73,1)}::1}% }

b2=1) 4 =1
Thus the quasi Matlab codes are: ’
E xfeps _xfepsxzf = zeros(nx X ne,nx X ne X nx)
indexl =0
for gamal =1 : nx
for phil =1:ne
indexl = indexl + 1
index2 = (
for gama2 =1: nx
for phi2 =1:ne
for gama3 =1: nx
index2 = index2 + 1
if phil == phi2
E xfeps_xzfepsxf(indexl,index2) = E zf zf xf(gamal, gama2,gama3)
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end
end
end
end
end
end
where E_zf xf af =reshape(E [X{ ® x{ ® Xﬂ , NT, NET, NT)

3)

E €11 (€41 ® €141) ] = E [€111€, 1 @ €)1] = (E [(er41€/41 @ €t+1)])/

but E [(€;41€1 @ €41)] is already computed

4)

E {(x{ ® €t+1) (€?+1 © (X{ @ X{)/ﬂ

/
=F [(x{ ®et+1) <et+1 ®xtf ®X{) }

—F ({x,{ (71, 1) {€t41 (91, )}¢1_1} 1_1> {€t+1 (¢9,1) {x{ (72,1) {:z:{ (73,1)}::_1}"1 }n

Thus the quasi Matlab codes are:
E xfeps _epsxfxf = zeros(nx X ne,ne X nx X nx)
indexl =0
for gamal =1 : nx
for phil =1: ne
indexl = indexl 4 1
index2 =0
for phi2 =1 : ne
for gama2 =1:nx
for gama3 =1:nx
index2 = index2 + 1
if phil == phi2
E xfeps_epsxfxf(indexl,index2)
end
end
end
end
end
end _
where E_zf xf af =reshape(E x{ ® x{ ® X{ , NI, NT, NT)

5)
li
E {(X{ ® €t+1> (€t+1 ® X{ & €t+1>

=F
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Y2=1) g =1

Ne

Po=1

=F xzf xf xf(gamal,gama2, gama3)
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Thus the quasi Matlab codes are:
E _xzfeps epsxfeps = zeros(nx X ne,ne X nx X ne)
indexl =0
for gamal =1: nx
for phil =1: ne
index]l = indexl + 1
index2 =0
for phi2 =1:ne
for gama2 =1:nx
for phi3 =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_xzfeps_epsxfeps(indexl,index2) = E_xf xf(gamal,gama2) x m? (€41 (phil))
end
end
end
end
end
end .
where E_zf xf =reshape(E [x{ ® Xﬂ , T, NT)

6)

E {(X{ ® €t+1) ((€t+1 ®€41) ® (Xic)/)}

!
=F |:(th ® 6t+1) <€t+1 (9 €141 & X{) :|

=L ({xf (71, 1) {ets1 (¢4, 1)}Zf:1} ) {€t+1 (¢2,1) {€t+1 (¢3,1) {55{ (72, 1)} } }
v1=1 Y2=1) 4,=1 =1
Thus the quasi Matlab codes are:
E _zfeps eps2xf = zeros(nx X ne,ne x ne X nx)
indexl =0
for gamal =1: nx
for phil =1 : ne
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for phi3 =1:ne
for gama2 =1: nx
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_xzfeps eps2xf(indexl,index2) = E_xf xf(gamal,gama2) x m? (e;41 (phil))
end
end
end
end
end
end
where E_zf xf = reshape(E [x{ ® X{] , T, NT)
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7)
/
E {(et_,_l ®xf) (xf ®X{ ®et+1> }

:E[({etﬂwl,n{x;‘m,n}:;l}”e )({x{mn{x{wg,n{em<¢2,1>}g:_1}:::1}% H

¢1=1 v2=1
Thus the quasi Matlab codes are:
E epszf xfxfeps = zeros(ne X nx,nx X nx X ne)
indexl =0
for phil =1: ne
for gamal =1: nx
indexl = indexl + 1
index2 =0
for gama2 =1: nx
for gama3 =1: nx
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E epszf xzfxfeps(indexl,index2) =FE xzf zf xf(gamal, gama2,gama3)
end
end
end
end
end
end

8)
. N\
E {(et_,_l ®x{) (xg ® €141 ®xg) }

_ & <{€t+l<¢1,1>{w{ml)}:?—l}% ) {m{(%’”{““(%’”{mf o)) }

=1 2=1) =1
Thus the quasi Matlab codes are:
E epszf xzfepsxzf = zeros(ne x nx,nz X ne X nx)
indexl =0
for phil =1:ne
for gamal =1: nx
indexl = indexl + 1
index2 =0
for gama2 =1:nx
for phi2 =1:ne
for gama3 =1:nx
index2 = index2 + 1
if phil == phi2
E epsxf xfepsxf(indexl,index2) =E xzf xf xf(gamal,gama2,gama3)
end
end
end
end
end
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end

9)

I
E |:(€t+l ® X{) (X{ X Er1 ® 6t+1) :|

—E[<{+ @0 {ef e} 1 )({f (o) {es @D e G0t ) )]

$=1
Thus the quasi Matlab codes are: '
E epsxf xfeps2 = zeros(ne X nx,nx X ne X ne)
indexl =0
for phil =1:ne
for gamal =1 :nx
indexl = indexl + 1
index2 =0
for gama2 =1:nx
for phi2 =1:ne
for phid =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_epsxf xfeps2(indexl,index2) = E_xf xf(gamal,gama2) x m? (€41 (phil))
end
end
end
end
end
end

10)
<Inﬁ ®E [x{ (x{ ®x{)']>

!/
where E {x{ (xf ® x{) ] = reshape(E [th ®xi ® xﬂ ,nx, (nz)?)

11)
/
E |:(€t+1 & X{) (€t+1 ® X{ & €t+1> }

B K{em (61,1) {af (wl,n}:‘f_l}ne_l) ({em (62:1) {of (9, 1) evsn (63, DYy | 2_1}%_1) ]

#1
Thus the quasi Matlab codes are:

E epsxf epsxfeps = zeros(ne X nz,ne X nx X ne)
indexl =0
for phil =1 :ne
for gamal =1 : nx

indexl = indexl + 1

index2 =0

for phi2 =1:ne

for gama2 =1:nx
for phi3 =1:ne
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index2 = index2 + 1
if phil == phi2 && phil == phi3
E _epszf xfeps2(indexl,index2) = E_xf xf(gamal,gama2) x m3 (e;41 (phil))
end
end
end
end
end
end

12) none

13)
(E [(xff ® x{)l] @ E [(er+1® €41) €2+1]>

Here we only need to compute

E (€41 ® €41) €441 ] = E [{EtJrl (#1, 1) {€r+1 (9o, )}¢2_1} {€t+1 , $3) }¢3_1

Thus the quasi Matlab codes are:
E _eps2 _eps = zeros(ne X ne,ne)
indexl =0
for phil =1: ne
for phi2 =1: ne
indexl = indexl 4 1
index2 =0
for phi3 =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_eps2 _eps(indexl,index2) = m3 (e;41 (phil))
end
end
end
end
end
But we already know E__eps2 eps from previous derivations.
14)

i
E {(ewl ® €141) (X{ ® €41 ® X{) ]

=FE <{€t+1 (@1, 1) {ersa (o, )}¢2_1} 1) {x{ (v1,1) {€t+1 (63.1) {x{ (72’1)},1:_1}% }nz

$s=1) ., _,
Thus the quasi Matlab codes are: B
E eps2 xfepsxf = zeros(ne x ne,nx X ne X nx)
indexl =0
for phil =1:ne
for phi2 =1: ne

indexl = indexl + 1

index2 =0

for gamal =1: nx

for phi3 =1:ne
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for gama2 =1:nx
index2 = index2 + 1
if phil == phi2 && phil == phi3

E_eps2_xfepsxf(indexl,index2) = E_xf xf(gamal,gama2) x m3 (e;41 (phil))

end

end

end
end
end
end

15)
(E (€41 @ €41) €11 O F [(X{ ® X{)/D

None since we know E [(€441 ® €141) €] ]

16)
E (€41 @ €r11) (€141 @ (€)1 @ €144))]

=FE[(er11 @ €r41) (€141 @ €41 @ 6t+1)l]

=FE l({etﬂ (h1,1) {er41 (99,1 )}¢2,1} _1) ({6t+1 (3,1) {€t+1 (¢4, 1) {€r41 (5, )}¢5_1} 4_1}% > ]

by=1
Thus the quasi Matlab codes are: ’
E_eps2 eps3 = zeros(ne*ne,ne*ne*ne);
index1 = 0;
for phil=1:ne
for phi2=1:ne
index1 = index1 + 1;
index2 = 0;
for phi3=1:ne
for phid=1:ne
for phi5=1:ne
index2 = index2 + 1;
% Second order moments times third order moments
if phil == phi2 & & phi2 == phi3 & & phi4d == phib & & phil “= phi4
E_eps2 eps3(indexl,index2) = vectorMom3(1,phil);
elseif phil == phi3 & & phi3 == phi4 & & phi2 == phi5 & & phil “= phi2
E_ eps2 eps3(indexl,index2) = vectorMom3(1,phil);
elseif phil == phid & & phid == phi5 & & phi2 == phi3 & & phil ~= phi2
E eps2 eps3(indexl,index2) = vectorMom3(1,phil);
elseif phi3 == phi4 & & phi4 == phid & & phil == phi2 & & phil “= phi3
E_eps2 eps3(indexl,index2) = vectorMom3(1,phi3);
elseif phi2 == phi3 & & phi3 == phi4 & & phil == phi5 & & phil “= phi2
E eps2 eps3(indexl,index2) = vectorMom3(1,phi2);
elseif phil == phi3 & & phi3 == phib & & phi2 == phi4 & & phil "= phi2
E eps2 eps3(indexl,index2) = vectorMom3(1,phil);
elseif phil == phi2 & & phil == phid & & phi3 == phib & & phil “= phi3
E_eps2_eps3(indexl,index2) = vectorMom3(1,phil);
elseif phil == phi2 & & phil == phib & & phi3 == phi4 & & phil "= phi3
E eps2 eps3(indexl,index2) = vectorMom3(1,phil);
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elseif phi2 == phi4 & & phi2 == phib & & phil == phi3 & & phil ~= phi2
E_eps2 eps3(indexl,index2) = vectorMom3(1,phi2);
elseif phi2 == phi3 & & phi2 == phib & & phil == phi4 & & phil “= phi2
E eps2 eps3(indexl,index2) = vectorMom3(1,phi2);
% Fifth order moments
elseif phil == phi2 & & phi2 == phi3 & & phi3 == phi4 & & phi4d == phib
E_eps2 eps3(indexl,index2) = vectorMom5(1,phil);
end
end
end
end
end
end

17) none

4.3.5 For Var (£, .

Note first that Var [&Hl} has dimensions n2 x n?2.
Var [‘EHJ = ( on ® hy) (€41 @ x5) + (07) ® ﬁxx) (€t+1 ® th ® X{) + (07] ® %hgaﬂz) €t+1)

’ _ /
( €41 ®Xt 0'77®h ) (et—i-l ®th®xf> (0'77®Hxx> +€£+1 (0'77® %hO'O'UQ)/>}

/ _ /
(on @ hy) (€141 ® xF) ((estJrl @x5) (on@hy) + (€t+1 ®xi® th) (077 ® Hxx) + €4 (on® ;hwgz)/)

- ’ _ /
+ (077 ® Hxx) (€t+1 ox! ® X{) ((€t+1 ®x5) (on @ hy) + (€t+1 @x! ® Xf) (on ® Hxx) + €4, (me éhoagz)/>

+ (o1 ® §hog0?) €t <(5t+1 ©x)) (on©h) + (e @xf @xf) (on® Fa) + ey (o ® %hwvz)')
]
= E[
(0n @ hy) (€111 ©%;) (€141 @ x}) (01 @ he)’
+(on @) (e @) (er1 @ xf ©xt) (o @ Flae)
+ (01 ® hy) (€141 @ %5) €4 (o ® %hwoz)/

+ (077 ® I~{xx) (€t+1 ®x{ ® X{) (er+1@%;) (01 @ hy)'
~ / - /
+ (077 ® Hxx) (6t+1 ® x{ ® x{) (€t+1 ® x{ ® x{) (Un ® Hxx>
+ (077 ® ﬁxx) (€t+1 ® x{ ® x{) €1 (017 ® %hWUQ)’

+ (o ® thyo0?) €141 (€141 © %5) (0n @ hy)’
’ _ /
+ (017 ® %hwa2) €111 (€t+1 ® X{ ® xf) (an ® Hxx)

+ (O"I’] (9 %ho’aaz) €t+16;+1 (0'77 [029] %ha‘a-o-2)/
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]

= E[
(on @ hy) (€141 ©x5) (€)1 ® (x§)') (0m @ hy)’

/ _ /
+ (o @ hy) (€101 © ) (eéH @ (xf @x{) ) (on @ )

+ (0 @ hy) (€141 @ x5) (€)1 ®1) (o0 @ Lh,,0?)

+(on @ ) (€1 @ (xf @x])) (ehyr @ (%)) (o @ 1)
A Foof) (o Foof) S
+ (oM@ Hux | (€141 @ X3 @ X} ) | €441 @ (X} @ Xy 0N @ Hyx

+ (O”l’] ® ﬁxx) (€t+1 ® x{ ® x{) (eQH ® 1) (Jn ® %hwoz)’

+ (on ® $heeo?) (€141 ®1) (€], @ (%)) (on @ hy)’
. Ny - !
+ (077 ® %haaa2) (€r41®1) (62-&-1 ® (X{ ® X{) > (‘777 ® HXX)

+ (on @ $hye0?) €416, (oM @ %h0602)/

(0n @ he) (ers1€141 @ x5 (x7)') (01 @ hy)'

/ _ /
+ (o ® hy) <et+1e;+1 @x; (x] @x]) ) (on @ )

+(on @ hy) (er11€}4, ®%F) (07 ® 3hoo?)’

+ (on @ ) (€rrern @ (xf @x] ) (1)) (om @ 1)
T / F o) («f ol 1)
+ o @Hxx ) | €161 @ (X3 @5 ) (x5 x5 on @ Hxx

+ (O’T] ® ﬁxx) (etﬂegﬂ ® (X,{c ® x{)) (Jn ® %hMJ2)’

+ (‘77’ b2 %hUUUQ) (€t+1€7/5+1 ® (Xf)/) (077 ® hx)/
. / - ’
+ (017 ® %h(,-00'2) <€t+1€;+1 ® (x{ ® X{) > (Jn ® Hxx)

+ (077 ® %hgaaz) €141€14, (an ® %hggch)/

= (e ®@hy) (I, ® E [x} (x7)']) (o0 @ hy) /
+ (om @ hy) <Ine ®F {x ( ®xt) }) (Uﬂ@ﬁxx)
+(on @ hy) (I, @ E[x}]) (on ® th,p0?)’

+ (an®ﬁxx) (Ine QF [(x{ ®xf) (x;)/D (on@h )/

+ (an®f{xx) (Ine ®FE [(x{@x{) x] ®xt) D (an®flxx)/

(xd
+ (on®f{xx) (In QF th ® x] )D on ® th,,0?)
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+ (on ® $hyeo?) (I, ® E [(xf)/]) (o @ hy)
+ (Un ® %hgag2) (Ine QF [(x{ ® X{)/:|) (U’I’] ® IjIxx)/

+ (o1 $00?) (07 @ Lhoro?)

1) (om®hy) (I, ® E[x (x5)]) (on @ hy)’

2)  +(on®hy) (Ine ®E [x;? (x{ ® x[) D (a—n ® ﬁxx)

3)  +(on®hy) (I, @ E[x]) (on ® thyeo?))

1)+ (Un ® f{xx) (In ®E [(x{ ® x{) (xg)’D (on @ hy)’

5+ (an ® ﬁxx> <In ®QFE {(x{ ®x{) (x{ ®x{)/D (crn ® Hxx>
6) + (on ® f{xx) (Ine ®E [(x{ ® x[)D (on ® 1h,,0?)

7 +(om®ih,e0?) (I, ® E[(x{)']) (on ® hy)’

8) +(on @ heeo?) (I,, @ E {(x{ ® Xf)?) (077 ® I:Ixx>

9)  +(on® 3hye0?) (o ® thye0?)

! !/
Note here that we already know E [xf (xf)'], E {Xf (x{ ® X,{) } and [(xtf ® X,{) (X{ ® x{) ] from the variance of

the states using a second order approximation. This is because
s s s s s1y/
Var[x{] = E [(Xt - Exj]) (xj — E[x{]) }

= E[(xi - E[xi) () — Elxi))]
=B [x; (x}) - xiB[x}) - E[x{] (x})' + E [x{] E[x{]]
= E[x(x})] - Ex]] E[x)

)

Var[xj] + E[x{] E[x]' = E [x} (x;)']

and

Var (xt. (<l oxl)) = £ |t — Bt (( 0xf) - £ [ (] 0x{) )|
= 5o ma (< ext) B [(< o xt) ])]
o ) i o0) ] (o) i )
=i (xf o) | - o 2 [(xf o xf) ]

)

Vor (st ( 01)) + 6 2 [ (x 00) | - [ (s )]

and
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Var [(xf & xf)] = 8 [((sf o x0) - B[ (] o0 )]) (< o) £ [(<L = x])] )|
(st oxt) o [(st ox)]) (G 0t) - 0x0)])

_ E[(XZ ®x{) (x{@X{)/ — (x{@x{) E [(X,{ ®XZ)I]

5 [(xf o xl)] (xf o) + B[ (xf o xf)] & [ (< o) )

= Bl oxt) (st ox) 1 E[ (s o) 2 | (xf o)
B[ ox))] 2| (< exd) | + B [(xf ox!)] B | (< o) |

ﬁ:dw4®ﬁﬂd®ﬁﬁ—EK4®dﬂERﬁ®ﬁﬂ
Var Kx{@xfﬂ +E [(x{ ®x{)] E [(x{ ®x{)/] = E[(x{@x{) (x{ ®x{>/]

4.3.6 For Var {ét+1}56

3

Note first that Var [Et +1} i has dimensions n2 x n3.

Var {étﬂ} 56

= E[((on @ hy) (€41 @ X5) + (an ® I:Ixx> (et+1 ®xi® x{) + (om ® th,,0?) €t+1) (W) — E[ujq])]

= E[((UU ® hy) (€141 ® x}) + (UTI ® ﬁxx) (€t+1 ®x| ® X{) + (om ® 3hye0?) €t+1) Wy
— ((017 ® hy) (€141 @ x5) + (on ® ﬁxx) (€t+l ® xtf ® xf) + (077 ® %hgaUQ) €t+1> E [u2+1]]

= E[(on @ by) (€01 © X)) 0y + (01 Fl) (€11 @] @] ) w1 + (70 @ $hooo?) erany

—(on®@hy) (6141 @%]) E [uj 4] — (077 ® ﬁx") (6t+1 ®x{ ® X{) Euj,] = (o1 ® 5hoeo?) €1 B [u;,4]]
= El(on ® hy) (€141 @ x7) ujyy + (Jn @ ﬁxx) (Et+1 2x{ ® th) iy + (00 @ 3hoo?) ey,
= E[(on ® hy) (€141 ® x§) up, 4

+ (O"I’] ® Hxx) (et+1 & X{ ® th) u1/5+1

+ (Un & %ha'o'a-Q) Et-‘rlui—i—l]

!
= Ellon @ hy) (eri1 @ x7) ((xf @xf @ eri1) (i@ b @ o)

7 /
+ (x{ D €41 ® X{) (hxy ® o ® hy) + (X{ ® €41 ® €t+1) (hy ® on ®@ o)’
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]

! !/
e @x{ @xf) (n@bhe@h) + (e @x{ @ eir) (on@hy o on)’

li
€11 Q€41 ® x{) (cn®@on® hx)/ + (€141 D €141 ® €t+1)/ (en®on ® 0'77)/)

~ !
on @ M) (€001 @x] @x] ) ((xf ©xf @ eri1) (he@ b om)
i /
x{ Q€41 ® x{) (hy ®on ® hx)/ + (x{ R €1 ® €t+1) (hy ®on® 0'7I)I
! /
€1 ® %] ® Xf) (on ® hy ® hy) + (€t+1 ®x{ ® €t+1) (on @ hy ® o)’
!

€1 @ e @x] ) (on® o @he) + (€1 ® €41 @ €0) (o0 @ on @ o))
1 2 ! /

+(U77®*ho—aa )€t+1( (Xt ®Xt ®€t+1> ®hx®0'l7)

! !

+ ( ® €141 ®Xt> (hx ® on ® hy) (Xt ® €141 ®€t+1) (hx ® om @ om)’

t(anex oxf) monen) + (anox/ ©ean) (noheon)

/
+(€t+1®6t+1 ®X{> (om ® o @ hy ) (€t+1®€t+1®€t+1) (077®0'77®0'77)/)

using the definition of u;y; where

!
g = (Xf x| ® 6t+1) (hx ® hy ® o)’

! . !
+(xd @eex!) eomehd + (x @ e @en) (hewomson)

! !/
(e @xf @xl) (n@bheohd + (e @xf @ en) (on@hy @ on)’

/
+ (6t+1 R €1 ® xf) (cn®on® hx)/ + (€141 D €141 ® €t+1)/ (en®on ® 0'77)/

= E[(on @ hy) (€141 ® x7)

/
X X{ ® €t+1> (hx @ hy ® 077)/

!
+ (o1 @ hy) (€41 @ x5) (x] @ €141 @x{) (hy ® o1 @ hy)’

/
on @ hy x] @ €1 ®€t+1) (hy ® on ® on)’
€11 0%X]) (€41 ® Xt ® x; ) (cn @ hy ® hx)/

€1 @) (€41 @x] ® 6t+1) (on®@hy @ on)’

/\/_\/_\/\/\

(on ® on @ hy)'
€141 ® €11 ®€11) (@ on @ on)

€11 9%;) (€ 1®et+1®x{)

(xl e
) (x
€41 Q@ X7) (x
7)
7)
)
i)

~—~ o~ o~ o~ o~

—~

€t41 O X{

€11 ® xt ®x

€141 ®xt ® X3

( ) (<!

(oot o) (i cr o)

(6t+1®xt ®Xt) (X ®€t+1®6t+1) (hy ® on ® on)’
( )( '
( (
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+

on @ Hxx

/NN

~ /
on® HxX) (€t+1 ®x| ® Xf) (€t+1 ® €141 @ Xf) (on ® on @ hy)’
) (€t+1 ®x{ ® X{) (€111 @ €1 ®€ri1) (om@on @ on)

!/
on © 5hee07) €141 x{ ® x| ®6H—1) (hy ® hy @ o)’

/
e ;5 lh,o0?) €41 x ® €441 ®x{) (hx®an®hx)/

/
€11 ( R €1 ® €t+1) (hxy @ on ® 0'77)/
(e ox] exf) (moheehy

€141 (€t+1 ®x{ ® 6t+1) (on ® hy ® o)’

€1 (€141 @ €141 @ X{) (on ® on ® hy)’
€1 (€141 @ €41 @ €r41) (oM@ o @ o))

. !
= Ellon @ by) (11 @ x7) (x] ©xf @ er41) (@ by @ om)

(e

+ (om ® hy) et+1®x)( ®et+1®xt)/(h ®on ® hy)’

+ (om ® hy) et+1®x)(x ®€t+1®6t+1) ®U77®077)

+ (om @ hy) (€41 @ x3) <et+1® xt®xt>/> (o ® hy ® hy)’

+(om © b (€041 %) (€41 @ %] ®et+1)’ (01 © by ® o)
( )> (on ® on @ hy)'

+ (o1 @ hy) (€141 @ X}) (€141 @ €141 @ €441) (o0 @ o © o)’

+(on ® hy) (€141 ® x7) ( €111 ® €)'

mt

f

mx

i
e @x] @x]) (xf ©x] @ €ri1) (he @ hy @ om)

!
€141 ® X x ® €141 @ X ) (hy ®on ® hx)/

€141 & x{

XX

3 3 3
mz

xx x®on®an)

) (X @ €141 @ €141

=)

) (e o/ @ xd

ot o .

) (et+1®xf®xt)(et+1® Xt®xt)) on ® hy @ hy)’
)( 2 x}

)( @ x}

=)

+ o+ o+ o+

!

ml

XX

(€t+1 @x] ©€1) (on@he @ on)

)
3 < €1 @ €t1) ( ) ) (o ® on @ hy)

(€141 ® €141 @ €41) (oM@ o @ on)’

€141 ® X{

€141 ® X{

ml

XX

mx

TR /q\/\/\/\
® ® ® ® ® & &
mx

+ o+ o+

€1 ®x] ®x]

/
+ (on ® $heeo?) (1 ® €141) ((x{ ® x{) ® e;H) (hx ® hy ® om)’

!/
+(om® Ihoo0?) e (X @ €11 @ x{ ) (@ on @by
+0

/
+ (077 ® %haaUZ) (et41®1) (GQH ® (xf ® X{) ) (o ® hy ® hy)’
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+0
+0
+ (on @ hye0?) €141 (€141 @ €141 @ €41) (om@on ® on)")

i
= Bl(on @ hy) (e @ x7) (x] @ xf @ e41) (he @ by @ om)’

/
x{ @ ey @x{ ) (B © on @ )

+ (o @ hy) (€141 ® X

Af\

) (xl &

+ (01 ® hy) (€141 @ x§) (x
£) X ® €141 ®€f+1) ®U77®0'77)
: )

+(0m @ hy) (€41 @ x;

/N

€t+1®(xt @ xi ) (0n ® hy ® hy)’
!/

+(on @ hy) (6111 @ %)) (€41 @ x] @ €41) (om @ hy @ o)’

RS

o (e @) (e @) @ (x]) ) (om0 om0 ey
+(on ® hy) (€141 ® x7)

—~

(€141 @ €11 @ €141) ® 1) ((n®@ o ®@ o)’

t(om o) (anexf oxf) (x ox] e an) (hehoon)

+ (077 ® I~1xx) (€t+1 ®x]® Xt) (X ® €141 @ Xy )/ (hy ® on @ hy)’

+ (077 & ﬁxx) (6t+1 ® xt ® xt) (x ® €41 ® 6t+1)/ (hx ®on ® U"I’])/

+ (077 ® ﬁxx) (€t+1 @x] ®x ) (etﬂ ® (xf® xt> ) (on @ hy ® hy)’

t(m @) (anexf oxf) (anox ean) (moheon)

+ (O”I’] ® ﬁxx) (et+1 ® (xt ® X )) <(et+1 ® €t1) ® (xf)/) (on ® en @ hy)
+ (077 ® ﬁxx) (€t+1 & (Xic b2 X{)) ((€t+1 ® €41 ® €t+1)/ & 1) (cn®@on®on)
+(on ® 5hy 2)( [(x{@x{)/] ®Ing)(hx®hx®an)’

+ (on @ $hye0?) €14 xt ® €141 @ X} >/ (hy ® on ® hy)’

+(on® ih,e0?) (1, ® FE { x/ ® x{)ID (on @ hy @ hy)'

+ (0N ® $hee0?) €141 (€111 ® €141 @ €41) (on @ o @ 0M)’)

/
+(0n ® hy) (€141 @ x (xt @€ @x{ ) (he®on@hy)
/

® €1+1 ® €t+1) (hx @ on ®@ on)’

. !/
= FEl(on ®@ hy) (€141 @ x7) (x ox! ® et+1> (hy ® hy ® on)’
7
) (%

+ (o ® hy) (€141 ® X}
/
+ (om ® hy) <In€ ® X3 (x{ ® x{) ) (om@hy ® hx)/
/
+ (om ® hy) (€141 ®@ x7) (€t+1 % ® €t+1) (on ® hy © o)’

!
+ (om @ hy) <€t+1 (€41 @ €141) @ X} (X{) ) (on ® on @ hy)’
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7) + (om ® hy) (€t+1 (€141 ® €141 @ €t+1)l by Xf) (en®on® ‘777)/

8) + (an ® ﬁxx> (et+1 oxi® xt> (xt oxi® et+1)/ (hy @ hy ® o)’

9) + (017 ® f{xx) (em 2 xf ® xt) (xt D €1 @ X] )/ (hy ® o ® hy)’

10) + (077 ® Hy ) (€t+1 ® Xt ® Xt) (Xt X €41 ® 6t+1) (hx ® on ® on)’
11) +(Jn®fl x) (Inp® xt ®xt> (xt ®xt>/> (o ® hy ® hy)’

12) + (on ©H x) (Et-i-l ®xi ® x{) (et+1 oxi ® eH_l)l (cn®@hy @ o)’
13) + (om @ ) <et+1 e @enn) @ (xf @xf) (xf )) (o ® on © hye)’
14) + (077 ® Hy ) (€t+1 €141 ® €41 ®€41) @ (X{ ® XZ)) (on®@on®on)
15) + (on ® $heeo?) ( {(xt ® xt) } ® Ine> (hy ® hy ® on)’

16) + (o ® $heeo?) €41 (xt ® €41 ® x{)/ (hy ® on @ hy)’

17) +(on ® 3hoeo?) ( ne ®E [(x{ ® x{)/] ) (o1 ® hy @ hy)’

18) + (0N ® 3heeo?) €141 (€111 ® €141 @ €41) (on @ o @ 0M)’)

]

We thus need to explain how to compute each of these terms

1)
li
E [(et+1 ®x}) (th ox{ ® €t+1) }

ZEK{QH ORIEICH) IS ({f (o) {of (D s @0} 1 )]

Thus the quasi Matlab codes are:
E epszs_xfxfeps = zeros(ne X nx,nx X nx X ne)
indexl =0
for phil =1: ne
for gamal =1 : nx
indexl = indexl + 1
index2 =0
for gama2 =1:nx
for gama3 =1 :nx
for phi2 =1: ne
index2 = index2 + 1
if phil == phi2
E epszs_xfxfeps(indexl,index2) = E_xs_xf xf(gamal, gama2, gama3)
end
end
end
end
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end
end

/
where E_zs_af xf = reshape(E |:Xf (xtf ®X{) } , T, NT, NT)

2)

li
E {(Et-&-l ® x;) (X{ ® €41 ® X{) }

_ 5 ({Em(¢1,1){mg(71,1)}:;_1}:_) {CU{(%J){et+1(¢2,1){x{(7371)}::_1}"e }

$2=1 vo=1
Thus the quasi Matlab codes are:
E epszs_xfepsxf = zeros(ne X nx,nx X ne X nx)
indexl =0
for phil =1: ne
for gamal =1: nx
indexl = indexl + 1
index2 = (
for gama2 =1: nx
for phi2 =1:ne
for gama3 =1:nx
index2 = index2 + 1
if phil == phi2
E epszs_xfepszf(indexl,index2) = E_xs_xf xf(gamal, gama2, gama3)
end
end
end
end
end
end

3)
) /
E {(eH_l ® x3) (x{ ® €41 ® 6t+1) }

-F [<{€t+1 (61, DAt (1, 1)}:f_1}:j—1> <{I{ (72,1) {€t+1 (dg, 1) {er41 (g, 1)}22—1}:—1}?% ) ]

vo=1
Thus the quasi Matlab codes are: ’
E epsxzs_xfeps2 = zeros(ne X nx,nx X ne X ne)
indexl =0
for phil =1:ne
for gamal =1: nx
indexl = indexl + 1
index2 =0
for gama2 =1:nx
for phi2 =1:ne
for phi3d =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_epsxs_xfeps2(indexl,index2) = E_xs_xf(gamal, gama2) x m? (e;41 (phil))
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end
end
end
end
end
end

4)
None

5)
!
E {(ftﬂ ®x7) (€t+1 ®x{ ® €t+1) }

= F [({Gﬁ-l (61, 1) {zf (71, 1)}:;1}:_1) <{€t+1 (¢2,1) {~T{ (72, 1) {€t41 (93, 1)}2;:1}::_1}% ) ]

Thus the quasi Matlab codes are:
E _epsxzs_epsxfeps = zeros(ne X nx,ne X nx X ne)
indexl =0
for phil =1:ne
for gamal =1: nx
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for gama2 =1:nx
for phi3 =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_epsxs_epswfeps(indexl,index2) = E_xs_xf(gamal, gama2) x m3 (e;11 (phil))
end
end
end
end
end
end

6)

/ /
E |:<€t+1 (€t+1 X 6t+1)/ X Xf (X{) >:| =F [6t+1 (€t+1 ® 6t+1)/:| QR F |:Xf (X{) :|
Note that we already know E [€;41 (€41 ® €t+1)/]

7)
E [(€rr1 (€041 © €41 @ €141) @ xF)] = E [er41 (€141 @ €111 @ €441)'] @ E[x]
Note that we already know F [€t+1 (€141 ® €141 ® 6t+1)/]

8)
/
E [(6t+1 ®Xf ®th> (x{ ®xf ®et+1) ]

—E {€t+1 (¢4,1) {xf (v1,1) {x{ (72,1)}::_1}% } ‘ ({xtf (73, 1) {ﬂc{ (74, 1) {er (ﬁbz,l)}z:_l}i:_l}"m 1)

V3=



Thus the quasi Matlab codes are:
E epsxfxf xfxfeps= zeros(ne X nx X nr,nx X nx X ne)
indexl =0
for phil =1:ne
for gamal =1 : nx
for gama2 =1:nx
indexl = indexl + 1
index2 =0
for gama3 =1:nx
for gamad =1 : nx
for phi2 =1: ne
index2 = index2 + 1
if phil == phi2
E epszfrf xfxfeps(indexl,index2) =F zf xf xf xf(gamal,gama2,gama3, gamad)
end
end
end
end
end
end
end

i
where E_zf af xf xf = reshape(E [(X,{ ® x{) (X{ ® xf) } L, T, NT, NT, NT)

9)
/
E [(€t+1 ®Xf ®th) (x{@eHl ®xtf) ]

B {€t+1 (¢4,1) {:c{ (71,1) {m{ (v, 1)}::_1}% }”e {x{ (73 1) {6t+1 (¢9,1) {56{ (Va5 1)}::_1}% }nz

M=l ¢1=1 $2=1 v3=1
Thus the quasi Matlab codes are:
E epszfxf xfepsxzf = zeros(ne X nx X nr,nx X ne X nx)
indexl =0
for phil =1: ne
for gamal =1: nx
for gama2 =1:nx
indexl = indexl + 1
index2 = 0
for gama3 =1 :nx
for phi2 =1:ne
for gamad =1: nx
index2 = index2 + 1
if phil == phi2
E epszfef xfepszf(indexl,index2) =F zf zf xf xf(gamal,gama2,gama3,gamad)
end
end
end
end
end
end
end
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10)
B F o) (! '
€41 DX WX ) (X D €1 @ €4y

=F {€t+1 (¢1,1) {m{ (71, 1) {mtf (Vs 1)}::_1}% }nﬁ ({l‘tf (73, 1) {€t+1 (Pg,1) {€r11 (0, 1)}221}:_1}7“6_1)

M=l ¢1=1
Thus the quasi Matlab codes are:
E epszfef xfeps2 = zeros(ne x nx X nr,nx X ne X ne)
indexl =0
for phil =1:ne
for gamal =1 :nx
for gama2 =1 : nx
index]l = indexl + 1
index2 =0
for gama3 =1:nx
for phi2 =1:ne
for phi3 =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E_epsxfaf xzfeps2(indexl,index2) = E xf xf xf(gamal,gama2,gama3d)xm? (e;11 (phil))
end
end
end
end
end
end
end

11)
/!
None as E {(x{ ®x{> (x{ ®x{) ] is known

12)
B f o ! ! '
€41 X WX ) | €141 O X} @ €41

=F {€t+1 (¢1,1) {:c{ (71,1) {x{ (Vs 1)}:_1}% }”e ({QH (¢2,1) {90{ (73, 1) {et+1 (@3, 1)}22_1}::_1}%_1)

v1=1 ¢,=1 $a=
Thus the quasi Matlab codes are:
E _epszfxf epszfeps = zeros(ne X nx X nx,ne X nx X ne)
indexl =0
for phil =1: ne
for gamal =1: nx
for gama2 =1:nx

indexl = indexl + 1

index2 = (

for phi2 =1: ne

for gama3 =1:nx
for phi3 =1:ne
index2 = index2 + 1
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if phil == phi2 && phil == phi3
E epsxzfxf epsxfeps(indexl,index2)
=F af zf xf(gamal,gama2,gama3d) x m3 (e;41 (phil))

end

end
end
end
end
end
end

)
Jj’KGtH (€111 @ €41) ® (X{ ® Xf) (Xf))] =Ele(e1®en) | @ F {(X{ ® X{) (X{”

I
Note that we already know E [€;41 (€141 ® €:41)'] and E {(x{ ® x{) (xf> } = reshape(E [x{ ®xi ® xf] , (nz)* ,nx)

14)
E {(Gtﬂ (€41 ® €141 ® €141) @ (X{ ® th))} =FE €141 (€111 Q€11 D €41) | O F [X{ ® X{]
Note that we already know E [€t+1 (€141 Q €141 ® et+1)/]

15) None

16)
B ! 1Y
€141 (X; @ €141 @ Xy

= E |(levsr (00, 01521) {x{(ryl’l){6t+1(¢2;1){${(r}/2’1)}n1_ } }n

Thus the quasi Matlab codes are:
E eps_xfepsxf = zeros(ne,nx X ne x nx)
indexl =0
for phil =1 :ne
indexl = indexl + 1
index2 =0
for gamal =1 : nx
for phi2 =1:ne
for gama2 =1:nx
index2 = index2 + 1
if phil == phi2
E _eps_xzfepsxf(indexl,index2) = FE _xzf xf(gamal,gama2)
end
end
end
end
end

17)
None
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18)
None

4.3.7 For Var [étﬂ} N

Note first that Var [étﬂ} o has dimensions n2 x n3.

Var (& = Bl(un = B ) (a4 - B [ug4])]

= Eluguf, ) — w1 B [u) | — Ewga]u)y, + E[ugq] E [up 4]

= B [wup ] — Eluea] B ug]
We already know F [uz41] so we only need to compute the first term. Hence
E [ut+1u;+1] = E[

(hx @b om) (xf @ xf e

+ (hy ® on ® hy )(Xt ® €41 ®Xt)
+(hx ® on ® on) (Xt ® €41 @ €t+1)
(om @ hy ® hy) (€t+1 ® X} ®Xi)
(on®@hx ® om) (€t+1 ®x{ ® €t+1)
(on ® on ® hy) (6 1 ® €rqq ®Xt)
(on® UTI ® on) (€t+1 ® €141 @ €141))
(xt ox! ® 6t+1> (hy ® hy ® o)’

+
+
+
+
(
x{ @ eri1 @x] ) (o 0m @ o)
Il ®e1® €t+1>/ (hy ® om @ o)’

(e 11 ® x| ®x{) (on ® hy ® hy)’
(€t+1 ®x] ® €t+1> (on ® hy ® o)’

€41 @ €41 DXy ) (on ® on @ hy)’

+
+
+
+
+
+ (€11 Q€41 @ €q) (on@on @ on))

(ha @ b @ o) (x] @ x] @ 141

((X{ ®x] ® €t+1)/ (hy ® hy ® on)’

+ (x{ ® €1 ® x{)/ (hy ® o1 @ hy)’
(Xt Q€1 ® €t+1)l (hy ® on ® on)’

+ (€t+1 ox! ® xt> (om @ hy ® hy)’

t(enex ®en) (noheoon)

+(

I
€141 ® €41 ®Xt> (on ® on ® hy)’
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+ (€141 ® €41 @ €t+1)/ (cm®on® 0'77)/)

+ (hy ® 0n © hy) (x{ ® €1 ® x{)

((X{ ®x] ® €t+1)/ (hy ® hy ® o)’

+ (x{ ® €41 ® x{)/ (hy ® on @ hy)’
(xt Q€1 ® €t+1)/ (hy ® on @ on)’
(em 2x] ® xt> (0 ® hy @ hy)’
(e ox/ @) (nohee on)
(

€141 ® €441 ® Xt) (on ® on @ hy)'
(€141 ® €41 ® €41) (o @ oM @ oN)')

+
+
+
+
+ (hx ® on @ on) (X{ R €41 ® €t+1)
((x{ oxi ® em)/ (hy ® hy @ om)’
t(d @anox!) heoomehy
(Xf ® €11 & €f+1)/ (hy ®on® 0"’7)/
(e 1 ®xt ®Xt> (on ® hy ® hy)’
(€t+1 & Xt Y €t+1) (on®@hy ® on)’
(

€1 ® e @x!) (n©on©hy)
(€141 Q€41 ® €t+1)l (n®on® 0'77)/)

"

n

n

n
+ (01 ® hy @ hy) <et+1 ®x{ ® x{)

(<x{ o xf ® em)' (hy @ hy ® on)’

+ (x{ ® €41 @ x{)/ (hy ® on © hy)’
(Xt Q€1 ® €t+1)/ (hy ® om @ o)’
(em oxi® x{) (om @ hy @ hy)’
(€t+1 ® xt ® 6t+1> (on @ hy ® on)’
(

N
N
t(anveanext) Gnoonehy
+ (€141 ® €141 @ €41) (on @ on @ o))
+(on@hy @ on) (e @ xf @ e

((x{ oxi ® et+1>l (hy ® hy @ om)’

+ (x{ ® €141 ®x{)/ (hx ® on @ hy)'

!
+ (ngc X €41 @ €t+1) (hy ® on @ o)’
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+ (€t+1 & X{ ® X{>l (on ® hx ® hy)’
+ (e oxt @en) (onoheoon)
(e @ean® x{)/ (on ® on ® hy)'
+ (€141 ® €41 ® €41) (o @ oM @ o))
+(U77 & 0"’7®hx) (€t+1 & €t41 ®X{)
(@{®X{®Q+O/@x®hx®am'
+ (X{ ® €41 ® x{)/ (hy ® on @ hy)’
@t®qH®QHyGu®0n®UM'
t (e ox] ox!) (m@hohy
+ (€t+1 ® Xt ® €t+1> (on®@hy @ on)’
+ (€t+1 ® €41 ® Xt) (on ® on @ hy)’
+ (€1 Qe @eq) (on@on©on))

+(on®@oen®on) (€t+} ® €141 @ €141)
(xf @x] @ eri1) (e @by om)
!
+@J®eﬁl®x0 (hy ® o1 ® hy)’
!
x{ ® €41 @ €f+1) (hyx ® om @ o)’

(€t+1 ® Xt ® Xt) (on®hyx ® hX)/
(€t+1 ®x{ ® €t+1) (on ® hy @ o)’

+
_l’_
+ (€141 @ €141 ®Xt> (on ® on ® hy)’
+ (€141 ® €41 ® €t+1>l (on®on® 0'77)/)
]
(hy @ hy ® o)

f oot f ot ' '
((Xt ® X ®€t+1) (Xt @ x3 ®€t+1) (hx ® hy ® o)
!
+(xd oxf wen) (x @ e @x!) (he@on@hy)

!

+(xf ox] @e) (¥ @ e ®€t+1) (hx @ on @ on)’

(€t+1 & Xt ® X{) (on ®@hy ® hX)/
(€t+1 x| ® €t+1> (on ® hy ® o)’

x] ©x] @ €r41) (€11 @ €41 ®Xt) (on ® on ® hy)’
€11 Q€11 ® €t+1)l (M®@on® 0'77)/)

)
) (x
X; ® Xt X et+1)
)
)
)

x{ @ x| © €11

(d
(d
(Xt &® xt ® €141
[
(d

+ (hy
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f £\ («f & <f ! /
((Xt ® €141 ®Xt> (Xt ® X ®€t+1> (hy ® hy ® om)
!
xf{ @en@x!) (xf @ e @x!) (be®on@hy)

!

R €1 X Q€1 @ €t+1) (hy ® on ® 0'?7)/

+(d /)
+(f /)
+(x & €41 @ X )
+( R €11 ® Xy ) €1 QX ®€t+1) (077®hx®077)/
+(d /)
+(f /)

(xt
(xf
(€t+1 X Xy ®X{) (o ® hy ®hx)/
(
@ €41 @ X3 (

€11 Q€41 Xt) (cn@on® hx)/
(€141 ® €141 @ €41) (oM@ o @ on)’)

® €41 @ Xy
+(hx ® on ® an)
li
((X{ X E€Erp1 @ €t+1) (X{ & X{ & €t+1) (hy ® hy ® UTI)/

!
x| @ €141 @ x] ) (hy ® on @ hy)’

!

+ (X,{ K Erp1 Q €t
f !
x| ® €1 ®€s1) (X! @ €1 ®e1) (hx@on@on)
(X X €141 @ €441

€+1 ® Xt ® €t+1) (on ®@hy @ on)’

Ne— N

+ (e oxf ©x]) (onoheehy
+ (X X €141 Q €441 (
+ (

/
x{ ® €111 @ erpr) (€41 @ e ®Xt) (on® on @ hy)’

0)

+

+ (0n ®@ hy ® hy)

(e ext oxl) (d oxf ©en) (heeheoon)

t(enox] ox!) (x @anox]) (oo oh)
e @xf axl) (x{ e ® et+1)/ (he ® on ® on)’
t) (€t+1 ® X} ®X{) (om ® hy ®hX)/
€141 ® Xt & Xt> (€t+1 ® Xt ® €t+1) (on®@hy ® 077)/

t) (€t+1 ® €41 @ Xt) (on ® on ® hy)’

) (€111 @ €11 @ €r41) (o @ on @ o))
+(on®@hx ® on)

((€t+1 ® X[ ® €t+1) (X{ ® X{ ® €t+1)/ (hy ® hy ® om)’

+ (6t+1 Dx] @ e1) (x] ® €1 ® X{)/ (hy ® o1 @ hy)’

!
€111 @ %] ® €41 Q€41 @ €t+1) (hx ® on @ on)’

!
e @x{ @er) (on@hy @ on)
!
) (on ® on @ hy)’

€41 ® Xt Q€1 ) | €41 Q€41 @ X,{

) (x!
) (x
€41 9% @ €t+1> (6t+1 ®x] @ x] ) (om @ hy @ hy)’
) (
)(

+ (
+ (€t+1 & Xt @ €141
+(
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+0)

+ (on ® on ® hy)
!
((€t+1 X €41 @ Xf) (X{ ® X{ ® €t+1) (hy ® hy ® o)’
!
+ (€t+1 @ern@xf) (x{ @ e @x]) (hewon @y

!
€11 ® €41 DXy ® €t41 ®€t+1) (hy ® on ® om)’

!

€1 0% ® €t+1) (on® by @ on)’

€41 Q€41 Xy ) | €141 R €41 @ X{ (077 Kon& hx)/

0)

(xf
(xt
(€t+1 & Xt QX3 ) (on®@hx ® hX)/
(
(

)
)
€111 ®E1 VX )
)
)

+(
+ (€t+1 X €rp1 Xy
+(

+

+(on®on®on)
/
(€141 ® €141 @ €441) (th ox{ ® €t+1> (hy ® hy @ on)’

i
+ (€141 @ €141 @ €111) (X{ @ €141 @ X{) (hx ® on ® hy)’
+0 .
+ (€141 ® €141 @ €141) (6t+1 ®x{ ® Xf) (0n @ hy @ hy)’
+0
+0

+ (€11 ® €141 @ €r41) (€141 @ €41 @ €141) (om @ o @ o))
]

(hx ® hy ® om)

/

1) ((x{ ® x{ ® et+1> (x{ ® x{ ® €t+1) (hy ® hy ® (T’I’])/

2) + (X{@)X{ ®€t+1) (Xt ® €41 ®Xt>/(hx®0"7®hx)l

3) (Xt ® x] ®€t+1) ( ® €41 ®€t+1)/(hx®077®077)/

4) + (x ®xi ® 6t+1) (6t+1 oxi® xt) (on ® hy ® hy)’

5) -%@t®&@MHO(QH®Xt®QH)@m@hx®am/

6) t(dox{oan) (anoanox) noonohy)

7) + (Xt ® Xt ® €t+1) €11 @ €11 @ €r1) (oM@ on @ on)’)
+ (hx ® o1 ® hy)

8) ((X{®€t+l ®X{> (X{®X{ ®et+1)/(hx®hx®0n)'

9) +(x @ e @xf) (xf e ®x{)/(hx®an®hx)’

10) + (X{®€t+1 ®th) (X{®€t+1 ®€t+1>l(hx®0n®0n)/

11) +(xf e @x]) (e @x] ®x{)/(an®hx®hx)/

91



12)
13)
14)

34)
35)
36)

i

+ (X{ Q€141 @ X{) (6t+1 ®x| ® €t+1) (on @ hy ® on)’
!

x{ @ e @x!) (e @en @xf) (@ on @by

+(
+ (xtf R €141 ® X,{) (€t41 ® €141 ® 6t+1)/ (on®on® 077)/)

+(hx ® on® on)

((X{ ® €141 ® €t+1) (th ®x{ ® €t+1>/ (hy ® hy ® om)’
+ (x{ ® €41 ® €t+1> (xt ® €141 @ X} )/ (hy ® on ® hy)’
+(xf cen@en) (x @ @ €t+1)/ (he @ 09 © o)’
+ (X R €41 ® 6t+1) (€t+1 ® Xt ® Xt> (o ® hy ® hy)’
+ ( ® €41 ® €t+1) (€t+1 ®x{ ® €t+1> (on @ hy @ o)’
+(xd )(

/
@ €1 €1 ) (€141 D €41 @ Xt) (on ® on @ hy)’)

+ (om ® hyx ® hy)

((€t+1 ®x] ® X{) (X{ ®x] ® €t+1>/ (hx ® hy ® om)’
(cnexfox) (d oanox!) (uomehy
€1 ®x] ©x] ( Q€41 ® €t+1>/ (hy ® on @ o)’
€41 ® Xt ® xi (€t+1 ® Xt ® xt) (o ® hy ® hy)’
1 (€t+1 ®x] ® €t+1) (on®@hy @ on)’
(

!/
€141 D €441 ®x{> (an@an@hx)’

I
i
n
i
+ (€1 @ x] ® x]
i

( /)
( /)
(et.l,_l ®xt ®x )
( /)
( )

€1+1 ® Xt R%] ) (€141 @ €141 ® €41) (on @ on @ o))

+(0n @ hy @ o7)

!
((€t+1 ® X{ ® 6t+1) (X{ ® Xf ® €t+1> (hx ® hy ® om)’
i
(€t+1 Rx| @ e€1) (x] @ €41 ® X[) (hy ® o1 @ hy)’

’
€41 & Xt & €t41 ® €141 ® 6t+1) (hx N 0”’7)/

/

€11 ®x] ®€ri1) (€1 @x] ® €t+1> (on ®@ hy @ on)’

€1 ® €141 @ X] (071 ® on ®hy))

(€t+1 0 Xt ® X3 ) (cn®@hx ® hx)/
€4+1 ® Xt ® €141 (

)
( ) (>
(et+1 & Xt & €t+1>
( )
( )

+(on®on @ hy)

/
((6t+1 ® €41 ® X{) (X{ ® X{ ® €t+1) (hx ® hy ® on)’
!
+(en@eanox!) (xl @enoxf) (heoomoh

!
+ (€t+1 ® €141 ® X{) (th @ €141 ® €t+1> (hy ® on @ on)’
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i
37) + (€t+1 ® €1 ® x{) (6t+1 ® X{ ® x{) (cn®@hy ® hx)/
!
38) +(an@enex]) (e @xf @emn) (mebeoon)
!
39) + (€t+1 ® €41 ® X,{) (6t+1 ® €41 ® X{) (on ® on @ hy))

+(on®@on @ on)

/
40) (€141 ® €141 @ €141) (X ®x| @ €t+1) (hy ® hy @ om)’
/
41) + (€141 ® €141 @ €141) ( ® €41 ® X{) (hy ® om ® hy)’
42) + (€141 © €141 ® €141) (€t+1 ox{ ® Xt) (0n © hy ® hy)’
43) + (€41 ® €141 @ €141) (€041 © €41 @ €41) (o @ o @ o))

We next derive how to compute the moments in these terms.

1)
!
E {(x{ ®xf ®et+1) (X{ ®x,{c ®et+1> ]

Ny

) l({xf (71, 1) {ﬂcf (72, 1) {et41 (o1, )}¢1—1} 2_1}71,_1> ({z{ (73, 1) {x{ (74, 1) {et41 (o, )}¢2—1} 4_1}2_1) ]

Thus the quasi Matlab codes are:
E xfxfeps xfxfeps = zeros(nx X nx X ne,nx X nx X ne)
indexl =0
for gamal =1 : nx
for gama2 =1:nx
for phil =1 :ne
indexl = indexl + 1
index2 =0
for gama3 =1:nx
for gamad =1: nx
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E zfxfeps xfxfeps(indexl,index2) =FE xzf xf af xf(gamal,gama2,gama3, gamad)
end
end
end
end
end
end
end

2)
/
E {(x{ ®X{ ® et+1> (x{ ® €141 ®x{) ]
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2=1

=FE ({x{(%,n{z{'(yg,n{etﬂ(¢1,1)}g;_1}:w }n > {x{(vg,l){et+1(¢2,1){x{(v4,1)}

71=1
Thus the quasi Matlab codes are:
E xfxfeps xfepsxf = zeros(nxr X nx X ne,nx X ne X nx)
indexl =0
for gamal =1 : nx
for gama2 =1:nx
for phil =1: ne
indexl = indexl 4+ 1
index2 =0
for gama3 =1 :nx
for phi2 =1: ne
for gamad =1: nx
index2 = index2 + 1
if phil == phi2
E xfxfeps_xfepsxf(indexl,index?2)
=F zf xf xf xf(gamal,gama2,gama3,gamad)
end
end
end
end
end
end
end

3)
/
E {(X{ by X{ ® 6t+1) (X{ R €41 @ 6t+1> ]

—E l({zf a0 {of o s 0B} 1

Thus the quasi Matlab codes are:
E xzfxfeps xfeps2 = zeros(nx X nx X ne,nx X ne X ne)
indexl =0
for gamal =1: nx
for gama2 =1:nx
for phil =1:ne
index]l = indexl + 1
index2 =0
for gama3 =1: nx
for phi2 =1:ne
for phi3 =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E zfxfeps xfeps2(indexl,index2)

71=1

=FE af xzf xf(gamal,gama2,gama3d) x m? (e;41 (phil))

end
end
end
end
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end
end
end

4)
!/
E [(X{ ®X{ ®€t+1) (€t+1 ®X[ ®x{) ]

=F ({x{ (71, 1) {ﬂﬁ{ (Y2, 1) {er41 (01, )}¢1—1} 2_1}%

Thus the quasi Matlab codes are:
E xfxfeps epsxfxf = zeros(nx X nx X ne,ne X nx X nx)
indexl =0
for gamal =1 : nx
for gama2 =1: nx
for phil =1:ne
indexl = indexl + 1
index2 = (
for phi2 =1: ne
for gama3 =1:nx
for gamad =1: nx
index2 = index2 + 1
if phil == phi2
E xzfxfeps epsxfxf(indexl,index2)

71=1

=FE zf xf xzf xf(gamal,gama2, gama3, gama4)

end
end
end
end
end
end
end

5)
/
E {(X{ & X{ ® €t+1) (6t+1 ® X{ ® 6t+1) ]

=k [({x{ (71, 1) {55{ (v2: 1) {er41 (¢4, 1)}:;?_1}::_1};111) <{€t+1 (¢2,1) {513{ (73, 1) {ett1 (03,1 )}¢3_1} 3_1}

Thus the quasi Matlab codes are:
E xfxfeps epsxfeps = zeros(nx X nx X ne,ne X nx X ne)
indexl =0
for gamal =1 : nx
for gama2 =1: nx
for phil =1: ne

indexl = indexl + 1

index2 =0

for phi2 =1 :ne

for gama3 =1 :nx
for phi3d =1: ne
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index2 = index2 + 1

if phil == phi2 && phil == phi3
E xfxfeps epsxfeps(indexl,index?)
=FE zf zf xf(gamal,gama2,gama3d) x m? (e;41 (phil))

end

end
end
end
end
end
end

6)
!/
E {(x{ ®x] ® 6t+1) (€t+1 Q€41 @ Xf) ]

=E ({33{ (71, 1) {l’tf (72, 1) {€r+1 (¢4, >}¢1_1} } ) {€t+1 (¢, 1) {6t+1 (¢3.1) {90{ (735 1)} } }
2=1 v1=1 7=t ¢3=1 $o=1
Thus the quasi Matlab codes are:
E zfxfeps eps2zf = zeros(nx X nx X ne,ne X ne X nx)
indexl =0
for gamal =1: nx
for gama2 =1:nx
for phil =1 : ne
index]l = indexl + 1
index2 =0
for phi2 =1:ne
for phi3 =1:ne
for gama3 =1 :nx
index2 = index2 + 1
if phil == phi2 && phil == phi3
E zfxfeps eps2xf(indexl,index2)
=FE xf zf xf(gamal,gama2,gama3d) x m3 (e;41 (phil))
end
end
end
end
end
end
end

7)
E [(X{ ® X{ & €t+1> (€141 ® €141 ® Et+1)/}

= E[({x{ (71,1) {m{ (g, 1) {€t41 (¢4, )}le} Fl}nzl)

Y11=

X <{€t+1 (¢a,1) {€t+1 (¢3,1) {ers1 (94,1 )}¢4—1} 1}%:1) ]

Thus the quasi Matlab codes are:
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E zfxfeps eps3 = zeros(nx X nx X ne,ne X ne X ne)
indexl =0
for gamal =1: nx
for gama2 =1:nx
for phil =1: ne
index]l = indexl + 1
index2 =0
for phi2 =1:ne
for phi3 =1:ne
for phid =1 : ne
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E xfxfeps epsd(indexl,index2) = E xf xf(gamal,gama?2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E xzfxfeps epsd(indexl,index2) = E xf xf(gamal,gama?)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E zfxfeps eps3(indexl,index2) = FE_xf xf(gamal,gama2)
% fourth moments of innovations
elseif(phil == phi2 && phil == phi3 && phil == phid)
E_xzfxfeps eps3(indexl,index2) = E_zf zf(gamal,gama2) x m* (e;11 (phil))
end
end
end
end
end
end
end

8)

!/ !/
E |:(th®€t+1 ®x{) (x{@x{@etH) ] =F {(x{@x{@ewﬂ) (X{®€t+1 ®xtf> ]

!/

/
where we aldready know E [(x{ ® xf ® EtJrl) (x{ R €41 ® x{) ] from 2).

9)
!/
E |:(th®€t+1 ®x{) (x{@etH ®th> ]

= E[ {xtf (71,1) {€t+1 (¢1,1) {xtf (72,1)}:::1}% }nz

$1=1 71=1
n Ny !
f f me LT
x {x (oD {en @0 {of (00} ] } |
et v3=1

Thus the quasi Matlab codes are:
E xfepsxf xfepsxzf = zeros(nx X ne X nr,nx X ne X nx)
indexl =0
for gamal =1 : nx
for phil =1:ne
for gama2 =1:nx
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index]l = indexl + 1
ndex2 =0
for gama3 =1:nx
for phi2 =1:ne
for gamad =1 : nx
index2 = index2 + 1
if phil == phi2
E zfepszf xfepsxf(indexl,index2)
=F zf xf af xf(gamal,gama2,gama3,gamad)
end
end
end
end
end
end
end

10)
!
E |:(X{ ® €t+1 ® X{) (X{ ® Et—i—l ® 6t+1> :|

=E| {dc (71,1) {€t+1 (¢61,1) {${ (Yo, 1)}::_1}% }nw

$1=1) 5,=1

X <{${ (73, 1) {6t+1 (2, 1) {€t41 (¢3, )}¢3_1} 1}”1 1) ]

-
Thus the quasi Matlab codes are: ’
E xfepsxf xfeps2 = zeros(nx X ne X nx,nx X ne X ne)
indexl =0
for gamal =1 : nx
for phil =1: ne
for gama2 =1:nx
indexl = indexl + 1
index2 =0
for gama3d =1 :nx
for phi2 =1: ne
for phi3 =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E xfepsxf xfeps2(indexl,index2)
=E xf xf xzf(gamal,gama2, gama3) x m? (e;41 (phil))
end
end
end
end
end
end
end

11)
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!/
E {(x{@ewl ®x{> (€t+1 ®xf ®x{) ]

= E| {x{(%,l){et+1(¢171){x{(72,1)}::l}nE }nm

=1

71=1
X {€t+1 (¢9,1) {37{ (73, 1) {m{ (74, 1)};“—1} m } |
477 ) yg=1 Po=1

Thus the quasi Matlab codes are:
E zfepszf epsxfxf = zeros(nz X ne X nr,ne X nx X nx)
indexl =0
for gamal =1: nx
for phil =1 : ne
for gama2 =1:nx
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for gama3 =1 :nx
for gamad =1: nx
index2 = index2 + 1
if phil == phi2
E xfepsxf epsxfxf(indexl,index2)
=F zf xf af xf(gamal,gama2,gama3,gamad)
end
end
end
end
end
end
end

12)

!
E |:(X{ (24 €41 X X{) (6t+1 (24 X{ X €t+1> :|

= E| {a?{ ('71,1){€t+1 (¢1,1){${ (%)1)}::_1}”6 } .

$1=1 v1=1
" <{€t+1 (62,1) {x{ (3 D et (¢3’1)}g:—1}zx—1}¢6 ) |
3= =1

Thus the quasi Matlab codes are:
E xfepsxf epsxzfeps = zeros(nx X ne X nx,ne X nx X ne)
indexl =0
for gamal =1 : nx
for phil =1: ne
for gama2 =1: nx

indexl = indexl 4+ 1

index2 =0

for phi2 =1: ne

for gama3 =1 :nx

99



for phi3d =1:ne
index2 = index2 + 1
if phil == phi2 && phil == phi3
E xfepsxf epsxfeps(indexl,index?2)
=FE af xzf xf(gamal,gama2,gama3d) x m? (e;41 (phil))
end
end
end
end
end
end
end

13)
!/
FE |:(X{ X €141 X X{) (6t+1 ® €141 (9 X{) :|

= E| {z{ (71,1) {€t+1 (¢1,1) {z{ (72,1)}::_1}% }m

¢1=1 v.=1

y {em(%,n{etﬂ(qbg,l){x{(vg,l)}::_l}ne } ]

bs=1 $o=1
Thus the quasi Matlab codes are:
E xfepszf eps2zf = zeros(nx X ne X nx,ne X ne X nx)
indexl =0
for gamal =1: nx
for phil =1 :ne
for gama2 =1: nx
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for phi3d =1:ne
for gama3 =1:nx
index2 = index2 + 1
if phil == phi2 && phil == phi3
E zfepszf eps2xf(indexl,index2)
=F af zf xf(gamal,gama2,gama3d) x m3 (e;41 (phil))
end
end
end
end
end
end
end

14)
E [(X{ ® €41 ® X{) (€r+1 ® €141 ® €t+1)/}

= E[ {37{ (71, 1) {€t+1 (¢1,1) {37{ (72’1)}::—1}% }

=1

Ny

v1=1
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Thus the quasi Matlab codes are:
E zfepszf eps3 = zeros(nx X ne X nx,ne X ne X ne)
indexl =0
for gamal =1 : nx
for phil =1: ne
for gama2 =1:nx
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for phi3 =1:ne
for phid =1: ne
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E xfepsxf eps3(indexl,index2) =E xf xf(gamal,gama?)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E zfepszf eps3(indexl,index2) = F _xf xf(gamal,gama?2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E xfepsxf eps3(indexl,index2) =E xf xzf(gamal,gama?2)
% fourth moments of innovations
if phil == phi2 && phil == phi3 && phil == phid
E_xfepsxf eps3(indexl,index2) = E_xf xf(gamal,gama2) x m* (e;41 (phil))
end
end
end
end
end
end
end

15) )
FE [(x{ R €41 ® 6t+1) (x{ ®xf ® 6t+1)/:| =F [(x{ ®xf ® 6t+1) (x{ R €41 @ €t+1>/:|
where we already know F {(x{ ® X,{ ® et+1> (x{ ® €41 ® et+1>/] from 3).

16) )
E {(xtf R €41 @ €t+1> (X{ R €41 @ xtf)/] =F {(x{ R €41 @ th) (X{ R €41 @ €t+1>/]
where we already know E {(x{ R €41 ® x{) (x{ ® €41 ® €t+1>/] from 10)

17)
!
K {(th ® €41 @ €t+1> (X{ ® €41 ® €t+1) ]

= E[({m{ (71, 1) {€t+1 (01, 1) {er41 (09,1 )}¢2_1} _l}nz )

71=1
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x <{${ (72, 1) {6t+1 (63, 1) {er+1 (04 )}¢4_1} 1}M—1) |

Thus the quasi Matlab codes are:
E xfeps2 xfeps2 = zeros(nr X ne X ne,nx X ne X ne)
indexl =0
for gamal =1 : nx
for phil =1: ne
for phi2 =1:ne
indexl = indexl + 1
index2 =0
for gama2 =1 :nx
for phi3 =1:ne
for phid =1: ne
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E xfeps2 xzfeps2(indexl,index2) = E xf xf(gamal,gama?2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E zfeps2 xfeps2(indexl,index2) = F_xf xzf(gamal,gama2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E xfeps2 xzfeps2(indexl,index2) = E xf xf(gamal,gama?2)
% fourth moments of innovations
elseif phil == phi2 && phil == phi3 && phil == phi4
E_xfeps2 xfeps2(indexl,index2) = E_xf xf(gamal,gama2) x m* (e;41 (phil))
end
end
end
end
end
end
end

18)
!/
E |:(X{ ® €141 X 6t+1) (6t+1 (X)Xic X X{) :|

= E[({z{ (71, 1) {€t+1 (d1,1) {esr1 (dg,1 )}¢2_1}¢1_1}nm )

71=1
’

X {€t+1 (¢3,1) {"E{ (72:1) {m{ (3, 1)}::—1}nm—1}ne |

by=1
Thus the quasi Matlab codes are: ’
E xfeps2 epsxfxf = zeros(nx X ne X ne,ne X nx X nx)
indexl =0
for gamal =1 : nx
for phil =1: ne
for phi2 =1:ne

indexl = indexl 4+ 1

index2 =0

for phi3 =1:ne
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end
end
end

19)

end

for gama2 =1:nx
for gama3 =1:nx
index2 = index2 + 1
if (phil == phi2 && phil == phi3
E xfeps2 epsxfxf(indexl,index2)
=FE af xf xf(gamal,gama2,gama3d) x m> (e;41 (phil))
end
end
end

!
E [(X{ Q€41 @ €t+1) (€t+1 ®XZ & 6t+1) ]

= E[({wic (71, 1) {€t+1 (61, 1) {er+1 (2, 1)}2221}::3—1}”1—1)

« <{€t+1 (3, 1) {x{ (Y9, 1) {er41 (04, 1)}22_1}1:_1}”5 ) ]

¢3=1

Thus the quasi Matlab codes are:
E xfeps2 epsxfeps = zeros(nx X ne X ne,ne X nx X ne)

indexl =0

for gamal =1 : nx
for phil =1: ne
for phi2 =1:ne
indexl = indexl 4+ 1
index2 =0
for phi3 =1:ne

end

end

for gama2 =1:nx
for phid =1: ne
index2 = index2 4 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E xfeps2 epsxfeps(indexl,index2) = E_xf xf(gamal, gama2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E _xzfeps2 epsxfeps(indexl,index2) = E _xzf xf(gamal,gama2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E xfeps2 epsxfeps(indexl,index2) = E_xf xf(gamal, gama2)
% fourth moments of innovations
elseif phil == phi2 && phil == phi3 && phil == phid
E_xfeps2 epszfeps(indexl,index2) = E_xf wxf(gamal, gama2) x m* (e;41 (phil))
end
end
end
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end
end

20)
!
E [(X{ ® €41 ® €t+1) (€t+1 ® €41 ® X{) ]

= E[({m{ (71, 1) {6t+1 (61,1) {€ers1 (o, 1)}2221}28 }m )

1=1 v.=1

X {6t+1 (¢3,1) {€t+1 (¢4,1) {x{ (Va5 1)}::_1}n6 }n ]

¢a=1 $g=1
Thus the quasi Matlab codes are:
E xfeps2 eps2xf = zeros(nx X ne X ne,ne X ne X nx)
indexl =0
for gamal =1 : nx
for phil =1:ne
for phi2 =1 :ne
indexl = indexl + 1
index2 =0
for phi3d =1:ne
for phid =1: ne
for gama2 =1:nx
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E zfeps2 eps2xf(indexl,index2) = F_xf xzf(gamal,gama2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E xfeps2 eps2xf(indexl,index2) = E xf xf(gamal,gama?2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E _zfeps2 eps2zf(indexl,index2) = F_xf xzf(gamal,gama?2)
% fourth moments of innovations
elseif phil == phi2 && phil == phi3 && phil == phi4
E_xfeps2 eps2zf(indexl,index2) = E_xf xf(gamal, gama2) x m* (e;41 (phil))
end
end
end
end
end
end
end

21)
!/ !/
E |:(€t+1 ®xf®xtf) (x{@x{@etH) ] =F {(x{@x{@etﬂ) (€t+1 ®x{®xtf> ]

li

!/
where we already know E [(x{ ® Xf ® 6t+1) (€t+1 ® xf ® x{) ] from 4).

22)
/ /
E I:(€t+1 ®Xf®x{> (X{®€t+1 ®xtf) ] =F {(xtf@eHl ®th) (€t+1 ®xf®x{> ]

!’

104



!/
where we already know E {(x{ ® €41 ® x{) (€t+1 ® xf ® x{) ] from 11)

23)
! i /
E I:(€t+1 ®Xf ®x{> (X{ & €141 ®et+1) ] =F {(xtf & €141 ®et+1) (€t+1 ®xf ®xtf> ]

/!
where we already know E {(x{ R €41 ® €t+1) (€t+1 ® x{ ® x{) ] from 18)

24)
/
E |:(€t+1 ®X,{®X,{> (€t+1 ®Xf®xtf) ] =

= E[ {€t+1 (¢1,1) {95{ (71,1) {x{ (72, 1)}::—1}n1 }n

71=1

P1=1
x {+ (é2:1) {x{ (v 1) {a! (v, 1>}:*’_1} } 1
=l Py=1

Thus the quasi Matlab codes are:
E epszfaf epszfxf = zeros(ne X nx X nr,ne X nx X nx)
indexl =0
for phil =1: ne
for gamal =1: nx
for gama2 =1:nx
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for gama3 =1:nx
for gamad =1: nx
index2 = index2 + 1
if (phil == phi2
E epsxfxf epsxfxf(inderl,index2)
=F zf xf xf xf(gamal,gama2, gama3, gamad)
end
end
end
end
end
end
end

25)
E fox! ! .
€t+1 @ X; O X | (€41 O Xt @ €141

=[] {€t+1 (¢1,1) {x{ (71, 1) {xtf (s, 1)}:;1}% }n
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« <{€t+1 (69, 1) {g;{ (73, 1) {er1 (93, 1)}22_1}::_1}”6 1) ]

Thus the quasi Matlab codes are:
E epszfrf epsxfeps = zeros(ne X nx X nx,ne X nx X ne)
indexl =0
for phil =1 : ne
for gamal =1 : nx
for gama2 =1:nx
indexl = indexl 4 1
index2 =0
for phi2 =1 :ne
for gama3 =1 :nx
for phi3 =1: ne
index2 = index2 + 1
if (phil == phi2 && phil == phi3
E epszcfrf epsxfeps(indexl,index?2)
=E xf xf xf(gamal,gama2, gama3) x m? (e;41 (phil))
end
end
end
end
end
end
end

26)

!/
FE |:(€t+l X X{ X th) (6t+1 (24 €141 X X{) :|

(Y T M o

v1=1 ¢=1

« {€t+1 (¢, 1) {etﬂ (¢5,1) {x{ (V3 1)}:1_1}"6 }” ]
3T [

$s=1) 4 _y
Thus the quasi Matlab codes are: ’
E _epszfrf eps2xf = zeros(ne X nx X nx,ne X ne X nx)
indexl =0
for phil =1 :ne
for gamal =1 : nx
for gama2 =1:nx
indexl = indexl + 1
index2 =0
for phi2 =1:ne
for phi3 =1:ne
for gama3 =1 :nx
index2 = index2 + 1
if (phil == phi2 && phil == phi3
E epszfrf eps2xf(indexl,index2)
=E xf xf xf(gamal,gama2, gama3) x m? (€41 (phil))
end
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end
end
end
end
end
end

27)
E {(€t+1 by X{ oy X[) (€111 ® €141 ® €t+1)/}

_ g {€t+1 (¢1,1) {x{ (71, 1) {xtf (Wz,l)}::_l}"z }n

v1=1 ¢=1

y <{€t+1 (¢g,1) {€t+1 (¢3,1) {€r+1 (Dy, 1)};221}71@ }"e ) ]

¢3:1 ¢2:1
Thus the quasi Matlab codes are:
E epszfrf eps3 = zeros(ne X nx X nz,ne X ne X ne)
indexl =0
for phil =1: ne
for gamal =1 : nx
for gama2 =1:nx
indexl = indexl 4 1
index2 = (
for phi2 =1: ne
for phi3d =1: ne
for phid =1: ne
index2 = index2 4 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E epszfxf eps3(indexl,index2) = E xf xf(gamal,gama2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E epsxfxf eps3(indexl,index2) = FE _xf xf(gamal,gama2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E epszfxf epsd(indexl,index2) = E xf xf(gamal,gama?)
% fourth moments of innovations
elseif phil == phi2 && phil == phi3 && phil == phid
E_epsxfaf eps3(indexl,index?) = E_xf xf(gamal,gama2) x m?* (€41 (phil))
end
end
end
end
end
end
end

28)
/ n’
FE {(6154-1 ®xf X €t+1> (X{ ®xf ® €t+1) ] =F {(x{ ®xf ® et+1> (€t+1 ®xf X 6t+1> ]

. !/
where we already know E {(x{ ® x{ ® et+1) (€t+1 ® x{ ® 6t+1> ] from 5).
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29)

/ /
E l:(6t+1 ®X{ X Et+1) (X{ ® €11 X X{) :| =F l:(X{ [ €141 X X{) (6t+1 ®X{ (024 6t+1> :|

/

!/
where we already know F {(x{ R €41 ® x{) (€t+1 ® x{ ® €t+1> ] from 2)

30)
/ 1’
E {(Gtﬂ ®x]® €t+1) (th ® €41 & €t+1> ] =F {(X{ ® €41 & 6t+1> (€t+1 ®x] ® €t+1> ]

/
where we already know F {(x{ R €41 @ €t+1) (€t+1 ® x{ ® €t+1> ] from 19).

31)

!/ !
E |:(€t+1 X X{ X €t+1) (€t+1 X X{ X X{) :| =F |:(€t+1 (24 X{ X X{) (6t+1 &® X{ X €t+1> :|

/

/
where we already know F |:(€t+1 & X{ & x{) (€t+1 & X{ & €t+1> ] from 25).

39)
/
E |:(€t+l ®x] ® €t+1) (€t+1 ®x] ® €t+1> ]

- E[<{€t+1 @0 {if (1) fevnr 00050} )
n=l ¢1=1
/
X <{€t+1 (¢3,1) {l’{ (V25 1) {€t41 (¢4 1)}ZZ:1} } ) ]
V2=l P3=1
Thus the quasi Matlab codes are:
E _epsxzfeps epsxfeps = zeros(ne x nx X ne,ne X nx X ne)
indexl =0
for phil =1: ne
for gamal =1 : nx
for phi2 =1: ne
indexl = indexl + 1
index2 =0
for phi3 =1:ne
for gama2 =1: nx
for phid =1: ne
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E epszfeps epszfeps(indexl,index2) = E xf xf(gamal,gama?2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E epsxzfeps epsxfeps(indexl,index2) = E_xf xf(gamal,gama2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E epszfeps epszfeps(indexl,index2) = E _xf xf(gamal,gama?2)
% fourth moments of innovations
elseif phil == phi2 && phil == phi3 && phil == phi4
E_epsxfeps epszfeps(indexl,index2) = E_xf xf(gamal,gama2)xm* (e;11 (phil))
end
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end
end
end
end
end
end

33)
/
E |:(€t+1 ® X{ & €t+1) (€t+1 Q€41 ® X{) ]

= E[<{€t+1 (¢1,1) {fﬁff (v1, D {es1 (92, 1)}22:1}:1 }n )

1=1 =1

" {6t+1(¢3,1){et+1(¢4,1){z{(72,1)}:w1}ne }” ]
2= ¢

=1 =1
Thus the quasi Matlab codes are: ’
E epszfeps eps2zf = zeros(ne X nx X ne,ne X ne X nx)
indexl =0
for phil =1 : ne
for gamal =1 : nx
for phi2 =1:ne
indexl = indexl + 1
index2 = 0
for phi3 =1:ne
for phid =1: ne
for gama2 =1:nx
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E epszfeps eps2zf(indexl,index2) = E_xf xf(gamal, gama2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E epsxzfeps eps2xf(indexl,index2) = E_xzf xf(gamal,gama2)
elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E epszfeps eps2zf(indexl,index2) = E_xf xf(gamal, gama2)
% fourth moments of innovations
elseif phil == phi2 && phil == phi3 && phil == phi4
E_epsxfeps eps2xf(indexl,index2) = E_xf wxf(gamal,gama2) x m* (€41 (phil))
end
end
end
end
end
end
end

34)
/ ! !
E {(etﬂ @ €41 ®x{> (x{ ®xf ® €t+1) ] =E {(X{ ®Xf ® €t+1) (€t+1 ® €41 ®X{> ]

!/
where we already know E {(x{ ® xf ® et+1) (€t+1 R €41 ® x{) ] from 6).
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35)

! !
E |:(Et+1 ®€t+1 ®th) (th ®€t+1 ®th> :| = E |:(X{ ®Et+1 ®th> (€t+1 ® Et+1 ®th> :|

/

li
where we know F |:(X{ R €1 ® x{) (et+1 R €41 ® x{) } from 13).

36)
£ (x! ' f AT
E {(615-',-1 @ €141 ® Xt) (Xt @ €41 ® €t+1> ] =F [(Xt @ €41 @ €t+1> (€t+1 @ €41 ® Xt) ]
. N\
where we already know F {(x{ ® €41 ® €t+1) (€t+1 ® €41 ® x{) ] from 20).

37)
’ /
E I:(G,H_l ® €141 ®X{> (6t+1 ®Xf ®th) ] =F |:(6t+1 ®X{ ®X{> (€t+1 ® €r41 ®X{> :|

!

!/
where we already know E {(eﬂ_l ® xf ® x{) (€t+1 R €41 ® x{) ] from 26).

38)

! ! Y
E |:(€t+1 ® €41 ® X,{) (6t+1 @x] ® €t+1) ] =F {(Etﬂ @x] ® €t+1) (€t+1 ® €41 ® X{) ]

!/
where we already know F {(eﬂ_l ® xf ® et+1) (€t+1 ® €41 ® x{) ] from 33).

39)
E |:(€t+1 Q€41 @ X{) (€t+1 Q€41 @ X{)/]

=[] {€t+1 (¢1,1) {€t+1 (¢2,1) {m{ O 1)}31_1}26 1}
1= ga=1) 4

§ {6t+1(¢3,1){€t+1(¢4,1){x{(%,l)}::_l}”e } ]

$a=1 $g=1

Ne

Thus the quasi Matlab codes are:
E eps2zf eps2xf = zeros(ne X ne X nx,ne X ne X nx)
indexl =0
for phil =1: ne
for phi2 =1:ne
for gamal =1: nx
indexl = indexl + 1
index2 = 0
for phi3d =1:ne
for phid =1: ne
for gama2 =1:nx
index2 = index2 + 1
% second moments of innovations
if (phil == phi2 && phi3 == phid && phil™ = phid)
E eps2zf eps2zf(indexl,index2) = F_xf xzf(gamal,gama2)
elseif (phil == phi3 && phi2 == phid && phil™ = phi2)
E eps2zf eps2zf(indexl,index2) = E xf xf(gamal,gama?2)
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elseif (phil == phid && phi2 == phi3 && phil™ = phi2)
E eps2zf eps2zf(indexl,index2) = F_xf xzf(gamal,gama2)

% fourth moments of innovations

elseif phil == phi2 && phil == phi3 && phil == phi4
E_eps2xf eps2zf(indexl,index2) = E_xf xf(gamal, gama2) x m* (e;41 (phil))

end

end
end
end
end
end
end

40)

/ /
E {(Et-%l ® €141 @ €r41) (X{ ® X{ & 6t+1) } =F [(X{ ® X{ ® 6t+1) (€141 ® €141 ® €t+1)/}
where we already know E [(xf ® X{ ® et+1) (€141 R €141 ® et+1)/} from 7).
41)

/ /
E {(Et-&-l ® €141 @ €141) (X{ ® €141 @ X{) } =F [(X{ ® €141 @ X{) (€141 ® €141 ® €t+1)/}
where we already know F Kxf ® €141 ® xf) (€141 R €141 ® et+1)/} from 14).
42)

/ /
E |:(€t+1 ® €141 @ €r41) (6t+1 ®x] ® X[) } =FK |:(€t+1 ®x] ® X{) (€141 ® €141 ® €t+1)l}

where we already know F |:(€t+1 ® x{ ® xf) (€141 ® €141 ® €t+1)/} from 27).

43)
E (€141 ® €141 @ €141) (€141 © €141 @ €141)']

= E[<{6t+1 (¢61,1) {€t+1 (¢2,1) {€r41 (93, 1)}22_1}::_1}% )

P1=1
X <{€t+1 (¢47 1) {€t+1 (¢57 1) {6t+1 (¢)6’ 1)};Z_I}Zj=1}¢€_1> ]

The codes are given in the matlab file. (too big for displaying)

4.4 Method 3: Simple formulas for first and second moments

This section shows how to compute mean values up to third order in a very direct manner. As in the case of the second-
order approximation, the advantage of Method 3 is that we do not recompute terms which are already known at a lower
approximation order. As a result, the matrices which must be inverted are here smaller than in Method 1 and 2.
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4.4.1 First moments

This section derives the unconditional mean value of y; and x;. Recall
Xy :x{—i—xf—l—x:d
Thus, we only need to find £ [xt”q. Here
E[x19,] = hyE [x}4] + 2H, B [(x{ ® xt)} + P B [(x{ ®x! ® xf)} + 2hyyo?E [x{} +1h,,,00

)

(Lo, = 1) B [x77] = 20 | (x] @ %7) | + B B | (x] @ x] @ x] )| + thyoo0?

because x{jfl is stationary and E [x{ } =0

)

E[x"] = (I, — hy) " <2f{xxE Kx{ ®x§)} L F [(x{ ® x] ®x,{)} + éhm,aag)

To compute Hoo F [(x{ ® X{ ® x{)] recall that

sl @xf @xfiy = (@b o) (xf oxf @xf) + (e @b on) (x{ @ xf @ e
+ (hx ® on ® hy) (X{ ® €41 ® Xf) + (hx ® on ® on) (X{ ® €1 ® €t+1>
+ (o1 @ hx ® hy) (€t+1 x| ® X{) + (o @ hy ® on) (€t+1 x| ® €t+1)

+ (‘777 Kon hx) (€t+1 R €11 ® XZ) + (O”I’] ®on & 0"’7) (€t+1 ® €41 @ 6t+1)
Hence
E {thﬂ ® Xf+1 ® X7{+1} = (hx @ hx @ hy) E [(X{ x| ® X{ﬂ +(n@on®@on) E(er+1 @ €141 @ €141))]

)

(g — (hx @ he @ h)) B [x{ @ x] @ x/| = ((n @ on @ om) El(er1 @ €1 @ e141)

because x{ ® x{ ® xf is stationary

)
-1
E [x{ ®xi® xﬂ =Tz — (hx ®hy @ hy))  (on®@on®@on) E[(€111 @ €141 @ €141)]

Note that this term is zero if all third moments of €;41 are zero.

To compute E [(x{ ® xf)} recall that

(%l @xip) = (o) (x] @x7) + (e @A) (x] @ x] @ x] ) + (B ® Ihooo?) x{

+ (on @ hy) (€141 @ x5) + (an ® fIxx) (€t+1 ® x{ ® x{) + (o1 ® $hoeo?) €141
So _
(e 320)] = oo 8 (3] - (o i [ (o 0 )

)

(L2 — (hy ®hy)) E [(x{ ®x§)} - (hx®ﬁxx> E [(x{ ®x{®x{)]
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because (x{ ® xf) is stationary

i)
E [x{ ® xf] = (L2 — (hx ®hy)) " (hx ® ﬁxx) E [(x{ ox ® x{)]
Note that this term is zero if £ [(x{ ® x{ ® x{)} = 0, which is the case if all third moments of €;1; are zero.

For the control variables, we have

By =g« (B x| + B+ B [x%]) + Gox (B[ (x{ @x] )| 428 | (x] @ )] ) + Gux B | (x] @ xf 0x{ )]
= gy (B [x3]+ E [x7%]) + G (E [(x{ ®x{)} 2B [(x{ ® xt)D
+éxxxE |:(X1]: ® X{ & X{)] + %goao—Q + %goaaag

Now recall, if all third moments of €;11 are zero, then g,,, = 0 and h,,, = 0. Hence, we have the following

Corollary 1 The mean value in a third order approximation is identical to the mean value in a second order approximation
if all third moments of €11 are zero.

4.4.2 Second moments

We start by noticing that
Var(z;) = E [(z: — E [z1]) (2 — E [24])']

= E((z; — E[z)) (2, — E [z})])]

= Elzzi —2,.E [2;] — E [2,] 2, + E [2] E [2{]]
= Elzzi] — Elzy] E [2]
and - _ _
x|
X}
/ x] ®x] ' r (o ol @y (] SO I A
Elzz)) = F 1 [ <xt> (x7) (Xt ® xt) (x,’; ) (xt ® xf) (Xt ®x; ® xt) }
x{ ® x;
i x{ @ x{ & x{ i N
— / ! /
! () f (xt) ! (xf &) ! (xi)
s f ! S (5) s f f ! s (yrd)’
X (Xt xj (x7) Xt (X ©x; X (Xt )
. N\ 7 . . . !
L (exd) () (Hex) ) (dexd)(xoxf) (xf @xf) (xi)
= 1 l ,
x; (x{) xp? (x;)' x;? (xf @ x{) x;? (x;)
!/ !
(xf @xt) (x) (xf @xt) (xt) (x{ @xt) (xf ©x{) (xf @xt) (i)’
! !/
| (xfexiex!) (x) (deoxtox)x) (Xexlox!)(xex!) (xfexfex]) )




x{ (xl o x) x{ (xf ox{ oxf)

xi (xf ©x7) xi (xf o] @x{)
(ox) (xfex)  (dex)(xfexfex])
x{d (x{ ® x , X:d (x{ ®X{ ®xtf
(oxt) (eox)  (xdoxt)(xdoxoxd)
(xl o oxl) (xf @xi) (xf @x] ox]) (xf @x] @x{)

Hence, we need to find the following terms:
r ! N . !/ . ! . ! s . !/ . !/
- x{ (xtd) ) X§ (X;d) , (x{ ®xf) (xgd) ,xzd (x’t"d) , (Xf ®xt> (x;d) , (x{ ®xf ®x{) (x;d)
i li li I !/
—x{ (x{ ®X§> , X3 (x{@xf) , (X{@x{) (x{@xf) ,xfd (x{@xf) , (X{@Xf) (X{@xf) , (xf ®x{®x{) (x,{c ®Xf)

! ! !
-xf (xf exlex), xi (xf oxtoxl), (xl ox]) (x ex] ox]), (x oxf ox{) (xl ox{ o x{)

/!

All these terms are easy to compute using the procedure outlined above and previous results.

4.5 The auto-correlations

This section derives the auto-correlations for the states and the control variables.

4.5.1 The innovations

We first show that Cov (&,,1,&,,1,,) # 0 for s =1,2,3,... To see this recall that
i € -
€141 ® €41 —vee (L)
€+1® X,{
x{ ® e
€41 X
B / _ B €1 @x] @ x]
[§t+1§t+1+s] = x{ ® x{ ® €41
x| @ €1 @x]
X{ QD €ry1 @ €141
€41 ®x] ® €rp1
€41 ® €141 @ X]

L (€141 ® €141 @ €141) — B (€141 @ €141 @ €141)] |
A

X [ €ri1ps (Era14s ® €p1qs —vec(ly,)) (€t+1+s ®x],,
f ' Y f ARY
(XHS 02y €t+1+s) (€t+1+s ® X§+S) (€t+1+s ®Xjs® Xt+s)
f f ! f RN
Xits OXpps © €p14s Xiis @ €pp1qs @Xpy

/
(€t+1+s ® €145 @ X{+s) ((€t414s ® €145 @ €r4146) — B (€141 © €141 @ €11)]) }

! !
(X{Jrs @ €rp14s @ €t+1+s) (€t+1+s ® Xf+s ® €t+1+s>

We now inspect each of the rows in turn. Here, we need the following result that
X{+1 = hxxtf +one
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X{+2 = hxxfﬂ +one o
= hy (hxx{ + O’T]€t+1) +one; o
= h2x{ + heone, | + ome,
X{+s = hch{ + Z?=1 hf:ianetﬂ-
1) Row with €41

Consider the sub-matrix

!/
E{eria { €ir1ts  (Er14s @ Ep14s — vEC (L)) (€t+1+s ® X{+s

/ ) ’ I
(thJrs 02y €t+1+s) (€t+1+s ® X§+s) (€t+1+s ® th+s ® X{+s)
l,oxl,® " (x,® oxl,)
Xits O Xpps © €t414s Xits © Cttlts O Xpys

!
(€t+1+s X €414 Q X{+s) (14145 @ €t4145 D €11145) — E (€141 @ €441 @ Et+1)])/ }}

! !
(x{+s @ €r4145 @ €t+1+s) (€t+1+s ® Xf+s ® €t+1+s>

— E{es1[0 0 0 0 0 0O
/
00 (X;{Jrs ® €145 ® €t+1+s> (€t+1+s ® th+s ® €t+1+s)

!
(€t+1+s ® €145 @ X{H) 0 ]}

/

Hence, we only need to study the term of the form

/

E [GHI (Xf+s ® €t4145 ® €t+1+s> ]
i ¥ s ) /
=FE e (hixt + 2 hiTone; ® €145 ® €t+1+s> }

i !
s i
=E |e1 (hiX{ ® €rp14s @ €y1ys+ ), Wy 'oNE L Q€145 @ €t+1+s) ]

i /
=L |e1 (hf(x{ @ €145 @ Et+1+s> ]

+E [€t+1 (Zf:1 hf;_"anem X €t414s @ €t+1+8)l}
=04+ F {et_H (O"I]Et_H D Ety145 D 5t+1+s)/}

= E[(e111®1) (61110 @ (€14145 @ €11115) )]
= E [er41€11M 0 @ (€r1145 @ €r4145) ]
=1,.1n0 @vec(l,,)

2)
To be completed
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4.5.2 The covariances

Recall that we have

Zy = rd

i x{@x{@x{ |
Ziy1 :C+AZt+B€t+1

1 1
y;d = DZt + §g0002 + égaoogg

To find the one period auto-covariances, i.e. Cov (z;11,2¢), we have
Cov (zi41,2t)

=Cov (c+ Az, + B, 1,2)

= ACov (z;,2¢) + BCov (&,,1,2)

And for two periods
Cov (z142,2¢) = Cov (¢ + Azyp1 + BE, 5, 2)
=Cov (c + A (c + Az, + BEt-H) + B£t+2,zt)
= Cov (c+Ac+ A’z + AB¢, | + B¢, 5, 2)
= Cov (A%z,2;) + Cov (ABE, 1, 2,) + Cov (BE, 5, 2)
= A%Cov (2z4,2;) + ABCov (€,,1,2;) + BCov (&,,5,2)

or
Cov (zt42,21) = ACov (2441,2:) + BCov (£t+2, zt)

And for three periods
Cov (z143,21) = Cov (c + Az o+ BE, 5, zt)
=Cov(c+A(c+Ac+ A’z + AB¢,, + B¢, ) + B, 5, 2)
=Cov (c+Ac+ A’c+ A’z + A’BE, | + ABE,,, + B, 5,2:)
= Cov (A®z,2;) + Cov (A’BE, 1,2;) + Cov (ABE, 5, 2,) + Cov (BE,5,2;)
= A3Var (z;) + A’BCov (&,,1,2:) + ABCov (£, 5,2,) + BCov (&, ,3,2)
= AVar(z) + Y0, A 'BCou (¢,,,;,2)

or
Cov (2¢43,21) = ACov (2442,2:) + BCov (£t+3, zt)

Hence in general A
Cov (zy4s,2¢) = A*Var (z,) + > i_y A" BCov (€44, %)

Cov (zt4s,2:) = A*Var (z¢) + Z;;é As~UTIBCou (€411, %)
i=j+lsoj=i—1

9 -

Cov (z14s,2:) = A*Var (z¢) + 37 A/ BCov (§1411,2)

or
Cov (ztys,2t) = ACov (Z¢45-1,2¢) + BCov (EH_S, zt)
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For the control variables:
Cov (yit,yi?) = Cov (Dz4s + 385002, Dzt + 180007)

=Cov (th+s> DZt)
=DCov (Zt+s> Zt) D’

Thus we only need to compute Cov (&, ,,2;) = E [€,, 2]

4.5.3 Computing Cov (£t+s,zt)

We consider E [2z;£; ] and note that E [£, 2/ = (F [zt£;+1+s}),.

lz[zt€;+1+s} =F rd K

_ﬁ@ﬁ@ﬁ_

!
X { €rirrs (Eta14s ® €p1qs —vec(ly,)) (€t+1+s ® X{+s>
f ' ' f ERY
(Xt+s ® €t+1+s) (€rr14s @ X5, ,) (€t+1+s O Xiys @ Xt+s)
(xf ®xf ® € )l (xf ® € ®xf )/
t+s t+s t+1+s t+s t+1+s t+s
I

(€t+1+s @ €t414s @ X{H) (4145 @ €114 @ €r4145) — B (€141 ® €41 @ €141)])

/ /
(X{H R €145 @ €t+1+s) (€t+1+s ® XL_S ® €t+1+s>

OnmxnE Onzxng Onmxngnm OnmxnwnE OnmxnwnE Onzxnen% Onzxnine Onzxnine 1,9 T1,10 T1,11 Ongpxng
Onlxne Onzxnf Onlxnenz Onzxnmne Onmxnmne Onzxncng Onzxninc Onzxninc 2,9 T2;10 T2,11 Onzxnf
Oni XMNe Oni xn2 Oni X NNy Oni XNgNe Oni XNgNe Oni Xnen? Oni Xn2ne Oni Xn2ne 3,9 T3,10 73,11 Oni xn2
Onmxne Onzxng Onzxnenz Onzxnzne Onzxnzne Onzxncng Onmxnin,i Ongg><nfcn(i T4,9 T4,10 T4,11 Onzxng’
Onixne Onzxnz Onixnenz Onixnwne Onixnwne Onzxneni Onzxnzne Onzxnzne 5,9 T5,10 5,1 Onixnz

0,3 0,3xn2 0,3 0,3 0,3 0,3 2 0,8 %n2 0,3 «n2 6.9 T T6 0,3 «n3
n3 Xne n3 xn?2 N3 Xneng n3 Xngne n3 Xngne n3 xXnen? n3 xn2n, n3 xn2n, 6,9 6,10 6,11 n3 xn?

[0 R 0]
We now compute the non-zero elements in this matrix

1) The value of ry g

/
T =E {X{ (th—l-s ® €ty145 ® 6t+1+5> ]

= {00} el e @) e G201}
1= 177 ) yy,=1
Thus, the quasi Matlab codes are
E xf xfeps2 = zeros(nx,nx x ne X ne)
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for gamal =1 : nx
index2 =0
for gama2 =1:nx
for phil =1:ne
for phi2 =1: ne
index2 = index2 + 1
if phil == phi2
E zf xfeps2(gamal,index2) =FE xzf xfS(gamal,gama2)
end
end
end
end
end

where £ zf xfS=F [x{ (X{+S)/:|

2) The value of 1 19

/
r0=F [X,{ (€t+1+s ® X,{Jrs ® €t+1+s) }

=E[{x{<w1,1>}:f_l O R CANCHS RIS i o } ]

V2=l ¢1=1
Thus, the quasi Matlab codes are
E xf epszfeps = zeros(nx,ne X nx X ne)
for gamal =1 :nx
index2 = 0
for phil =1: ne
for gama2 =1:nx
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E zf epszfeps(gamal,index2) = E _xzf xfS(gamal,gama2)
end
end
end
end
end

3) The value of rq 11

/
=K [X{ (€t+1+s R €145 @ X{Jrs) }

- {z{ s 1)}%71 {GHH—S (#2:1) {€t+1+s (¢2,1) {$tf+s (V25 1)}711 }n }n

Y1=
Thus, the quasi Matlab codes are
E xf eps2zf = zeros(nz,ne X ne X nx)
for gamal =1: nx
index2 = 0
for phil =1: ne
for phi2 =1:ne
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for gama2 =1:nx
index2 = index2 + 1
if phil == phi2

E zf eps2xf(gamal,index2) =FE zf xfS(gamal,gama?2)

end

end

end
end
end

4) The value of rg 9

!
ro9=E {Xf (X{+s & €ty14s @ €t+1+s) }

=F [{xf (V15 1)}:T:1 {${+s (V2. 1) {€t+1+s (01, 1) {€t4+145 (92, )}¢2_1} 1} 1]
Yy=
Thus, the quasi Matlab codes are ’
E _xs_xzfeps2 = zeros(nz,nx X ne X ne)
for gamal =1: nx
index2 =0
for gama2 =1: nx
for phil =1: ne
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E zs xfeps2(gamal,index2) = E_xs_xfS(gamal, gama2)
end
end
end
end
end

/
where £_zs _xfS=F |:Xf (Xf+s) }

5) The value of 73 19

!
ro10 =L [Xf <€t+1+s & X{+s ® 6t+1+s> ]

5 [{xf (1o 0Fs {eernnn 00 {ols O s 0301} }¢ ]
Thus, the quasi Matlab codes are o
E xs_epsxfeps = zeros(nx,ne X nx X ne)
for gamal =1 : nx
index2 =0
for phil =1:ne
for gama2 =1:nx
for phi2 =1: ne
index2 = index2 + 1
if phil == phi2
E _xzs_epsxfeps(gamal,index2) = E_xs_xfS(gamal, gama2)
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end

end
end
end
end

6) The value of 7311

i
ro11 =L [Xf <€t+1+s @ €414 D X{Jrs) ]

=B [{zf (v, D} {€t+1+s (¢1,1) {€t+1+s (¢2,1) {$f+s (V25 1)} ’

Thus, the quasi Matlab codes are
E xs_eps2xf = zeros(nz,ne X ne X nx)
for gamal =1: nx

end

index2 = 0
for phil =1: ne
for phi2 =1:ne
for gama2 =1:nx
index2 = index2 + 1
if phil == phi2

Ne

Po=1

}

Ne

¢1=1

E xs_eps2zf(gamal,index2) = E_xs_xfS(gamal, gama2)

end
end
end
end

7) The value of 739

—Bl(xf ox!) (%! '
73,9 Xp @Xp ) [ Xigs @ €pi4s @ €pq14s

Mg

_ B l{ (12, 1) {af (72,1)}::_1}

V1=

Thus, the quasi Matlab codes are

E xfxf xfeps2 = zeros(nx X nz,nx X ne X ne)
indexl =0

for gamal =1 : nx

for gama2=1:nx

indexl = indexl + 1

index2 =0

for gama3 =1:nx

for phil =1 :ne
for phi2 =1: ne

index2 = index2 + 1
if phil == phi2

E xfxf xfeps2(indexl,index?2)

end
end
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1 {x{ﬂ (73, 1) {6t+1+s (@1, 1) {err14s (92,1 )}¢2_1} _1}

Ny

v3=1

|

=F zf xf xfS(gamal,gama2,gama3)



end
end
end
end

where E_zf zf xzfS=F [(X{ ® Xf) (X{“),}

8) The value of 73 19

f oo f '
r3,0 = F [(Xt ® Xt) (€t+1+s ® Xy s ® €t+1+s) }

=K l{ﬂf{ (71, 1) {JC{ (72,1)}nw }”w {et+1+s (6y,1) {xf+s (735 1) {€t414s (¢2,1)}Z::1}n$ }n ]

2=y =1 Va=1) g =1
Thus, the quasi Matlab codes are
E xfxf epsxfeps = zeros(nx X nx,ne X nx X ne)
indexl =0
for gamal =1 : nx
indexl = indexl 4+ 1
for gama2 =1:nx
index2 = 0
for phil =1: ne
for gama3 =1: nx
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E xfxf epsxfeps(indexl,index2) =FE zf xzf xzfS(gamal,gama2,gama3)
end
end
end
end
end
end

9) The value of r3 11

/
31 =L [(th ® X{) (€t+1+s D Ett145 @ Xi:rs) }

" {l{ 1) {35{ (2 1):;:1}}:1:1 {6t+1+s (¢1,1) {€t+1+s (¢2,1) {%{-&-s (735 1)}M }nc }ne

1 Yo=1 $y=1 61 =1
Thus, the quasi Matlab codes are
E xfxf eps2xf = zeros(nx X nz,ne X ne X nx)
indexl =0
for gamal =1 : nx
for gama2 =1:nx

indexrl = indexl + 1

index2 =0

for phil =1:ne

for phi2 =1: ne
for gama3 =1 :nx
index2 = index2 + 1
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end
end
end
end
end

10) The value of r4 9

if phil == phi2
E zfxf eps2xf(indexl,index2) =E zf xf xfS(gamal,gama2, gama3)
end

!
T4 =B {ng (X{-l—s ® €t414s @ €t+1+s) ]

E[{Igd(”“”}:f—l (et o) fecnne @0 s @00} 1 1

4)1:1 72:1

Thus, the quasi Matlab codes are
E _xrd_xfeps2 = zeros(nx,nx X ne X ne)

for gamal =1 : nx
index2 =0

for gama2 =1:nx

for phil =1

cne

for phi2 =1: ne
index2 = index2 + 1
if phil == phi2

end
end
end
end
end

where E_xrd_xfS =

11) The value of r4 19

E xrd_xzfeps2(gamal,index2) = E_xrd_xfS(gamal, gama2)

E {xzd (x{ﬂ)'}

/
_ d f
410 =L [Xf (6t+1+s ® X4 ® €t+1+s) }

" l{ﬂd (n: 1)}:;1 {GHHS (é1,1) {${+s (V2s 1) {14145 (92, 1)}22:1}m } | 1

Y2=1

Thus, the quasi Matlab codes are
E xrd_epsxzfeps = zeros(nx,ne X nx X ne)

for gamal =1 : nx
index2 =0
for phil =1: ne

for gama2 =1:nx
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2

end

E _xrd_epsxzfeps(gamal,index2) = E_xrd_xfS(gamal, gama2)
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end
end
end
end

12) The value of r4 11

/
_ d
rann = [x;" (€t+1+s X €145 @ X{_,_S) }

=F {xtrd (71 1)}:;1 {€t+1+s (¢1,1) {€t+1+s (69, 1) {x{+s (72, 1)} } }
Y2=1] 4, =1 6i=1
Thus, the quasi Matlab codes are
E _xrd_eps2xf = zeros(nx,ne x ne X nx)
for gamal =1: nx
index2 =0
for phil =1:ne
for phi2 =1: ne
for gama2 =1: nx
index2 = index2 4 1
if phil == phi2
E xrd eps2xf(gamal,index2) = E_xrd_xfS(gamal, gama?2)
end
end
end
end
end

13) The value of 7359

li
r59 =B {(th ® Xf) (th+s ® €t414s @ €t+1+s) }

Ng Ne Na
=FE [{m{ (’717 1) {Z‘f (’727 1)}:::1}’7 —1 {m{—m (’737 1) {€t+1+s (d)lv ]-) {€t+1+5 ((12527 1)}2;:1}4) 1} 1‘|
1= 174 ) =
Thus, the quasi Matlab codes are ’
E zfxs xfeps2 = zeros(nr X nx,nx X ne X ne)
indexl =0
for gamal =1: nx
for gama2 =1: nx
indexl = indexl + 1
index2 =0
for gama3 =1: nx
for phil =1:ne
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E zfxs xfeps2(indexl,index2) = F xf xs_xfS(gamal, gama2, gama3)
end
end
end
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end
end
end

where E_xzf xs xfS=F [(Xf ®Xf) (X{H)/

14) The value of r5 19

g
7"5,10 =F |:(th 024 th) (6t+1+5 & th+8 & €t+1+s>

:El{xf (m){xf(w)}ﬁ:—l}:z:l{6”1*5("51’1){xfﬂst”{%ﬂ<¢2’1>}Z§—1}M } ]

V3=l ¢1=1
Thus, the quasi Matlab codes are
E xfxs_epsxfeps = zeros(nx X nx,ne X nx X ne)
indexl =0
for gamal =1 : nx
for gama2 =1:nx
indexl = indexl 4 1
index2 =0
for phil =1 : ne
for gama3 =1 :nx
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E _xfxs_epsxfeps(indexl,index2) = E_xzf xs_xfS(gamal, gama2, gama3)
end
end
end
end
end
end

15) The value of 75 11

/
511 =L |:(X{ ® xf) (€t+1+s ® €t414s5 D X{Jrs) ]

_E {x{(71,1){xf(yz,n}gg_l}:w_l{et+1+s(¢1,1){et+1+s(¢2,1){xils(wl)}”w } }

72=1) =1 6y=1
Thus, the quasi Matlab codes are
E xfxs_eps2xf = zeros(nx X nx,ne X ne X nx)
indexl =0
for gamal =1 : nx
for gama2 =1: nx
index]l = indexl + 1
index2 =0
for phil =1:ne
for phi2 =1:ne
for gama3 =1 :nx
index2 = index2 + 1
if phil == phi2
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E zfxs eps2zf(indexl,index2) = F_af xs_xfS(gamal, gama2, gama3)

end
end
end
end
end
end

16) The value of 74 9
F ol ol («f '
r69 = E |:(Xt ®¥x; ® Xt) (Xt+s ® €t41+s & €t+1+s) }

= E[{m{ (v1,1) {xtf (72, 1) {m’{ (3, 1)}::1}M }nz

Y2=1 v1=1
{elis o) feocnes @) e @0l )
1= =
Thus, the quasi Matlab codes are 73
E xfxfef xfeps2 = zeros(nx X nx X nx,nx X ne X ne)
indexl =0
for gamal =1 : nx
for gama2 =1:nx
for gama3 =1:nx
indexl = indexl + 1
index2 = (
for gamad =1 : nx
for phil =1: ne
for phi2 =1:ne
index2 = index2 + 1
if phil == phi2
E zfxfxf xzfeps2(indexl,index2)
=F zf xf xf xfS(gamal,gama2, gama3, gamad)
end
end
end
end
end
end
end

where E_zf «f af xfS=FE [(X{ ® x{ ® X’{) (X{Jrs)/}

17) The value of rg 10

!
r6,10 = £ [(Xf ®x{ ® Xf) (€t+1+s ® Xf+s ® €t+1+s> ]

_ E[{xf (71, 1) {x{ (Y2, 1) {x{ (73’1)}7;::1}% }n

Yo=1 v.=1

X {6t+1+s (¢1,1) {${+s (3, 1) {14145 (92, 1)}25_1}:m_1}¢ ]
3= =1
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Thus, the quasi Matlab codes are
E zfxfxf epszfeps = zeros(nx X nx X nx,ne X nx X ne)
indexl =0
for gamal =1: nx
for gama2 =1: nx
for gama3 =1 :nx
indexl = indexl + 1
index2 =0
for phil =1:ne
for gamad =1 : nx
for phi2 =1: ne
index2 = index2 + 1
if phil == phi2
E xfxfxf epsxfeps(indexl,index?2)
=F xzf xf xf xfS(gamal,gama2, gama3, gamad)
end
end
end
end
end
end
end

18) The value of 76 11
f o of f £y
re11 = I [(X't Xx; @ X't) (€t+1+s @ €t414s5 D Xt+s) ]

= E[{xf (71,1) {xtf (72, 1) {m’{ (73’1)}::—1}7“ }

Yo=1

Ny

7i=1

e

X {6t+1+s (¢1,1) {€t+1+s (¢2,1) {37{+s (V3 1)}:11} e } ]
277 ) ¢p=1

=1
Thus, the quasi Matlab codes are ”
E xfxfef eps2xf = zeros(nx X nx X nx,ne X ne X nx)
indexl =0
for gamal =1 : nx
for gama2 =1:nx
for gama3 =1:nx
indexl = indexl + 1
index2 = 0
for phil =1: ne
for phi2 =1:ne
for gamad =1: nx
index2 = index2 + 1
if phil == phi2
E zfxfxf eps2xf(indexl,index2)
=F af af zf xfS(gamal,gama2, gama3, gamad)
end
end
end
end
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end
end
end

/ /! !/
We know all the required moments, except E x{ (XIJFS) }, E [xf (xtfH) } E {(x{ ® x,{) (XZJFS)
/ /
E [(xf ®x§) (XZJFS) }, and F [(xf ®x{ ®xf) (X{Jrs) ]
!
a) For E |:Xf (X{JrS) ]

Recall that Xt+s = hix! + > hitone, ;.
So

i i ) ’ /
Bl (xfi.) | = 2 o (bl + 0 e ome) | = | (xf) |

’ E |:ng (X{+s>/:|7

!
b) For E {xf (x{+s }

E {xi (x{+s)'] =5 |xi (bex! + 20, h;ianetﬂ-)'] =E {xt (=) ] (h3)

c) For E [(xt ®Xt) XHS)/}
B (L oxd) () | = 8| (xd o xd) (b 4 Sy tomer) | = 2| (] o) () | gy

d) For F {x{d (X{+S ,}

/
E {ng (x{+s> ] —E

. !
x; (hix{ +2 hi”anem) ]

!
=E [x:d € } (b
So we only need to find E [}q (xt) ] Recall that

x7¢y = hyexi? + 2H o« (xtf ®xt) + Hyoex ( f o x! ®xt> + 2hyox0? x{ + thooeo?
So

/

E [x;d (x{) }
~ -~ /
=F [(hxx;d + 2H x (xic ® xf) + Hyxx (x{ ®xf ® x{) + %haaxa Xt + hwgo ) (X{) ]

. {ng (xg)’] i o [(x{ ©xi) (xf )’]

-~ !
+Hyxx F [(x{ @xi® x{) (x{) } + 3h,ox0’E {x

S
—
%
S
~—
[
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E [xgd (x{)/} — (I—hy)" [ZﬁxxE [(x{ @x}) (x{)l} n: [(x{ @x] @x]) (x{)/] + 2hyoxo?E [x{ (x,{)/”
¢) For E [(xt ®xt> (X{H)']

E {(xt ®Xt xtJrS

~ 5| ( e x)
- [t o) (1)

f) For E |:(X{ ®x] ®x{) (X{+S)/:|

!
E {(x{@xf ®x{) (X{+S) }

. !
=F [(x{ ®xi ® x{) (hf(x{ +>0, hf:lanet”) ]

!/
hXtJrZL 1 hi m)etﬂ-)]

= |(xf oxl oxf) (<f) | sy

5 The Dynare++ notation

This section presents the pruning method up to third order using the notation in Dynare and Dyanare++4-. The solution to
DSGE models are in Dynare and Dynare++ given by

Zy :f(Zt_l,llt,O') (39)

where z; contains all the endogenous variables (i.e. control variables and all state variables), and u; with size n, x 1 is
the vector of disturbances with the property u; ~ NZD (0,3). It is convenient to express this more general solution in a
notation that is similar to the one used above. We therefore write (39) as

Yyt =8 (thla Uy, J) (40)

Xt+1 = h(Xt,ut+1,0) (41)

where y; and x; are as defined above. The key difference compared to the notation in Schmitt-Grohé & Uribe (2004) is
that the function g depends on the innovations u;. Note also that the innovations may enter in a non-linear fashion in the
h function. Below, it is useful to define

X
Vit+l = { util ] (42)

where v; ;41 has dimensions n, x 1. The first subscribt of v; ;1 refers to the time index of x; and the second to the time
index of u;41.

A first-order approximation (40) and (41) around the deterministic steady state is

Yt =8vVi_1p (43)
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Xt+1 = hth,t+1 (44)

A second-order approximation is

1 1
Yt = gvvtfl,t + §va (thl,t & thl,t) + §g0'0'0-2 (45)
and ) 1
Xer1 = hyve e + in (Vi1 @ Vigqr) + ihm;UQ (46)
A third-order approximation is
1 1,
Yt = 8vVi-1t+t inv (Vi1 @ Vi—14) + 58000 (47)
3 1
+6vav (Vic1,4 @ Vi1 ® Vi_14) + ggaavUQthl,t + ggo’crcro'?)
and
1 1.,
X1 = hyvip + §va (Vig+1 @ Vieg1) + §ha00 (48)
1 3 1
+§vav (Vt,t-i-l ® Vt,t-i—l ® Vt,t-i—l) + 6h00v02vt,t+1 + éhaaoo'3
6 Pruning scheme in Dynare++-:
6.1 Second order approximation:
We start considering (46) which we write as
zi1 (5.1) = hy (4, 1) Ve + (Vees1) Bow (4,5 0) Ve + 2hoo (5, 1) 02
x X ' X
z js 1 :hv jy : ’ + ’ 1’lvv e ! +lhaa j 1 o?
G =m0 [ | 2 e | 2| 4 G)
for j=1,2,...,n,.
Let us now decompose the state vector x; as
X; = xf + x; (49)

Notice, that we do not need to compose the innovations as they are a first order effect in the system. For the subsequent
decomposition let

hy = [ hx(j,) ha(j,2) ] (50)
N hyx (].737:) hyu (j,:,:)
hyv (]7‘7‘) - |: hux (j’:’:) hyu (j,i,i) :| (51)

for j=1,2,...,n,.

Hence,
oo s . . . X{ + x3
xtJrl (Ja 1) +xt+1 (]71) = [ hx (.7):) hu (]7:) ]

. ’ .
+l X{ 4‘)(;5g hxx (.77:7:)
2 Uit1 :
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ol G0 + @8 G0 1) = o (G (3 4+ ) +Ba (5,2) wen
P P f s
1 f ! s\/ / ] hyx (.77-7') hyy (ja-a-) X; + Xy
T3 [ (Xt> + (x7) i1 [ hux (4,51)  huu (4,51 Ui+1
+%hm7 (4,1) o?

)

ol G0 + @8 G0 = o () (3] +5¢ ) +Ba (5, wen

3] (() 60 ) o )+ e i) () 060 ) o ) b G | [ 0

U1
+1hoo (4, 1) 02

g

2l D)+t (1) = he (9 (xf 4+ ) +Ba () wes
1 () 00 ) o ) () + e ) ()
3 () 60 ) o G s+ B G
+3hos (7,1) 0

A law of motion for the first-order terms is thus

wliy (G:1) = by (3, ) %] + by (4,1) W (52)

for j=1,2,...,n,.

A law of motion for the second-order terms is thus

s . ) s 1 ! . 1 .
i (1) = ha()x 45 (x) B (s 0) (xF) + b B () %] (53)
1/ 5\ _ 1, , 1 S
+§ (Xt) hyu (7,5, 1) Weg1 + §Ut+1huu (J,:50) Uegr + §haa (4o

for j = 1,2,...,n,. Note here, that non-linear shocks will imply that we have innovations to =7, (,1), i.e. if hyx (j,:,:) # 0
and hyy (4,:,:) # 0.

For the control variables, we introduce the following notation

gv=1[8x(i,) 8uli,:) ] (54)
Poee) — 8xx (iv:v:) 8xu (i7 ) )

fori=1,2,...,ny. Thus
Y (3,1) = gv (4,1) Vic1 + % (Vt—l,t)/ guv (1,1,1) Vi1 4+ %gaa (4,1) 0*

ye (i,1) = [ 8x (6::) 8u (i) | { x{_y iy ]

. , ' .
41 [ X{—l +x7_4 :| |: Exx (27:7:) 8xu (%,
2 . .
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e (1) = g (1) (g + 50y ) o+ (i) e

1 f ! s / / :| Exx (7’%") gxu (Zv~7~) Xp 1 +Xi_q 1 . 2
+2 [ (Xtil) * (Xtil) Ut |: Sux (i,:,:) uu (’i,l,:) Uy + 2900 (Z,].)U

e (i) = g (1:2) (x4 435, ) + ga (i) w

+3 [ ((X{—l)/JF (x5_1) > 8xx (1,1,1) + Wiux (4,1, 1) ((thf—l)/+ (x5_1) > Exu (1,5 1) + Wguu (4, 1,1)

> X{—l + X7
uy

+%gw (i,1) o

+ ano' (Z 1)o
for i =1,2,...,ny. We want to preserve terms up to second order, hence the pruned approximation is

pi1) = (i) (g ) i)
1 4 . 1
+§ (X{—1> Exx (i, )Xf 1+ 2utgux( ) 7~)XZ—1

1 Y 1, .
+§ (Xt 1) gxu( :)ut+§uf,guu (27:7:) uy

fori=1,2,...,n

6.2 Second order approximation: a convenient representation

When coding the derived formulas it is convenient to use v ;11 directly, and the corresponding derivatives of g and h,

because this is how the output from Dynare and Dynare++ is stored. Hence, we can write

oo Xt
X;1 =hy [ Wi }

and ;o ;
s . . x? 1] x . x 1 .
‘rt-l-l (.]a:):hv(.]7:) |: Ot :| +§ ¢ :| hvv (.77:7:) |: t :| +§h00 (.73:)0-2
for 5 =1,2,...,n,. For the control variables we have

w0 =g ([ 0 ][5 ) o[ o et [ 4 oo

fori=1,2,...,n,.
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Using the kronecker representation (fast for MATLAB) we have

s _ f f 1
X X X
X7 1 =hy t | +Hyy t & { t ]) + =h,,0°
t+1 |: 0 :| (|: Ui41 :| Ui41 2

where
fIW = %reshape (hvwnm,nv)
And x! x; = x/ x! 1
s ([ [ [ ) ren ([ o [0 ) 2
where ) )
Gyy = Ereshape (gvv,ny, nv)

6.3 Third order approximation:
Let us now decompose the state vector x; as
Xy :xf—i—xf—l—x:d
Thus
xtJrl (.73 1) = hv (.77 :) Vt,t+1 + % (Vt,t+1)/ hvv (.7, 5 :) Vt,tJrl + %hao (]7 ]-) g
(Vt,t+1)l hyyy (j7 L 5)Vt,t+1

2

+% (Vie1) + %hoov (J, 1) 0*Viegq1 + éhaaa (J,1)0®

(Vt,t-&-l)/ hyyy (j7 Ny, 2 3)Vt,t+1

)

f s rd
. s . r . . . X; +X; +X
2Ly G 4 aden Go1) + 22y (1) = [ B (G:2) huu,.)][ 1 x4 }

U1
f s rd ! s s f s rd
1| x!+x)+x] hox (J:551) hxa (7,50) | | x{ +x7 +x] 1h (i 1) 02
*2[ i } [hux<j,:,:> huw (52 2) T R

(D) + o)+ () e B 13) [

[ () + )+ (4% e B omsis) [

X{ + x5+ X;d

S Yo 1)

ol G + @34 (o) + 2780 (1) = b G9) (%] x5+ x7%) + B () wes

!
+1 ((x{ ) )+ (x:d)’> B (i is2) (xF 455+ x7) + Sug b (G0 (x

!
+% ((X{) + (Xf)/ + (x;‘d)/> hxu (Jv 5 :) LLTA | + %u2+1huu (.77 ) :) Uit
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X{ +x7 + xgd
Uil

Xf + x5+ x{d
Us41

+ x5 + x§d>

|
|

(61)

(62)

(63)



{ (X{)/+ (o) + () wen } hyvv(4,1,:1) [ x{ +1:ij’ x;? ]
+§ [ (X{>/ + )+ (1) up } . ,
[ (X{)’ + (x5) + (X?d)/ Wi }hvvv(j,nv,:7;) { x! +;ijr x7d ]
x! + x5 + %}

+l‘haa'a' '7]- 03
. } & (4, 1)

20 (1) 02 [

Without reducing the large term for with hyyy(j,:, 1), it is straightforward to see that the law of motion for z7¢, (4, 1)
that only preserves third order terms is
oty (7,1) = b (4, 2) xp+

/
+% (Xf)/ hxx (.77 5 :) X{ + % (X{> hxx (J? 5 I)Xf + %ug-',-lhux (.77 5 :) Xf
+% (Xf)/hxu (J,:50) W

{ (X{)/ U1 ]hvvv(j71,:’;)|: Xi }
+%[ (XD/ Ui41 } ut+f1
[ (X{)I Uit1 ]hva(j, nv,:,:)[ Xy }
Fhors (G [ X ] b (1)

Using the convenient representation we thus have

- er
x4, = hv[ o } (65)
- x,{ X?
+2H, ® 0
Ut41
e ([ o[, o [0, ])
Uil U1 Ug+1

It is by now straigthforward to see that an expression for y; which only preserves up to third order terms are:
f s rd
_ Xi_1 Xi—1 Xt21
v (00 5 ]) g

_|_(~; X{—l ® th—l +2 X{—l ® Xf—l
vv Uy U Uy 0

+é Xijttfl ® ngl ® xffl
vvv u; u u;

1 3 S
+§g0002 + égoavo'2 |: Xltlzl :l + 7g00<70-2
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7 Dynare++ notation and statistical properties: second order

7.1 Co-variance stationarity

We start with the state variables. From above we have for the first-order effects that
wli1 (5:1) = hy (5,) X] + hu (,2) w1
iif f
Xy 1 = hxx; +hyugy

For the second-order effects ,
221 (1) = B ()% + 3 (5] ) e G22) () + S B Gt )
3 (x) B (o s+ 0y G ) s+ Sy (1) 0
lL !/
Xj 1 = hyxi + H,x (xf ® x{) +uy hax (7,:0) (x{) + (x{) hyw (4,5 0) wegr + Huu (W41 @ upyr) + %hwa2
(i
i1 = b+ B (xf @) 4 B (00 @)+ Bl (o] © 1000 ) + Bl (002 © 1042) +
(i
X5 = hex? +H, (x{ ® x; ) +Hoy (Ut+1 ® x{) +H,y (x{ ® u,H_l) +Hyy (upr1 @ Uiy — vee (B) fvec (2))4»%1’10,00'2
(i
X7 = hyex) + H,, (xic ® x{) + Hyx (qu ® x{) + Hyy (th ® ut+1> +Hyy (uty1 ® uppq — vee (X))
+Hvee (2)+ %hwa2

where we have defined

H %Teshape (hxx, Ng, n2)
I:qu = %Teshape ( aus Ny M )
I:I %reshape( sy oy Ty Moz )
H (h

xus Ny Ny )

xu = %reshape
Hence, we need to find the law of motions for x{ ® x{
x,{ ® x{ = (hxxtf71 + huut> ® (hxxill + huut)
= hxxf_1 ® (hxxf_1 + huut) + hyu; ® (hxxf_1 + huut)

= hxxf_1 ® hxx{_1 + hxxf_1 ® hyu; +hyu; ® hxxf_1 + hyu; ® hyu

= (hy ® hy) (x{,1 ® x{,l) + (hy ® hy) (x{il ® ut)
+ (b @ h) (@), ) + (@ hy) (w @ w,)

= (hy ® hy) (x{_1 ®x{_1) + (hye ® hy, )(xt ) ®ut)

+ (hy @ hy) (ut ® x{_l) + (hy ® hy) (uy ® uy)
Thus
st ©xf = (e @b (x] @x] ) + (e @ ho) (xf @ uis)

(B @ 1) (i1 @ x] ) + (b Ba) (W @ i) = vee () +vee ()

134



= (hx ® hy) (x{ ® x{) + (hx ® hy) (x{ ® utH)
+ (hy ® hy) (llt+1 ® X{) + (hy ® hy) (W41 ® gg1) — vee (%))
+ (hy ® hy) vee (%)

Thus we can set up the following system

X{H 0 hy O 0 x{
X{ = %h(wa2 +Hyyvee(X) | +| 0 hy H, x5
X{Jrl & X{+1 (hu b2 hu) vec (2) 0 0 hy®hy X{ ® X{
Ui41
h 0 0 0
u - ~ -~ W1 ®Upyq — vec (X
|0 Ha o F i, 1 @ e - ec ()
0 hy®h; (hy®hy) (hy®hy) x?@; ut+t1
t

Ziy1 = C + AZt + B€t+1

where we have defined

0
c=| 3hy,0%+ Hy,vee (X)
(hy ® hy) vee (X)
h, O 0
A= 0 hx Hxx
0 0 hy®hy
h, 0 0 0
B = 0 Huu Hux qu
0 h,®h, (hy®hy) (hy®hy)
U¢t1
£, = Uy @ uyg — vee ()
1= Wi @ X
xf @ Uz

Similar arguments as presented above ensure that all eigenvalues of A have modulus less than one provided the same
holds for hy.

For the control variables we hayve
e (i) = g (6:5) () 4351 ) + 8 (i) w

1 f ! ; f 1.7 ; f
+3 (Xt—l) 8xx (1,5,1) X5 + 5 U 8ux (4,51) Xp_4
/
+% (Xi:l) Exu (Za 5 :) Uy + %u;guu (Z; 5 :) uy

+%gm (i,1) o
U

Yt = 8x (X{—l + X?71) + gul: + érxx (Xf—l ® X{—l)
G (W @ xf ) + G (x 2 w) + G (W @ W) + Sgo00?

= 8x (Xffl + Xf—l) + gul + C't»"xx (Xffl ® Xffl)
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G (ut @x/_1) + G (x4 @) + G (W @ 1) = vee ()

—|—2gwa + Guuvec( )
where we have defined

Gxx = §T68hape (gxxa nya n2)
(}uu = %reshape (guu,nya u)
Gux = 1reshape (Gux, Ny, )
Gyu = %reshape( xus Ty s Tz, )
Thus f

1 2. & G iy
Yt = 58000 + Guuvec (%) + [ 8x 8x Gx ] f Xic1

X1 O
uy
- ~ ~ u; ® uy — vec (X)
+[ gu Guu Gux Gxu ] ut®Xf 1
t_
Xffl ® Uy

y: =d + Ez; +F§,

7.2 First and second moments

We also see that I [Et+1] = 0. Hence, the first and second moments for z; are:

Elz) =1-A)""¢

and for the variances we have that ,
E [zt+1z;+1] =F [(c + Az + B€t+1) (c + Az, + B€t+1) }

=FE|[(c+ Az + B¢, ) (¢ +z,A' + &, B)]

=FElc(c +zA +&,,B)]
+E [Az, (¢ + z,A’ + &, ,B)]
+E B,y (¢ +2A +&,,B)]

= E [cc/ + czjA' + c&; B
+E [Azic + Azzi A’ + Az &) B]
+E [BE,, ¢ + Bz, A' + BE, & B

=cc' +cE[z}] A’
+AFE [z:]c' + AE [z:z;] A’ + AFE [Ztéiﬁ-l] B’
+BE [€t+1zﬂ A’ +BFE [€t+1€;+1} B’

We then note that .
th / li
E [Zt£;+1] =F x5 [ w (w1 ®ugyr —vee (2)) (ut+1 ® x{) (xf ® ut+1> ]

x{ ®x,{c
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! !
A x! (W41 ® wyyy — vee (X)) x] (ut+1 ® Xf) x] (X{ ® ut+1>

! !
=FE xjug x5 (U1 @ upyq — vee (X)) X} (llt+1 ® X{) X} (xf ® uH_l)

/ !/
(X{ ® X{) LY (X{ ® X{) (W1 @ uppr —vee (D)) (X{ ® Xf) (Ut+1 ® X{) (X{ ® X{) (X{ ® ut+1)

0 0 0 O
=0 0 0 O
0 0 0 O

Thus
E [Zt+1zi+1] =cc' +cFE|z;]A'+ AF |z c + AFE [zz;) A’ + BE [€t+1€;+1] B’

=cE[z]]A’ 4+ (c+ AE[z]) ¢’ + AE [zz)] A’ + BE [¢, &/, | B

Note also that
Elz]| E [zt]/ =(c+ AFE[z]) (c+ AFE [zt])/

=(c+AE[z])c + (c+ AE[z)) E[z}] A’
=(c+AFEz])c' +cE|z}]A’ + AE [z, E [z,] A’

So
B [20s171] — Elm] Ela) = cE[g] A + (¢ + A []) ¢ + AF [22] A’ + BE [€,,,€),,] B
—(c+AFE[z])c —cE[z}) A’ — AE [z;) E [z}] A’

— AE[z) A +BE [€,,,€,,,] B' — AB[z] E[2]] A

" = A (Ezz)] — B2 E[z)]) A’ + BE [§,,,&,,,] B’
Var (z;) = AVar (z;) A’ + BVar (¢§,,,) B’

For the control we have directly that
E [yt] =d + EF [Zt]

Varly, = EVar [z E +FVar (&) F

where we use that Cov (z, &,) = 0. Note that we trivially have £ [x{ ] = 0 which we will use below. Hence, we only need

to compute Var (&) .

7.2.1 Computing Var (€t+1)

We have
Var (&,,) = E [£,11€141]

Ui 41
U1 @ upyr — vee ()
U1 @ x{
X{ @ Uy

! li
Wy (W ® w) —vee (1) (ut+1 ® Xf) (Xf ® ut+1)
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LIEER Wit (W1 @ uppr) — vee (X)) /
(1 @ uppy —wee(B))upyy (g @ uppy — vee(I)) (W41 @ upys) — vee (X))

=F w ®x] ) u, w1 ®%] ) (W41 @ uppr) — vee (X))
x{ @) uly, x{ @ 1) (w41 @ upps) — vee (X))
Y f '
Uit (ut+1 ® Xt) U1 (Xt ® ut+1)
! !
(upy1 ® upp1 — vee (X)) (uH_l ® X{) (up1 ®@ uppq — vee (X)) (x{ ® ut+1)
! !
(llt+1 & X{) (llt+1 & X{) (llt+1 & X{) (X{ & llt+1)
!/ !/
(om) unot)  (fom) (fom)
3 E [Ut+1 (upy1 ® ut+1)/]
!
_ | Blwsi@ws)uiy]  E(e @ e —vee(2)) (g1 @ upgr) — vee ()]
0 0
0 0
0 o’
0 0

/ /
(Ut+1 & X{) (ut+1 & X{) (llt+1 02y X{) (X{ & Ut+1)
/ /
(xtf ® ut+1) (ut+1 & X,{) (Xf & U-t+1) <XZ & Ut+1)

These elements can be coded directly as shown above.

8 Equivalence between the SGU-notation and the Dynare notation

This section shows the equivalence between the notation by (Schmitt-Grohé & Uribe (2004)), i.e. the SGU-notation, where
innovations only enter linearly and the Dynare and Dynare 4++ notation where innovations may enter in a non-linear
fashion. The key observation is that the SGU-notation actually also includes the Dynare and Dynare ++ notation when
extending the state vector accordingly. Recall from above that the SGU-notation reads:

yi =g (xt,0) (67)
Xt+1 = h(x¢,0) +ome 4 (68)

By lagging (68) by one period we get
x¢ =h (x¢_1,0) + one, (69)

and v; = [ Xi_1 € ] can then be considered as the extended state vector .Hence, for this extended system we thus have

yi =g (Xi—1,€,0) (70)
x¢ = hy (x¢_1,€,0) (71)
€141 = Upp (72)

which is the Dynare and Dynare ++ notation with innovations entering nonlinearly. Accordingly, we can without loss of
generality consider the SGU-notation.
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We next illustrate how the Dynare-notation can be implemented with SGU-codes for the simple neoclassical model.The
standard implementation reads:
et + kir1 — (1—0) ky — arky
f=| ¢ = PBe (at+1akf‘_~f11 +1-96)
logaiy1 — plogay

where x; = [ ki a ] and y; = [¢;]. The equivalent Dynare-notation implementation is given by

¢t + k’t+1 — (1 — 6) kt — atkf‘

f= ¢; " — Ber (exp{ploga; + oeri1}aky )t +1—0)
o loga; — plogas—_1 — o€
€t+1

where x; = [ ke a1 € ] and y; = [¢y].

9 Existence of Skewness and Kurtosis

This section derives conditions for the existence of skewness and kurtosis in a linear system. We consider the system
X¢+1 = a+ Ax; + v where A is stable and v;41 are mean-zero innovations. Thus, the pruned state-space representation
for DSGE models belong to this class. For notational convience, the system is re-express in deviation from its mean as
(I—A) E[x] = a and therefore

Xt+1 = (I — A) FE [X] + AXt + Vit1

Xep1 — Ex] = A (x¢ — E[x]) + Vi1
(i

Zir1 = Azy + Vi

We then have
Zi11 ® Zip1 = (AZp + Vigp1) ® (AZy + Vigr)

= Az; ® (Azi + Vi) + Vip1 ® (Azg + Vig)

=Az; @Az + Az @ Vig1 + Vg1 @ Az + Vi1 @ Vi

Zi1 @z QZpq1 = (Azy @ Azy + Az @ Vi1 + Vg1 @ Az + Vi1 @ Vig1) @ (Azg + Vi)
=Az, QA2 Q(Azy + V1) FAZ @ Vi1 © (Azy + Vi) + Vit 1 © Az ® (Azy + vip1) + Vi1 @ Vi1 @ (Azy + Vi)

= AZt X AZt X AZt + AZt ® AZt X Vi1
+Az @ Vi1 @ Azy + Az @ Vi1 ® Vg
+vit1 @ Az @ Az + vip1 @ Az @ vigy
+Vit1 @ Vi1 ® Azy + Vi1 @ Vi1 @ Vg
Thus, to solve for F [z;41 ® 2Z¢11 ® Z41] the innovations need to have a finite third moment. At second order, vi41 is
function of €;41®€41, meaning that €; 1 must have finite sixth moment. At third order, v, ; is function of €;1®€;11®€41,
meaning that €;41 must have finite ninth moment.

Zi11 21 ®Ziy1 QZpyq
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= (AZt X AZt ® A.Zt + AZt (9 AZt ® Vit1
+Az @ Vi1 @ Azy + Az @ Vi1 ® Vigd
+vit1 ® Az @ Azy + vip1 @ Az @ vig
FVip1 @ Vi1 @ Az + Vi1 @ Vi1 @ Vi) @ (Azy + viegr)

= AZt X AZt (24 AZt X (AZt + Vt+1) + AZt X AZt X Vitl X (AZt + Vt+1)
+Az @ Vi1 Q@ Az @ (AZy +Vig1) + Az @ Vi1 @ Vig1 ® (Azy + Vigr)
+vip1 ® Az @ Az @ (Azy + Vig1) + Vi1 Q@ Az @ Vi1 @ (Azy + vigr)
Vg1 @ Vi1 @ Az ® (AZy + Vip1) + Vg1 © Vi1 @ Vi1 @ (Azg + Vi)

=Az, @Az, @ Az, @ Az + Az @ Az @ Az @ Vg

+AZt X AZt X Vil X AZt + AZt X AZt X Vit X Vi1

+AZt X Vit1 X AZt (24 AZt + AZt X Vitl X AZt X Vitl

+AZ @ Vi1 @Vip1 @ Az + Az @ Vi1 @ Vi1 @ Vi

+Vt+1 ® AZt X AZt ® AZt + Vit ® AZt X AZt X Vit

+Vit1 ® Az @ Vi1 ® Azy + Vi1 ® Az @ Vi ® Vi

+Vit1 @ Vi1 ® Az @ Azy + Vi1 ® Vi1 ® Az @ Vi

+Vi1 @ Vi1 @ Vi1 @ Az + Vi1 @ Vi1 @ Vip1 @ Vi

Thus, to solve for E [z;11 ® Zi41 @ Z411 ® Z¢+1) the innovations need to have a finite fourth moment. At second order,

vii1 is function of €;41 ® €;41, meaning that €, must have finite eight moment. At third order, v;y; is function of
€111 ® €441 ® €441, meaning that €;41 must have finite twelve moment.

10 Impulse response functions - the definition by Andreasen

This section derives closed-form solutions for the impulse response function in non-linear DSGE models. Note that this
section uses the definition of an impulse response function suggested by Andreasen (2012). This definition is
IRFyar (Lv,wy) = FEy[vary|€e 1 + V]
—Et [varH_l]
where €;11 is stochastic (appologies for the bad notation!). To reduce the notational burden in the derivations below, we

adopt the parsimonious notation
IRFvar (l, v, Wt) = Et [Vﬁ'tjpl] — Et [vartH]

in relation to the conditional expectation operators.

10.1 At first order

Recall that we have:

xl1 = hax! 4+ ome

and
X{H = hxx{ﬂ T OonNe€ o
= hy (hxxf + 077€t+1) +one o
= hix{ +hyone,  +one; o
and
X{+3 = hxxtf+2 +OoneEL 3

= hy (hiX{ +hyone,, + 077£t+2) +omne€s
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= hixic +hione, | +hyxone, o+ one, 3

3 .
= hf’cxic + le hi_‘70"l’]€t+j

In general

l )
x!,, = hix{ + 2_: hiomne,, ;

Jj=1

With a shock of v in period t + 1, we have

l .
%/, =hix] + Zl hiTon (€4 + 0u4j)
i=
where we define d; such that:
O0upj=v forj=1

014 =0 forj#1

So

l
<f ol =
Et |:Xt+l — Xt+li| = Et

. ! )
Zl hiTon (e + 01yj) — '21 hiTone,
j= j=

l .
Zl hi(_] 0n6t+]
j=

=hitond,
using the definition of &,y ;.

_ i1
=h""onv
because d;41 = v

and
=f f _ = f f
Ey {}’Hl - yt+l] = gxFEi [Xt-H - Xt+l}

10.2 At second order
We need to consider:
X7/ = hyxi + %Hxx (x{ ® X{) + %hwa2
X710 = haxy + 5 Hxx (X{+1 ® X{+1> +5hge0
= hy (hxxf + 1 (x{ ® X{) + %hgacfQ) + 1 o (X{+1 ® xf+1> + ih,,0?
= h2x; + hy LH,, (x{ ® x{) } hylhyoo? + LH (x{'H ® xf;_l) + 1h,p0”

X3 = haxip + $Hox (X{Jrg ® Xf+2) + th,0?
= (h2x; + B Hx (x] @ %] ) + Dy hooo® + $He (xfoy @ %0 ) + dhoeo?)
i (< )
=h3x{ + h2JH, (th ® Xf) +h2lh,,0% + hydHyy (X{—H ® X{H) +hylh,p0
—l—%Hxx (x{+2 ® xf+2) + %haaUQ
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=h3x{ + h21H, (x{ ® x{) + hy 2 Hyx (X{H ® x{H) + 1 Hx (x{+2 ® x{+2>
+hZih,,0? + hxlh,,0? + th,,0?

2 . 2 )
— h3x; + Y h271H,, (x{+j ® x{+j) n (Z h§g> lh,,o?
=0 o

and in general

-1

Xy = hox + Zo b H (X{ﬂ' ® X{H) (Z bt J) 3hoo0?
]:

forl =1,2,3,...

Thus, to compute E; [X{,, —x5,,], we need to find E; {ifﬂ %, —x/,® xfﬂ}. Hence, consider:
f f l - LS Lo
xly ©x = | hix] + Zlh Tone; | ® | huxg + Zl h,one,
j=

=hlx] @ hlx{ + hix] ® Z hi-ione,

!
+ > hiTone, ® hlx! + Z hlJone,, ; ® Z hlJone,
j=1

and l
%[, @ %], = hix] @ hix] + hix] ® Zl hiTon (€115 + 01iy)
=
! ) l ) ! )
+ Y hiion (e + 6445) @ hlx! + 3 hlTon (e + 6ey;) @ 3 hirdomn (ery; + 81y )
= =1 =1

l .
=hlx! @ hlix! + hix] ® (Z hi-ione, ; + hic—lan%)

j=1

l
+ Zhl ](7"7‘5f+g+h tond, ®h;x{
j=1

! !
+ <Z1 hiTone,, ; +hi t+1> (Z “Tone,, ; + hﬁclanétH)
j:

This means that
f f
L [ X ® X - X ® Xt+l:|

l
= E,[h! xf ® hicxic + h;xt (Z O’?’]€t+j + hﬁ(lanétH)

=1
1
Zhl iome,,; +hi ! ® hlx]
+ <Z hlJone, ., ; + h;lanét_,_l) (Z hlJone, ; +hl- Un5t+1>
j=1

l .
~hix! @ hix/ — hix! ‘21 hlJone,
=
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- Z hi 0n6t+g ® by Xt Z hi Unetﬂ ® Z hi Unetﬂ]

N/_‘\m

e hﬁ;lanatH +hitond, ; ® hix]

¢ [h,
l
Z hl ]O"l’]Et +j —l—h t+1> (Z hl UnetJrj + h Jn6t+1>

h!one, ; ® Z h!one, ;]
1

<.
Il

= E;[hl ® hl~tons, t+1 T h;710n5t+1 ® hﬁcxzjf
! ! ,
+ <Z hi7one, . ; +hi ‘7775t+1> ® > hiTone,;
-1 j=1
+ < Un€t+j +hi 6t+1> @hitond, i,
Z Janetﬂ ® Z h U77£t+ﬂ

= Ey[hlx] © hl‘10n5t+1 +hilond,,, @ hlx]
+h!~lond, , ® Z hl one,

+ Z hy U"7£t+g @htond, +hiTtond, . @ hitond, ]

= hf(xf ® hﬁc_lo-nét-i-l + hﬁilmﬁm ® hf(xf + hﬁ(_lo-n(st-i-l ® hﬁc_l‘f"?‘st-u

=hlx! @ hitonr + hitony @ hix! + hilonr @ hllony
because §;41 = v

Thus E; [ X ® x fo ® xfﬂ] = h;xf @ hl-tonv + hi-tonr ® hﬁcxf +hi-tony @ hitony
Or (using another 1ndex)

E, [ifﬂ R, —x,;® x{+j] = hix] @ hilonv + hi lonr @ hix{ + hi~lonv @ hi-tonv
for j =1,2,3,...

Thus, we have in general
-1 -1
2 _ —1-j “f  o=f
E (%, —x3,] =E [%h; 1 1 (xHj ®xt+j) Z hi-1-J 1 H,, (xtﬂ ®Xtﬂ)]
j=
(SRR of ozl f f
= '21 hi 17 SH By {X‘H_j QXp ) — Xpy; ® Xi+;}
i=
the shock hits in period t + 1, so (i{ ® i{) = xf ® X{

-1 _ _ _ , . , .
=Y hli i (hf{x{ @hi~lonu +hi-lony @ hix! + hi lonr © hﬁ(’lanu)
j=1
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=1 ) ) . ) . . )
= Y hli i (h{cxic ®hilonv +hilonr @ hix] + (hi ' @ hi ) (onv ® anu))
j=1

If we restrict the focus and do the IRF’s at the unconditional mean of X{ = 0, then we get

-1 1 , ,
By %y — %] = Z:l hbli]ﬁHx" (b @by (omv © onv))

j=

When implementing the IRF, it may be useful to have a recursive expression. Here, it is must convenient to use
-1
< _ I-1—51 <f <f f f
By [fo - Xf+l] = Z:l h 7 S Hu By {Xtﬂ‘ QX — X4 © Xt+]}
So
E; [ierl - Xf+1] =0
. SEIRET! o oxf 7 f
By %715 — x}40] = Zl h, "7 g Haoc By {XH—J’ OXppy =Xy © Xt+J}
j=

= ;Hux B |:5i1{+1 ® i{ﬂ - X{H ® X{H}

2 A _ _
By [if+3 - Xf+3] - '21 hiﬁJ%HxxEt [thﬂ‘ ® Xz{+j B X{ﬂ' ® X{ﬂ}
j=
= b Hox By [%]y @ %L1 = xfy 0],
1 - -
+5Hxx By {X{H ® X{Jrz - X{+2 ® X{+2}
= W By [R5o — X5o] + SH By (X, 0%, —x], @ x]
x| Re42 t+2 2 ixx =t | 42 t+2 t+2 t+2

So in general

= _ = 1 =f Sf f f
Ey [Xf+k- - Xf+k] =hyE, [Xf-wc—l - Xf+k—1] + 5 Hux By [Xt+k—1 X1~ Xppp—1 @ Xt+k—1}

For the total state variable:
Ey [it+l - Xt+l} =Ly ifﬂ - X{H} + Ei [ifﬂ - Xf+l]

For the control variables:
Vi = 8x (X{—H + Xf+l) + %Gxx (th+l ® X{+l) + %gw"z

Fire = 8 (R0 + %01 ) + 3G (R 9 K, ) + 8000
~ _ sf f = 1 sf sf f f
E; [ytSJrl - ny] = 8x (Et {Xt—i-l - Xt-s-l] + By [X§+l - fo]) + 3G B (X @Ky — X @ X,

10.3 At third order

At third order, we additionally need to consider:
ng'i_l = hxX:d + Hxx (X{ X Xf) —+ %Hxxx (X{ (024] th ® X{) —+ %hda'xojxtf —+ %ho'oa-O'B

and
x{iQ = hxx{il + Hyx (x{+1 ® x§+1> + %Hxxx (X,{Jrl ® X{H ® X{H) + %haax0_2x{+1 + %hwgg3
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= hy (hxxgd + Hyx (th ® xf) + %Hxxx (x{ ® x{ ® x{) + %hggxa xt + hggga )
+Hox (x,{"+1 ® xgﬂ) + P H (x{+1 ®x),® xfﬂ) + 3hyoxo?x] ) + 1h, 0%

= h2x7 a4 hyHayx (Xt ® Xt) + hx%Hxxx (xtf ®X{ ® x{) + hxghm,xa xt + hy hUUUO'
+H,, (xtJrl ® fo) + 1 Hn (x{H oxl,, ® x{H) + 20X 11 + Lhygeo?

and

rd

rd f s 3
Xi4s = haXi{y + Hyx (Xt+2 @ Xiyo

1
g XXX (Xt+2 ® Xt+2 & Xt+2) + hJJxU X{+2 + haoaa

= hy [h2x7? + h,H, (Xt ® xt> H, (xtf ® X{ ® x{) + hy th,xan{ + hx%hogoa?’
+Hyxx (Xt+1 ® Xt+1) + Hxxx (Xt+1 ® Xt+1 ® Xt+1) + hooxa Xt+1 + hooaU ]
+Hyx (Xt+2 & Xf_;,.g) + ngxx (Xt+2 & Xt+2 ® Xt+2) + ghaaxa Xt+2 + ghaoaas

— h3x74 + h2H, (x{ ® xg‘) +h2 L H (x{ ox! ® xt) +h23h,y0?x] +h21h,,,00
+h, H, « (X{Jr1 ® xf_H) + hx%Hxxx (xt+1 ® xt+1 ® xtH) + hxghggxa X{H + hxghmmg3
+Hox (x{+2 ® x§+2) + P H (x{+2 ®x),® x{+2) + BNy ooy + thypeo?
. 2 . f
= hixj? + Y- hi/Hy (Xt+j ®X{ )
=0

2 .
+ 2—:0 B § Hio (X{H ®x/;® X{H)
jg 2-53 2 f
+ j;) hy ™/ shyoxox;,

2
2—51 3
+ Z h; ]Ehoaaa
=0

2 .
=h3x7 + > Ohi’] [Hxx (x{ﬂ ® x,fﬂ) + tHaoxx (X{+j ® X{_H ® X{-S-j) + %haax02X{+j]
J=

<Z h2 j) 171700'5
J

In general
= hlx +l§hl*1ﬂ' H. (x/, x5, )+ 1H Jooexl  ox] )+ 3h,xo?x]
i) 2, Ux xx (X @ Xepj | T gHxxx (X @ Xy j DXy ) T g oox0 Xy
j:
-1 )
+ Z hi:lij %haaaag
7=0

Thus

-1 ) ~ B _ B 5 B
B[Ryt = i) = B bt Hoc (%], @ %, ) + FHooe (R, 0 %L, @ R) + Bhooxo], |
]:

-1 ,
—{ ZO hl 1 [Hxx (X{-&-j ® Xf+j) + 5 Hocx (X{+j ®xi,;® x{ﬂ') + %h”xazx{”} iy
]:
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-1 . B N B
= -21 hi ' (HxxEt [X{-&-j @R, — Xy OXy | + ghooxo By [X{-i-j - X{HD
]:

-
- f f f
+Zh ilH, B, {xt+J®xt+]®xt+j xt+j®xt+j®xt+j}

as the shock hits the economy in period ¢ + 1

A recursive version:
Srd _
Ey [Xt+l Xt+1] 0

B[Rty xita] = ¥ Wi (B [&l,, 0 %1, = xly, @ %] + $home? B [5,, ~ L))
J

+

.MH &MH

1

1-51 = f =f = f f f f
h, 7 s Hyxx B [xtﬂ. QXyyj O Xy — Xy Xy ® Xtﬂ}
= HxxEy |:i{+1 K1 — X1y @ X§+1} + ghooxo By |:i{+1 - th+1]

1 S f of = f f f f
+ 5 Hoooc Lt {Xt+1 O Xpp1 O Xppy — X OXp 1 @ Xt+1}

2
B8y —xidy] = 5 02 (M [% 0 %04, - xly @ x04] + Shooxo® B [7],, —xL,5))

i=1
S ILALE
— h, (HxxEt {xm o%s,, —xl,, ® xgﬂ] + 3h,gx0?E, {ifﬂ - x{HD
+Hyx By {i{m DKo — X[, ® Xf+2} + ghooxo’ By {i{m - X{+2}
+hy g Haoo By {ii{-ﬁ—l ® itf-i-l ® if+1 - th+1 ® X{H ® X{+1}
+ 5 Ho By {ifw O, @&, —x{,0x],,® X{+2}
= hy Ey [igiz - Xﬁiﬂ
+Hxx Ey [5([“ Q@ Xjyo — x{+2 ® Xf—s—z} + %hoaxU2Et [5({4-2 - th-s-z}
+ Ly By [i{+2 0%l 0%, —xl,0x,® x{H}
So in general
E (%78, —xit, ] =hae By (K70, — %74 ] + Hax By |:iz]£c+k—1 @ X1 — X{+k—1 ® Xf+k—1}
+5hooxo? By [ Xitk—1— 1{+k 1}

f f f
+6HxxxEt { Xyt @ Xt+k 1 ® XtJrk 17 X1 @Xp 1 ® Xt+k71:|

Thus, we know E; [ifﬂ — xfﬂ] So we only need to compute E; [ifﬂ- ® i{ﬂ ® i{ﬂ‘ — x{lﬂ» ® X{+j ® X{H

and B} [)E{H QX4 — X{H ® x§+j]. This is done in the next two subsections.
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10.3.1 For (x{ ®X{ ®x{>

Consider:
R Lof o i Lof 1 S i Lof o S i
Xpp @ Xy OXp = | hexg + E hi7ome, ; | ® [ hyx; + Z hilome, ;| @ [ hyx; + E hy,ome,

(hlxt®hlx,+hlxt®2hl Janet+]+2h Unet+j®hxt+zhl Janetﬂ@Zh Tone, ;)
j= i=

® (hix{ iy hi:jonetﬂ»)

j=1
= (hlx! @ hlx! + hix{ ® Zhl Tome,; + Zh anetﬂ@hlxt + Zhl Tome,,; ® Zh Tome,, ;) ® hl x!
j=1 j=1

+(hix{ @hlx{+h Xt®21h 0n6t+1+2h cIome,, ;@hl X{‘l'zlh 0n6t+]®2h U"7£t+;)®zh Tone,;
i= i=

! _
= hix] ® hix] ® hix! +hix] ® 3 hi7one,,; ® hix]
j=1

! , 1 . 1 .
+ 3 hicJome, ;@ hix! @ hix! + 3 hiTone, ; ® 2 hiomer; © hix/
j=1 J=1
+hlx{ @ hlix! @ Z hiJone,, ; +hl Ixl ® Z hione, ; @ Z hione,, ;
Jj=1 _]—1

!
+ Z1h Jone,, ; @ hl Ix] ® Zlhl one,; + Z hlJone,, ; ® Z hlJone,, ; ® Z hlone,
Jj= Jj=

And we therefore have

xi:rl ®x{+l ®x{+l =hlx/ @ hlx! ® hix{ + hix/ ® Zlhl Jon (€4 + 614;) ® hl ! x]

l . . .

+ 3 hlTon (€4 + 0i45) @ hix] @ hix] + Z hl7ion (€rj+ 6145) ® Z hiTon (€4 + 814j) @ hlx]
Jj=1 Jj=1 j=1

! ) l . l .
+hix] @ hix] ® 3 hiion (ery; + 8i1;) + hix! @ 3 hldon (e +8:45) © 3 hiTon (ery + 1y )
j=1

Jj=1 j=1
+Zhl on (€ry; + 8115) ® hix] @ Zhl Ton (errj + Oesj)
Jj=1
+ Z hiTon (e + 0ryj) ® Z hiTon (€14 0115) © Z hiTon (€11 + 0115)
=1 j=1 j=1

l .
x] @ hlx] @ hlx{ + hix{ ® (Zl hione,, ; + hi:lontsm) ® hlx]
]:

! l
+( > hi OnN€sy ;i + hl~ t+1> (Z 0n€t+j + h§10n5t+1> ® hﬁcx,{

h
+ <Z hi oNe€L; + hi Un5t+1> ® h;x{ ® h;x{
J

+hix! @ hix! (Z hi~Jone,, ; +hitond,
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l . l )
—l—h;xtf ® <Z hifjanetﬂ +hiton t+1> (Z h;7j0n6t+j + h§10n5t+1>
j=1 1

l . .
+ <Z hic_jm?ﬂ:ﬂ‘ + hic_lo'nét-i-l) ® hﬁcxf ® (Z hic_JUUGHj + hﬁc_la-ndt-i-l)
j i1

! .
+ <21 hﬁfjgnetﬂ- + h;lanéﬂ_l) (Z hi ‘7776f+3 +hi 0n5t+1> (Z hi Un€f+] +hy 0775f,+1>
j=

This means that:

E &, ol oxl, —x, ox],® fo}

l .
= Eyhkx! @ hix! @ hix! + hix! © (Z hlJone, ; + h;_lan5t+1> ® hlx]

Jj=

l . .
<Z Jm?etﬂ +hi Un5t+1> ® h;x{ ® h;x,{
l l f
hiJone,, ; +hiTtond, Z cToney; +hilond, | @ hix;

1

+hix{ @ hix! @ Z hl~Jone,, ; +hitond,
Jj=1

+hix!{ ® <Z hlJone,, ; +hl- an6t+1> (Z hlJone, ; +hi- an5t+1>

l
<Z U??fw +hitond +1> ® hicxt (Z hi Jn€t+g +hi 0n5t+1>

. l . l .
+ <Z hic_JUWEtﬂ‘ + hi_lonétﬂ) ® (Z hic_janﬁtﬂ' + hic_la"rlétJrl) ® <Z hic_JUnetﬂ‘ + hic_10775t+1>]
i=1 : :

Jj=1 Jj=1

l .
~Ei[hlx] ® hix{ @ hix] + hix/ ® 3 hiione, ; @ hlx]

Jj=1

l . l ) l )
+ 3 hiione,,; @ hix] @ hix! + > hiJone,; ® Z hl-one,,; ® hix]
j=1 Jj=1

+hlix{ @ hix! @ Zlhl ione,, ; + ht Ixl ® Zlhl Tome,, ; ® Z hi~ione,, ;
i= i=

!
+Zlh onetﬂ@)hlxt@Zhl Un€t+J+Zh onetﬂ@)Zh 0net+J®Zh Tone,, ;]
§=

Jj=1

= Ei[hlx{ @ b lond,, @ hix]
+hilond,,; © hix] @ hix]
l .
+ ‘21 hione,, ; +hiton t+1> (Z hiJone,, ; +hi- 0’7’]6t+1> ® hlxf
‘7:

+hix! @ hlx{ @ bl lond,, ,

l ] l )
+hi(xtf X <Zl hi(_JO'TIGtJ’_j +h£(_10-776t+1> X (Zl hi(_]o'net_,_j +h£(_10776t+1>
J= J=

j=1

l ) l .
+ <Z hi7one,; +h£<10776t+1> ®hlx] ® (Z hiTone, . ; + hﬁclanétH)
; j=1
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l .
+ <Z hiione,, ; +hiton t+1> (Z hiJone,, ; +hi- Jn6t+1> <Z hiJone,, ; +hi- 0775t+1>]

j=1

—Et[Zh Tone, ®Zh “Jone, J®hlxt
j=1

+hlx!{ ® 21 hlone,, ; ® Z hl 7one,
j_

! ) )
+ > hiTone, ; ® hix]/ ® Z b one,,
j=1

l
+;h U77£t+J®Zh U77£t+J®Zh Gn€t+J]
j=

= Ei[hlx ® hi~tond, ., ® hﬁcxf +hllond, , ® h;x{ ® hﬁcxf

l ) l .
+{ > hi:jgnftﬂ' + h;lanétH) ® (Z hicijo-netJrj ® hﬁcx{ +hitond, , ® hic"f)
1 j=1

+hix!{ @ n xf @ hlctond,

hix/ Z h;‘janetﬂ» +hix! ® hﬁ:lanétH) (

“Tone, ; + hi‘10n5t+1>
j=1

!
2 b
! _ I
+ <Z hi~one, . ; @hix! +hilond, ., © hﬁ(xf> <Z hi~Jone, ; +hitond,

! ,
+ < hi:jgnetﬂ' +hilon t+1> (Z hi Jn€t+] +hi 0n6t+1> <Z hi 0"7€t+g +hi 0n5t+1>]
J

. l .
lone . ; © Z hi=one, ;@ hix]

|

S
L -

=

+hlx!{ ® Z hione,, ; @ Z hi7one,
+ Z hione,; ® hix/ @ Z hione, ;
j 1
Z hy Un€t+] ® Z hy 0n6t+] ® Z hi 0n€t+]]

= Ei[hlx{ @ b lond,,; @ hix] +hitond,  ® hix! @ hix!

Jj=1

! , ! _ : .
+ > hione,,; ® <Z hlJone,, ; ® hlx/ + hi-lond, | ® h;xf>

+h!~lond, , ® (Z hl 7one,, ; © ht !x! 4+ hi 1o N0, ® hﬁcx{>
+hix! @ hlx{ @ hi-lond,, ,

! _ 1 ,
+h§<X{ ® '21 hﬁc_Jm?Gtﬂ‘ ® ‘21 hl onNe€E; + h;_10n5t+1>
j= j=

! .
+hlx!{ ® hi-lond, , ® <Z1 hlJone, ., ; + hg(lgnétH)
§=
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l . l .
+ > hﬁZjanetﬂ ® h;X{ ® (Z hi’jaﬁetﬂ + hﬁclmﬁtﬂ)
j=1 j=1

l

l .
+hi7tond, , @ hix] ® <Z hi7one,,; + hic_lo'nét-i-l)
+ Z hi/ U"?Qﬂ <Z Gn€t+J +hi Un6t+1> ® (

l
> hi U"lff+3+h 0775t+1>

Jj=1

1
+hltond,,, ® (Z h!one,, +5 +hl- t+1> (Z “Jone, 45 +hl 0n5t+1>]

—Et[z hlJone,, ; @ Z hlJone,, ; @ hl Lx!
+h£cxt ® Z hﬁc_jm?ew ® Z hifjanew
j=1 j=1

! ) l )
+ > hiTone, ; ® hix/ ® 3 hi7one, ,;
J 1 Jj=1

+ Z hiTone,,; © Z hiTone,,; © Z hi7one, ]
=

—Et[hl x{ @ hl- 10n6t+1®hl x{ +hl- 10n6t+1®hl x{ ® hlx/

+Zhl o"l’]EH_J(X)Zh anetﬂ@hle—FZhl Jonetﬂ@h an6t+1®h;x{
j=1

+hl~tond, , ® E h!~Jone, ; @ h Ix! + bl tond,, , @ bl tond,, @ hlix]
+h! x/ ®hl ! x] ®hl ond,. 4

. l . l .
+hix{ ® Z hione, ; ® Z h!one, ; + hix{ ® 3 hi one,,; @hitond,
j=1 j=1

+h£<X{ ®hiton 011 ® Z hy Un€t+g +h xt ® hitond, t41 @ h;710n5t+1
J=

!
+ > hi7one, ;@ Ixl ® Z hlJone, ., ; + Z hlJone,, ; @ hl Ix] @ hllons,,
j=1 Jj=1

+hitond, @ hix! @ Z hi7one,,; +hiTtond, . © hix! @ hitond,
j=1

!
+<Zh anet+J®Zh anetﬂ—i—Zh iome,, ; @l m76t+1> (Zh Jome,,; +hl 0n6t+1>

+ <h£<1 0,11 ® Z hy Jn€t+j +hilond, ., @ h;lgnét_‘_l) (Z hi Unetﬂ +hi 0n5t+1>]

Jj=

—Et[z hiJone,, ; ® Z hiJone,, ; @ hl Lx!
=

+hlx{ ® 21 hione, ; ® Z hi one,
J_

—i—Zhl Tome,,; @ hl x{ ® Zhl oNeEL,
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, l , l ,
+ Zl hione,,; © Zl hione,,; ® 21 hi 7 one, ]
Jj= Jj= Jj=

= Ey[hlx] @ hi 'ond,,, ® hix{ +hitond,,, ® hix] ® hlx]

l .
+0+ > hicijo'netJrj @hltond, , ® hﬁcx{
=1

l . . .
+hiTlond, ., ® 3 hiTone,, ; ® hix! +hi-lond, ., ® hiond,,, @ hix]
Jj=1
+hix! @ hlx{ @ b lond, .,

L
+0 +hix! ® 3> hiJone, ; @ hllons,
j=1

l .
+hix! @ bl lond, ., ® 3 hione, ; +hix! @ hli-tond, , ® hlond,
j=1

l .
+0+ > hiione,, ; ® hlx] @ hl lond,
j=1

L
+hi7lond, @ hix! @ 3 hione, ,; +hiitond,, © hix! ® hi-lond,

Jj=1

! _ ! _
+ <0 + > hgcijonet+j ® hi10n5t+1> ® > hgzﬂanet-&-j
j=1 j=1

1 ‘ 1 , 1 .
+ Zl hﬁc’]anew ® Zl hbJUUEHj + Zl hﬁfjonetﬂ ® h§10n5t+1> ® hi’lmﬁm
J= J= J=
l . l .
+ <h£c_10-n6t+1 ® > hgc_Jo'Tlet-&-j +hitond,, , ® hi‘lontsm) ® > hﬁc_jo-net—i-j
Jj=1 j=1
l .
+ <h£<1(7775t+1 ® > h;7]0n6t+j +hitond,, , ® hizlo-n(st-&-l) @hitond,, ]
j=1

B0
+0
+0
+O]

Terms cannel out

= Ei[hlx{ @ b lond, . @ hix] +hilond, , ® hix! @ hix!
+0
+0+hitond,,; @ hiTlond,,, ® hix]
—l—hi(xtf ® hi(x{ ® hﬁ:lanéﬂ_l
+0
+0 + hix{ @ hi"lons,,, @ hitond,
+0
+0+hilond, . ® hix] @ hilond,,,
l

l ) .
+ > hﬁfjanetﬂ- @hitond, , ® Y ht]m?et-s-j
j=1 j=1

I _ I _
+ 2 hiTone, ;@ Y hiTone, ; @ hiTtond, , +0
j=1 j=1
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l ‘ l ‘
+hitond,, ® 3 hiTone, ; ® 3 hiTone,, ; +0
j=1 j=1
+0+hitond,  ® hiTtond, @ hiTlond, 4]

using the zero-mean property of €, ;

= h;x{ @hiTlond,, ® hicxf

+hi 'ond,,, @ hix! © hlx]
+h£<_10"75t+1 ® h§_10n5t+1 ® hﬁcxic
+hix! @ hix{ @ b lond,,,
+hix! @ hl-lond, ., @ hltons,
+hi<_}0-776t+1 @ hlx! @ hi7tond,

+E | > hﬁ?7077€t+j ® h§_10n5t+1 ® > hﬁ?7077€t+j
j=1 j=1

l . l .
+E; | Y. hiione, ;© Y hidone, ;@b tond,
=1 =

! _ ! _
+E, |hitond, @ ‘21 hione,,; ® ‘21 hiTone,
= =

+hilond, . @ hiTtond, @ hiTtond,

= hlx/ ® hl'onv @ hlix!
+hi-tonr @ hﬁcx{ ® hﬁcxtf
+hilony @ hilony @ hix!
+hﬁcx{ ® hﬁcx{ ® hitonv
+hix! @ hi-lony @ hl oy
+hi-tonr ® hﬁcx{ @ hl=tonv
l l
+FE; 21 hione,, ; @ hi tonr @ Zl h!one,
i= i=

l . l .
+E, | 3 hiiTone, ;@ Y hiTone, ; @ hiZlonv
j=1 j=1

! _ ! _
+E; |hilonqr @ > hiTone, ;@ > hiJone,,
= j=
+hi-tony @ hitony @ hitony

using that d;41 = v

We then note that:

hﬁcx{ ®@hitonr ® hicx,{c
+hlilonr @ hix! @ hix/
+hi-tonr @ hi tonr @ h;x{
+htx! @ hix! @ hi-tonu
—l—hﬁcx{ @ hl=tonr @ hi-tonv
+hllonr @ hix! @ hi-tony

—hix!{ ® (h;_la'm/ @hix! + hix! @ hi-lony + hilony ® hﬁ:lany>
+hi-tonr ® (h;x{ @ hlx! + hi-lonr @ hlx! + hix! ® hﬁ{_lany)
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—hix!{ ® (hﬁ(x{ ®@hitonv + hi tonr ® hﬁ:lam/)
+hix! ® (hﬁ:lanu ® h;xf)

+hi-tonr ® (h;x{ @hlx! + hi-lonr ® hixf)
+hlionr @ hix! @ hi-tonu

= hﬁcxic ® (h;x{ + h;‘lanu) @ hl=tonv
—l—hi(x{ & (hi:lanl/ ® hﬁcxf)

+hitonr ® (hix{ + hﬁ:lanu) ® hlx]
+hi-tonr @ hﬁcx{ @ hl=tonv

Thus
=f =f Sf f f f
Ey [XtJrl QX X =X 0% ® Xt+l:|

—hlx! ® (h;x{ + hﬁ:lanu) ® hltonv
+hlx{ ® hi-lony @ hix!

+hitonr ® (hﬁcx{ + hﬁ:lanu) ® hlx/
+h£:}0171/ ® hﬁcx{ ® hl=tonv

l . l . 1
+E; | Y bhione, ;@ hltonqr @ Y- hliione,
j=1 j=1

l

. l .
+E; hiJone, ; ® > hidone,,; @ hl tony
: =

Jj=1

I _ ! _
+E, bl tonr @ Y- hicTone,; © 30 hiTTone,
j=1 j=1

+hi-tony @ hi tony @ hitonv

The final three terms can be computed as follows:
! A l ,
By | X hiTone,, ;@ hictoqr © 3 hicTone,

Jj=1 Jj=1

! ,
= Et[htlanewl @hitonr © 3 hgcﬁm?etﬂ'
j=1
! .
+hiPone, , @ hiTtonqr @ 3 hﬁfjtﬂ?ﬁtﬂ-
Jj=1
+...

l )
+one ® hicila"?’/ ® > hgcﬂ(”?ﬁtﬂ‘]
j=1

= Et[hflaneHl @hi oy ® hicilanetjtl
+h£<_20776t+2 @ hi oy © hic_2077€t+2
+..
+one, ., @hiT oy @ one, |

because the innovations are independent across time
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! A ,
Ey[hi T one,, ;@ hir oy ® hiJone, ]
j=1

J

!
Q;
Jj=1

Let Q; = E; [hJone, ., @ hltony @ hiione, ,]. So

Q,=E [hi‘janem ® {hic_l (72,:) onr X {hic_j (7153) Unet-i-l}:f:l}’y _1]
,=

— E, {hic_j (7s..) oN€Ls X {hﬁ;l (7o, 1) omr x {hi7 (71,:)0776”1}:?_1}74_1}
=

Ys=1
hl (73,:) ‘722221 1 (5, ¢g) €141 (P9, 1) X "
= E _ ) Ne N o
B a0t G o S mGop e @00}
1= y,=1 yy=1

E hicij ('73,:) a ZZ;:l ZZ;:l 77 (:a ¢2) €t11 (¢2a 1) X "

- {hic_l (72v:) ony X {hic_j (717:) on (:a(bl)et-i-l (¢1a1)}:::1}7 -1
2= v3=1

= {7 () 0 im0 (b G o x (T (g em Goon e}

73=1
because the innovations are indepdendent. This expression is directly implementable.

And
E,

l . l .
> hiTone, ; ® 3 hiTone,, ;@ hﬁfU??V}
j=1 j=1

Ei[hiTone,,; @ hiTone,, ; @ bl ony]

<
Il
—

Il
M~

Ei[(hi7 @ hl77) (ome,, ; @ one, ;) @ hiTtony]

I
M-

<
I
—

(hﬁc’j ® hﬁjj) E, [onetﬂ- ® O"I’]€t+j] ® hﬁ:lanl/

Il
MN

<
Il
—

l
> (b & h) A @ bl o
=1

where A = E, [cr'i7et_~_1 ® anet+1]. To compute A we note that
A = E, [one, ., ® one, ]

= Ei {{077 (V2,1) €410m (7152) €t+1}:f:1}7 .
-

- {{Uzgj_l m (2, 61) €vr (61,1) ZZZ:l on (V1: $2) €41 (P2, 1)}m } w

71=1 vo=1
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- {{Uzgj_l Zgg:l N (V2 ¢1) €41 (61, 1) o (71, $2) €41 (P2, 1)}m }

71=1 vo=1

= {{U ngzln(’}/zaﬁf)l)‘”? (’71a¢1)}:11} |
1— 72:1

Ny

{5

v2=1

And finally

hi tonr @ 3 hﬁfjanew ® > hﬁZJUnetH}
j=1 j=1

Ey

l i .
= Y hiilony ® Ey[hione,, ; @ hirTone, ]
l . .
= X hitonv @ (b7 @ hi7) By [one,,; ® ome,y

!
=Y hilonr ® (hi7 @hl7) A

o~

10.3.2 For (x{ @xg)
Recall from above that
xl L @xi, = (hxx{ + J’l’}EH_l) ® (h,aqS + 1 Hx (x{ ® x{) + %hmﬂ)
= (hy ® hy) (x{ ® xf) + (hy ® 1H,) (x{ ®xi® x{) + (hy @ th,p0?) x{
+ (01 ® hy) (€141 @ x7) + (01 © 5Hxx) (€t+1 ox{ ® th) + (on ® 3hoo0?) €111

Therefore:
xtia © X110 = (e @ ) (xLy @ x40 ) + (he @ SHia) (xf @ xfiy @x]y ) + (e @ Shopo?) x,

+(0n @ hy) (€142 @ %7 1) + (o1 ® 5Hxx) (6t+2 ® X{H ® X{H) + (o1 ® $hye0?) €140

= (hy ® hy) [(hyx ® hy) (x{ ® xf) + (hy ® 1H,) (x{ ®xi ® x{) + (hy ® hyp0?) x]
+ (on ® hy) (€141 @ x}) + (077 ® %Hxx) (€t+1 ® X‘f ® XZ) + (U"7 ® %haao—Q) €41)

+ (hx ® 5Hyx) (th+1 ©x{, ® X{H) + (hx ® hooo?) x/p,

+(on @ hy) (€42 @ %7 11) + (o0 @ 5 Hxx) (6t+2 ® X{Jrl ® X{+1> + (on ® $hyeo?) €140

= (e @ hy)* (x] ©x7) + (B @ he) (b @ $Hoe) (xf @ xf @ x] ) + (B @ i) (B @ Shop0?) x
+ (hx ® hx) (00 @ hy) (€141 @ %7) + (hx ® hy) (0 @ ;Hxx) (€t+1 @ x] @ x{ ) + (hx ® hy) (00 ® 3ho607) €111
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+ (hy @ 3Hixx) (X{H ® {41 ® X{H) + (hx ® 3hoo0®) x/
+ (077 ® hx) (€t+2 ® X§+1) + (Un & %Hxx) (€t+2 (39 th+1 ® X{+1) + (O"rl X %ha‘a'o-Q) €12
and
xlos @ Xt = (@ huo) (x]0 @ i) + (B ® THiod) (30 @ xf0 @10 ) + (e @ Sho0?) xf
(o @ by) (€043 9 X 10) + (01 ® SHia) (€45 @ xLy @ x[10) + (0 @ Jhop0?) erss

= (e @ ) (e © B)” (xf @) + (e @ ) (B ® S ) (x] 0 %] @] ) + (e @ o) (B ® Soo0?) ]
+ (hx @ hy) (o0 @ hy) (€141 ® x7) + (hx @ hy) (o7 @ $Hxx) (€t+1 ®x{ ® X{) + (hx ® hy) (o7 ® $hoeo?) €41
+ (hye © 1HL) (x{+1 oxf,,® x{H) + (hye ® 3hyo?) xI,,

+ (00 @ hy) (€142 @ x11) + (01 © 5Hxx) (€t+2 ® X1{+1 ® X,{_H) + (01 ® $hoe0?) €140

+ (hx ® 3Hyx) (X{+2 ©x{;® X{+2) + (hx ® 3hooo?) X,
+ (01 @ hy) (€143 © X7 4y5) + (01 © 3Hix) (€t+3 ® X{Jrg ® X,{H) + (on ® thyp0?) €145

= (hy ® hy)® (xt ® xf) + (hy ® hy)? (hx ® $Hyx) (x{ ox! ® x{) + (hy ® hy)? (hx ® $h,s0?) x!
+ (hx ® hy)? (0n @ hy) (€41 @ %7) + (hy @ hy)® (on ® $Hxx) <€t+1 ®x]® X{) + (hy ® hy)? (on ® $heeo?) €41
+ (hy ® hy) (hy @ 3Hicx) (X{H ®x{ 1, ® X{+1> + (hy ® hy) (hx ® Fhooo?) x/
+ (e @ h) (01 @ he) (€142 @ X141 ) + (B @ ) (07 @ FHL) (€42 @ xfyy 05, )
+ (hx ® hy) (o7 ® 1h,0?) €142]

+ (hx ® 3Hyx) (X{+2 ©x{;® X{+2) + (hx ® 3hooo?) X,
+ (00 @ hy) (€143 © X} 1) + (01 © 3Hxx) (€t+3 ® X{Jrg ® X{+2> + (on ® thyp0?) €143

= 3 (xf @ xs : 2—i 1 f o ox! oxl
(hy ®hy)’ (x{ @x5) + 3 (hx @ hy)* " (hy @ $H) (x); @ x], @ x],
i=0
2 .
T2 (e hy )’ (hy ® Shyeo?) x],
2

+ 3 (e ®hy)* " (on @ $hoo0?) €414
i=0
2

+ 3 (hy @ hy)* " (0m @ hy) (€rr14i @ X5 y4)
i=0
2

+ 3 (hy @ hy)* ™ (on ® $Hxx) (€t+1+z‘ ® X{+i ® X{+i>

i=0
And in general

! . U(of o ws) o I—1—i 1 ! ! f
= O (o 930 ¢ 5 ) (e 05

-1 .
+ 3 (e ®hy)' 7 (hy @ Lhyp0?) x],,
=0
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+ Z (hx ® hx)lflfi (an ® %haaaz) €144
+2 (he® hy)' "' (om @ hy) (€r414i ®%5,,)
L 1-1—3 1 f f
+ 2 (hx ®hy) (on ® 3 Hox) (€t+1+i OXpy; ® Xt+i)

We therefore have
of ozs Ul of ovs) 4 S I-1-i 1 of ol ot
Xy ©Xiy = (hx © hy) (Xt ® Xt) + ;) (hyx ® hy) (hx ® 5Hyx) (Xt+i Xy © Xt+i)

-1 .

+ 3 (e ®@hy)' ™7 (hy ® Lh,,0?) XL,
=0
e I—1—i 1 2

+ > (hx ® hy) (01 ® 3h0007) (€rp14i + Orp14i)
1=0
-1 .

+ 3 (he ® 1) T (01 @ B (€414 + 1114) © K54,
=0
-1 .

+ 3 (hx ®hy)' ™' (0 ® 1Hix) ((€t+1+z‘ + 804140 O, ® i{-&-z)
=0

Thus
=f = f y
By |X @X0, — %, ® X§+l}

U of = 1-1-i ! s .
= Bl 0 1! (%] ©5) + 3 (he @b (e ® $H) (%), 0%/, 0%/,
=0

|
—

+ 3 (hx®hy)' 7 (hx ® 3hs00?) i1{+i
i=0
-1 .
+ 3 (hy @ hy) 7 (o1 ® $hoeo?) (€r414i + Oig144)
=0
-1 .
+ 3 (hx @ h) T T (o @ hy) (€14 + Fei1a) ® KL
=0
= 11— | of o =f
+ > (hx ® hy) (01 ® §Hxx) ((€t+1+i +0it14:) X ® Xt+i)
1=0

—{(hy ® hy)' (xf®xs>+l§(h @h)' 7 (he® 1H )(xf oxi ox! )
x x i t = x x x & g thxx t+i t+i t4i
‘= I—1-i 1 o S
+ 3 (hy ® hy) (hx ® th,p0?) x/,;
1=0
-1 .
+ E (hx ® hx)l_l_Z (0"77 ® %hoa'aj) €tp1+4i
=0
-1 .
+ Z:O (hx ® hx)lilil (017 ® hx) (6t+1+1‘ [%4) Xf—‘,—z)
7=

-1 .

+ 3 (hy @ hy) (on ® $Hxx) (€t+1+i ® X1{+i ® X{ﬂ')}
=0

]

-1 .
= Et[;) (hx ® hy)' ' (hx ® 3Hxx) (itf+z %l 0%, —x/,,® X{+i ® X{+z‘)

il I—1—i 1 o\ [(=f f
+ 3 (e hy) (hy ® 1h,p0?) (xm - xm)
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+> (hx® h,)' ™' (01 ® $hse0?) 81y1
+ Z (hy ® hx)l_l_i (om ® hy) ((€t+1+i +0t4144) ® i§+i)

! .
+2 (he® hy)' (on ® $Hxx) ((€t+1+z' +0i414i) ® i{ﬂ ® i{ﬂ)

—{2X (hx® hye)' ™' (0m © hy) (€ry11i @%74,)

-1 ,

+ 3 (he ®hy)' ™7 (00 @ § i) (€t+1+i ©xl,; ® X{-H’)}
=0

]

-1
I—1—1 = z z
— Et[;) (hy ® hy) (hx ® 1 H,x) (x{ Lexlexl, -xl,ex],® Xf+i)

l—1—14 S
+ 2 (hx ® hx) (hx ® %haao—2) (X[-H‘ - X{-&-i)
-1 .
+ E (hx ® hx)l_l_z (0'77 ® %ho'o'o-2) 6t+1+i
=0
-1 .
+ Z (hx & hX)lilil (071 ® hx) (5t+1+i ® i§+i)
=0

-1 .
5y m o o) (s 505
1=0

]

because x7, ; is a function of x{H which is a function of €,y;. The zero-mean iid innovations therefore implies
that, Et [(€t+1+i & X§+i):| =0 and Et [(€t+1+i X ii_,'_l)] =0
The same argument implies that F; || €414 ® X{—H ® X{—&-i ] =0

and FEy [(€t+1+i ® i{+i ® i{+i)} =0

~
|

1

(hy @ hy ) 71 (hx ® 1Hyx) E; |:i{+z ® itf+i ® i{+i - X{—i-i ® X{H ® x{+i

.
Il

|
Lal=

A\

@
I
-

hx ® hx [=1=i (hx ® %hoooz) Et |:itf+l - X{+i:|

=
]

® hx)l_1 (on ® hyeo?) v

« ®©he) ™! (o @ hy) (v @ By (%))

+ (e @) (@ $He) (v By (%] 0%/ )
using ;41 = v for else d4414+; =0

and therefore the index for [ starts at 1

+ + 4
?/—\

~
I

1

(hx ®hy)' 7" (hy ® $Hyx) B {i{+z O ©x], —xl, ox] 0x],

~ .
L
L=

]

@
I
-

hx ® hx f=1=i (hx ® %hooa2) Et |:i1{+z - X{+i:|

=
X

x)l_1 (Jn ® %hmcr2) v
W) on @ hy) (v © B %))
x)z—l (077 ® %Hxx) (y ® E, [5{{ ® itf])

+ + + +
= 5B

FEF
[
® ® ®
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~
|
-

(he ® hy)' ™' 7" (hx @ $Hyx) By {itf—&-z oxl, 0%, —x],ox], oxl,

s
L
o

g

) (hy ® hx)l_l_i (hx ® %hooaz) E [i{ﬂ - X7{+2}

x & hx)l_l (O'/r’ & %h000'2) 174
hy ® hX)l_l (on @ hy) (v @ x7)
+(hy @ hy)' " (om © 1H,) (u ®xi ® x{)

+ + +

because the shock hits in period ¢ + 1, so E; [X]] = x{ and E, {i{ ® i{] =x/ @x

~
|
—

(he ® hy)' ™" (hx @ $Hyx) By {itf—&-z wxl, 0%, —xl,ox], X{-H}

s
Ll
o

]
=
%

<
Il
-

©hy)' " (hx ® §hooo?) By [i{ﬂ - X{H}

=
]

x)l_l (UT,V & %h000'2)
X)l_l (omv @ hyxj)
x)l—l (0'7]1/ ® %Hxx (X{ ® X{))

+ + 4+ +
= B 5

FFEF
X oo
® ® ®

~
|
—_

(hye ® hy)' ™' (hx ® 3Hux) By {i{+z ® i{ﬂ & ingz - X{ﬂ' ® X{+i ® X{ﬂ}

i=1
-1 1
£ 3 (@)™ (e Shooo?) B (%L~ ]
+ (hy @ hy) ! (a'm/ ® th,,0? + onr @ hyex) + onr @ JHyw (x[ ® x{))

~
|
-

(hye ® hy)' ™7 (hy @ $Hy) By {i{ﬂ ol 0%, -xl,ox],® X{+z}

s
Ll
o

+ - (hx 39 hx)lilii (hx ® %haaaz) Et [if—i—z - X{+ii|

<
Il
-

+(hy ® hx)l_1 (anu ® (hxxf + %Hxx (x{ ® X{) + %hwaz)>

A recursive version for the sum reads:

Xi=> (hy® h)' T (ha @ i) By {i{ﬂ ® i{—&-i ® i{-&-i - X{+i ® Xz{+z‘ ® X{ﬂ‘

i=1
-1 )

+ E (hx ® hx)lflfz (hx ® %hgggz) Et |:i75+1 — X{+i:|
=1

+(he ® hx)l—l (0'77’/ ® (hxxf + %Hxx (x{ ® X{) + %h0002)>
So
Xi=onr® (hxxf + %Hxx (x{ ® x{) + %h(m(ﬂ)

! 1—i 1 = f =f =f f f f
Xy =) (hx ® hy) (hx ® §HXX) Ey [X}H—i X OXpyy — X4, Xy Xy
i=1

+ 3 (hx @ hy)' ™" (hy @ $hoe0?) By [i{+z’ - X{—H}
=1
s 1 f f 1 2
+ (hx & hx) (0'771/ ® (hxxt + 2Hxx (Xt & Xt) + 2hO'O'U ))

(hx ® %HXX) Ey [i{+1 ® ifﬂ ® i{H - X{+1 ® X{H ® X{H]
+ (hx ® 5hoo0?) By {i{+1 - X{H]
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+ (hyx ® hy) (O'T]II ® (hxxf + %Hxx (x{ ® x{) + %hw(ﬁ))

( )Xl + (hx & %Hxx) Et |:itf+1 & i{+1 ® i{+1 - X{+1 (024 X{Jrl ® X{+1:|
+ (e @ Shop0?) By [ %], — x|

2 .
X5 =3 (he ® hye)” ™" (hy ® 1 Hox) By [ifﬂ K O] — Xy ©x];® X{H}

2 .
+ 3 (e @h)* ™ (b @ Shooo?) By [%], - xL.]
+

=1
(hy ® hy)? (Jnl/ ® (hxxf +1H,. (x{ ® x{) + %thJQ))
= (hy @ hy) (hy ® 3Hyx) By |:i1{+1 ® i{+1 ® ifﬂ - X{+1 ® th+1 ® X{ﬂ}
+ (hx ® %HXX) Ey {i{+2 ® i{+2 ® i{+2 - X{+2 ® X{+2 ® x{+2}
+ (hx ® hy) (hx ® 3ho00%) By [i{-i-l - Xi{+1}
+ (hy ® Lh,,0?) B, {itﬁg - x{+2]
+ (hy ® hy)? (U'm/ ® (hxxf + 1H, (x{ ® x[) + %hwaQ))

(hx ® hy) Xo+
+ (hx ® %Hxx) Et {i{_;,_g & 5(1{4,_2 02y itf+2 - X{-{-Q ® X{+2 ® X{+2:|
+ (hy @ $h,p0?) B, [i[+2 - x{+2]
Hence, in general
_ 1 s f <f zf f f f
X = (hx ® hy) Xp—1 + (hx ® §HXX) (Xt+k—1 QX 1OXp 1~ Xy 190X 1 @© Xt+k71)

1 ~
+ (hx ® §h00‘72) (X{+k—1 - X{+k—1)

10.3.3 Summarizing
At third order, the total effect on the state variables is:
By [Revt = xe41] = B [ifu - X{H} + B[Ry — xia] + B[R - x]
For the control variables:
Vit = 8x (Xz);l Xt X;il) +5Gxx ((X{H ® X{H) +2 (th+l ® fo))
+5 Gooxx (th+l ® X{H ® X{H) + 38000% + %gaoxazxfﬂ + §80000”
Vit = 8x (i{H T X+ itril) +5Gxx ((i{H ® i{H) +2 (i{H ® ifﬂ))
+§ Gocx (i{H ® ’E{H ® i{+l + 38000° + %gaﬂxUQithrz + §80000”
So:
Ly [ﬂil - yﬁl]
= 8x (Et [ Xt~ {H} + By (X5 —xi] + B (X - Xfiz])
+5Gxx (Et {XtJrl OF[ —x,® X{H} +2E; [5‘{“ QKL — X/ ® XfHD

1 = f zf zf f f f 3 o f f
+5 G Bt {Xt—&-l QX Xy =X OX ;@ Xt+l] + ggaoxU2Et {Xt-s-l - Xt+l]
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11 Impulse response functions - GIRF

This section derives closed-form solutions for the generalized impulse response function in non-linear DSGE models when
defined as the GIRF. That is
GIRFyar (l,v,wy) = E;[vary|e;11 = v
*Et [varH_l]

To reduce the notational burden in the derivations below, we adopt the parsimonious notation
IRFvar (l, vV, Wt) = Et [Gaf'pﬂ] — Et [Vart+l]

in relation to the conditional expectation operators.

11.1 At first order

Recall that we have:

XZ_H = hxx,{ +one

and
XZ+2 = hxx{+1 +ONE o
= hy (hxx{ + aneH_l) +one o

= h2x] + hyone, | +one, s

and

X{+3 = hxx{+2 T OonNe€ ;3
= hy (hix{ +hyxone, | + U"7€t+2) +one, 3
= hix{ + hone, | + heome, .o+ one,

3 .
= hixic + 121 hi_‘70"l’]€t+j

In general

! .
XL—I = hlx] + Zl hiome, , ;
j:

With a shock of v in period t + 1, we have
! ,
Xpp = h;x{ + Zl hﬁfjmﬁtﬂ-
j:
where we define d; such that:
0iyj=v forj=1
Oiyj =€y forj#1

Hence, agents know the size of the shock v at time ¢ + 1, and it is therefore in agents’ information set.

So

= f f _
Ey |:Xt+l - Xt+l} =L

! 4 !
> hiTond,,; — ‘21 hi7one,,;
=

Jj=1

— hi-1
- x Un5t+1
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_ i1
=h""onv
because 041 = v

and
=f f _ = f f
Ey {}’Hl - yt+l} = gxFEi [Xt-H - xt+l}

11.2 At second order

We need to consider:
X§+1 = hfo + %Hxx (X{ @ X{) + %h0'0'0—2

Xipo = huxiyy + %Hxx (X{.H @ Xz{+1) + %hoaa2
=h, (hxx;§ + %Hxx (x{ ® x{) + %hmﬂﬂ) 4 %Hxx (X{+1 ® XZ—H) + %hm,(ﬂ
= h2x} + hy L Hyy (x{ ® x{) +helh,,0® + 1H, (x[Jrl ® x{H) + 1h,,0°

X} = haxfyo + 5 Hxx (X{Jrz ® X{+2> + $hye0°
= hy (hixf + hy 1 Hyx (th ® x{) +hyih,,0? + LHy (x{Jrl ® fo) + %hwﬂ)
+3H o (th+2 ® Xf+2) + 3hogo?
= hdx} + h21H, (x{ ® xf) +h21h,,0? + hylHyy (x{+1 ® x{H) +hylh, 02
+%Hxx (X{+2 ® X{+2) + %haoaz
=h3xs +h2iH (xf®xf> +hlH (xf ®xf ) +iH (xf ®xf )

xX¢ x o Hxx | X} t x5 Hxx (X4 t+1 Hxx | Xiyo 2

—|—h)2(%h,ma2 + hx%hgao2 + %hgga2

2 . 2 .
= hix} + Zo h3 7 5 Ho (X{Jrj ® X{+j> + (Zo hi_]> 3hoo0?
i= i=

and in general
S 1 7 7 S 1

xi =Bl + 3 W B (@) + (S bl ) oo
j= =

forl=1,2,3,...

Thus, to compute E; [X{,, — xf_H], we need to find E; {ifﬂ ® itfH — X{:H ® X{+l}. Hence, consider:

! I _
hlJ anet+j>
iz 1

> hﬁ(_jonetﬂ-) ® (h;x{ +

J

X{H ® X{H = (h;xf + .
J

, , ! _
=hix/ @ hix{ + hix{ ® Zl hi~Jone, .
i=

! _ 1 _ 1 ,
+> hic_JUnet-&-j ® hﬁ(x{ + > hic_Jo-Tlet-i-j ® > hic_JO'net+j
=1 =1 =1

and

o ozl L o hlsd L hlxd & S hl
X ©Xp = hoxy @hexy +hoxy @ '21 hi7ond,
J:
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l ] l . ! ;
+ > hiTond,; ® hix] + 3 hi7ond, ;@ 3 hilond,,
i j=1

j=1 Jj=1

This means that:
=f =f f f
By | Xy @Xp — X, X5y

l .
=E; [h;X{ ® h;X{ =+ h;X{ ® > hﬁ:Jcr’r)(sHj
=1
. l . l .
+ > hic_]an(st—&-j ® h;x{ + > hﬁc_]a"?‘stﬂ‘ ® > hic_JUn(st-i-j
=1 =1 =1
f f f o S piei
~hix! ® h!x] —hix] ® _Zl hiJone,, ;
J:
!

, ! , ! ,
_ Zl hﬁ:J(n]et+j ® hicxtf — Zl hi:ﬂgnetJrj ® Zl hi:ﬂg’r]etJrj]
j= J= J=

= Eyhlx{ @ hix] + hix] © hl7lond,,
+hitond, ., @ hlx] + il hiJond,,; ® il hi-iond,, ;
—hix/ @ hlx] —0 g -
-0 - il hlJone, ; ® il hlJone, . ]
Jj= Jj=

using F [€;4;] =0

= Ey[blx] @ hl~'ond, ., + hilond, | ® hix]
l

l . .
+ > hf]f”?‘st-s-j ® > hicﬂm?‘st-yj
i=1 i=1
! _ ! ,
- ‘21 h;_JU'UGtﬂ‘ ® 21 h;_]a"IGtﬂ‘}
j= j=

= Ej [h;X{ ®@hlitond,, , +hitond, , ® h;X{

l . l .
+ <h£c_10-776t+1 + > h;_JUWGt-H‘) ® (hfc_10775t+1 + > hic_jo'net-i-j)
=2 =2

l ] l .
_ <h£(10'776t+1 + 22 hi{Jo'neH_j) ® (hi{laneﬁ_l + ghiﬁan€t+j)]
j= j=

= Ey[blx] @ hl~'ond, ., + hilond, ; ® hix]

L
+hitond, . ® | hictond, o + Zthc]ffnetﬂ')
=

+> hﬁ(_Janet+j & <h;—1an5t+1 + > h;_10n6t+j>
£ =

Jj=2

l .
—hltone,, , ® (hi_l‘”?etﬂ + Zz hi‘JanetH)
=

l ) l .
-3 hﬁ:ignetﬂ- ® <hﬁ(10"l€t+1 + .22 hﬁ(ﬂg’r]et_,_j)]
J=

j=2
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= Et[hﬁcxf ® hi‘lan&ﬂ + hﬁflan%ﬂ ® hﬁcxf
+hi~tond, . ® hiTtond, y +0
l l

+0+ > h;7j0n5t+j ® 2. h;7j0n5t+j
j=2 j=2

~h{tone, ., @ hiTtone,y +0
!

_ 1
—0—-> hi(_JUnet+j ® > hg(_Ja"rlet+j]
=2 =2

= Et[hﬁcxic ® hi‘ldn&ﬂ + hﬁflan%ﬂ ® hﬁcxf
+hitond, . ® hiTtond,

+0

~hione, @ bl tone,

—0]

= Ey[hlx] @ hl'ond, , + hitond,  ® hix]

—|—h%:1m75t+1 ® hlﬁfllornét_H

~hi"lone, @ bl tone, ]

= hﬁcx,{c @ hl=lonr + hi-tonr ® hﬁcx{

+hi-tony @ hitony

—E; [h 'one,; @ hiTlone, ]
So we only need to compute E; [hitone, ; @ hi-tone,, ,]. We then note that
By [ toney .y @ hiTlone, 4]

= B (W &) (ome © 076

using (A ® B) (C®D) = AC ® BD if AC and BD are defined

= (hi-' @ bl ) B, [one, ® one, 4]

= (hi'@hl ) A

where A =F, [anetﬂ ® anetﬂ}. We then have
A =FE, [one,, @ one, 4]

=FE; {{077 (v2:1) €410m (Y152) €41}, }v .
-

= L {{UZZf_l 1 (v2, 01) €41 (61, 1) Egjzl on (71, b2) €41 (D2, 1)}711 } )

71=1

— 5 {{o Sin S n s e @ G o G e (0o} L
1T ) y=1

Ng

— {{oZZj_l?7(72a¢1)0"7(71’¢1)} | }nz

71=1 vo=1

- {{0277 (v2: )M (71, 1)/}:;1}%
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Thus
L {i{H ® i{H - Xf+l ® X{H} = hix{ ® hi"lonv + hi'onv @ hix{ + hi'onv @ hi lonv
— (b ' @hi7 ) A

= hix! @ hilony + hi lonr © hix! + (b @ hi ) (onvony)
— (W oh ) A

= hix{ @ b lony + Wi lony @ hlx! + (b ' @ hi ) ((oqpeony) — A)

Or (using another index)
E, ifﬂ- ® ifﬂ- — X{+j ® X{+j} = hixf ®@hi~lonv +hi-lonr ® hf(x{ + (hg;_1 ® hf(_l) ((env@onv) — A)
for j =1,2,3, ...

—~

<

Thus, we have in general

RS A o ! !
Z:Ohx_ —J§Hxx (Xt+j ®Xt+j) — Zohx— —J§Hxx (xtJrj ®Xt+j>
- i=

By %3, — %] = E

i1l of ozl ! f

= Z hi~ —J§HxxEt {xtﬂ- QX — Xpy ®Xt+j:|
Jj=1

the shock hits in period t + 1, so (i{ ® 5&{) = x{ ® x{
1

—1
> hiciIH (hﬁ;xgc ®hilonyv +hilonr @ hix] + (hi ' @ hi ') (enqreony) — A))
j=1

If we restrict the focus and do the GIRF’s at the unconditional mean of X{ = 0, then we get

-1 q , ,
By [ — %] = '21 hic_l_ngxx (b @hi™) (onv @ onr — A))
j:

When implementing the GIRF, it may be useful to have a recursive expression. Here, it is must convenient to use
-1
< _ I-1—51 <f <f f f
E, [fo - fo] = Zl hl 1 iH, E, {Xtﬂ‘ QX — Xpy; @ Xtﬂ}
j=
So
Ey [iiﬁrl - Xf+1] =0

1 . .
By [X10 — X}40) = 3 hy g Ha By {X{+j ® X{Jrj - X{ﬂ‘ ® Xngj]

7j=1
_ 1 = f = f f f
= s Hux By [Xt+1 OXjp1 = X1 @ Xt-&-l}

2 . _ ~
Ly [if+3 - Xf+3] = '21 hiﬁJ%HxxEt [thﬂ‘ ® Xz{+j o X{ﬂ' ® X{ﬂ}
P
= b Hox By [%]) @ %L1 = xfy 0],

+iH« Ey {5{{+2 ® 5({+2 - X{+2 ® X{+2}

= hue By (X310 — X340 + s Hux By {i{w ©Xfyp — X2 ® X{+2]
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So in general
By (% —x5] = by [R 0 — x5y ] + s HaB K, 0%l —x],  ox]
t [t4k t+k x =t [ Apk—1 t+k—1 QXX | A1 t+k—1 t+k—1 t+k—1

For the total state variable:
Ey [it-s-l - Xt+l} =E ifﬂ - X{H] + Ei [i§+l - fo]

For the control variables:
Vit = 8x (th-H + Xf+l> + 3 Gx (X{H ® XZH) + 58000

Vit = 8 (i{H + if+z) + 3Gx (i{H ® i1{+l) + 380007

2

= _ =f f = 1 ~f of f f
E; [yterl - yf+l] = 8x (Et {Xt—i-l - Xt-s—l] + By [fo - fo]) + 3G B (X @Ky — X Xy,

11.3 At third order

At third order, we additionally need to consider:
X574y = hyex(? + Hyx (x{ ® xf) + tHyxx (X{ ®xi ® x{) + %hmeO'QX{ + thyeeo®

and

Xily = hyeXpf ) + Hyx (X{H ® x§+1> + tHyox (X{H ® X{H & X{H) + %haax02xf+1 + §hooo0?
—he (hox™ 1+ H f s 1Hg f f f 3h 2,f 1n 3
= hy xX; o+ Hyx | X3 @ X3 +6 xxx | X; @ X3 ®X; +6 ocox0 Xt+6 coo0
FH,, (X{Jrl ® x§+1) + L Hn (x{H oxl,, ® x{H) + 2y 0?x] 1 + Lhypeo?
— h2x7 4 hy (x{ ® xg) + hy Lo (x{ @xi @x! ) + he2hy 0] + hylhyp,0
+Hx (X{H ® xfﬂ) + %Hxxx (X{H ® X{H ® xfﬂ) + %h(,gxazxir1 + %hmgog’

and

x§i3 = hxxﬁQ + H,« (x{+2 ® Xf+2> + éHxxx (xf+2 ® th+2 ® xf+2) + ghaoxazxf+2 + éhgwa3
= hy [h2x79 + hy H (x{ ® xg‘) + hy L (x{ ®x] ®x] ) + hy 3 hyoyo?x] + hylhy,p0°
+Hyx (x,{ﬂ ® xf+1> + %Hxxx (XZH ® th+1 ® X{H) + %hwxcfzxfle + %hmgo?’]
+Hyx (X{Jrz ® xfﬁ) + %Hxxx (xizr2 ® xtf+2 ® x{+2) + %hwxazxizr2 + %hg(mo?’
=h3xl? + h2H, (Xf ® Xf) + hi%Hxxx (xtf ® X{ ® x{) + hi%haoxUQX{ + hi%hoaoa‘g
+h, H, (X{-i-l X Xf+1) + hx%Hxxx (X{-i-l ® X{+1 ® X{+1) + hx%haaxozxf_i_l + hx%ha'mfo'3
FH,, (x{ L, ®XS +2) + L Hn (x{ s oxl,ox! +2) + 202X 15 + Lhygeo

2 .
= B 4+ 3 b T (xf, @i,
J:

2 .
+ 3 hi Y Hu (X{Jrj ® X{ﬂ‘ ® X{Jrj )
i=o
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2
2-53 2..f
+ Z hx Jghaaxa Xt+j
J=0

2 .
+ Z hi_J%hgaaa3

In general

-1 .
xt+l =hlx7? + Zo hl-1-7 [Hxx (x,{ﬂ- ® x§+j) + +Hyxx (x{ﬂ- ® x{ﬂ- ® x{ﬂ-) + %hUUXJQX{H]
J:

-1 )
: <Z hﬁ‘”) oo

Thus

E ["rd _ Td] — E [li hl—l—j H =f ® %5, )+ lH =f ® =f ® =f + éh 2zf

t [ Xerr — Xepr] = el . xx \ Xiqj O Xy j 6 ixxx \ Xpy; O Xy ; OXg 5 6 loox0 Xy ;
=

-1 4 ’
_{Zohic_l_J |:Hxx (xfﬂ. ®x;+j) + i H (x{ﬂ- ®x],,; ® x{+j) + %hwxﬁxfﬂ} 1
]:

; 3 (Hoy (&L @ %1y, — @ x|+ Bhooo® By |7, - x)
—1

+ 21 b 5 Hiooc {Xt-&-J @xl; Ox[; —xl 0], ® X{+J}

asjthe shock hits the economy in period ¢ + 1

A recursive version:
srd _
Eq [Xt+1 Xt+1] 0

Et [i:i2 Xt+2] (HxxEt |:Xt+j 0 Xt+] th+j ® X?—i—j:l + %hUUXO-QEt I:i{‘Fj B X{+j:|>

1

> h

j=1
SIRE f 7 !

2 —Jjl 5 Hxxx Bt [xtﬂ@xtﬂ@xtﬂ xt+j®xt+j®xt+j}

= Hyx Ey {Xt+1 B Xip1 — X{+1 ® Xf+1} + §hooxo’ Ey |:i{+1 - X){-{-l]
1 <f = f < f f f f

+ 5 Hxxx ot {Xt-i-l QXjp1 OXpy1 — X X © Xt+1:|

2
B [%({s —xi¢s] = X h (H""Et [ifﬂ ® %Kiy X[, ® Xfﬂ'] + ghooxo?E; [i{ﬂ' - X{HD
J

=1

2 o ! f /

2_: h2-71 ¢ Hooxx B [xtﬂ ®xtﬂ ®xt+j Xy ® X ®xt+]}
by (HxxEt (%1 @ %040 — Xy @ %00 + BhooxoBr &y — x|
F oy (%] © K5y — XL © X1 | + Bhoono By & — ],

+hX%HxxxEt {i{—&-l ® i{+1 ® 5‘{+1 - X{-H ® X1{+1 ® X{+1}
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+%HxxxEt |:itf+2 & itf+2 & i{+2 - X{JFQ ® X{Jrz ® X{+2:|

= hx By [X], — xi%5]
+Hyx By [ierz DRy — X1, ® Xf+2} + ghooxo By [ifw - X{+2}

1 =f =f =f f f f
+ 5 Hxxx Et {XH—Q O Xpg @Xj o =X g OX o ® Xt+2}

So in general
srd rd _ srd rd =f 5SS f s
Ey [%74), — x(%] = 0By X0 — x4 ] + BBy [Xt+k71 QX 1~ Xppp—1 @ Xt+k—1}
3 2 =f f
+5hoox0" E; [xt+k71 - Xt+k71}

1 ~f zf zf f f f
+ 5 Haoxx Bt {Xt-i-k—l OXi i p1 OXj g1 — X1 OXp o 1 ® Xt—&-k—l}

Thus, we know E, [i{+j — x{ﬂ»]. So we only need to compute E; [)"{{+j ® itfﬂ- ®i{+j — X{H ®x{+j ®x{+j

and F, {5&{ 4+ ®OXi i — x{ +; ®x¢4;|. This is done in the next two subsections. For these derivations recall that we define

d; such that:
0 yj=v forj=1
014 =€y forj#1

11.3.1 For (x{ ® x/ ®x{>
Consider:

l ) l . l .
X{-s-l ® X{-H ®X{+l = (h;x{ + 2 hic_]m?etﬂ‘) ® (h;x{ + 2 hﬁ("aﬂetH) ® (hicxic + Z hgc_‘7<7"7€t+j>

Jj=1 Jj=1 j=1

l . l . l . l .
— (h;x{ ® h;xf + hﬁcxf ® Zl hi{‘ﬁanet_i_j + Zl h;—ﬁanet_i_j ® hﬁcxf + Zl hi(—JanetH ® 21 hﬁ(_JO"I’IGH_j)
j= j= j= j=

l .
® <hﬁcx,{ + ng hl-J anetﬂ»)
!
>

= (hix] ® hlx] + hix{ ® 3 hiJone, ;+ > hiione, ; @ hlx] +
j j=1 j=1

1 hf(—JaneH_j ® 21 hﬁ(—ﬂanetﬂ) ® h;x{
J= J=
l !
+(hlx!@hlx! +hix/® > hiione,, ;+ > hione, ;@hlx]+
— j=1

l . l . l .
Py 2 hi 7 oNeEs ®]§1 hl-J gnetﬂ-)@];l hl oNeEL

Jj=1

l .
= hix! @ hlx/ @ hlx] + hix! @ Y hione, ;@ hix]
j=1
l ) ¥ 7 l
+2 hicﬂgnftﬂ' ® hix{ ® hixy + 4

. l y
hi:j onNeE; @ > hi(ij oneéy; @ h;X{
i=1 j =t

1
i _ l . l .
+h£<X{ ® hﬁ(x{ ® > hic_]f”?%ﬂ' + h;x{ ® hﬁijanetﬂ ® > hﬁijanetﬂ-
=1 =1 =1
! , 7 . 7 . 7 . 1 ,
+ > hﬁc_JU"?‘Etﬂ' ® hicX{ ® > hic_jo'net-i-j + > hic_jmlﬁtﬂ ® > hic_Jo'net-i-j ® > hic_jo-net-l-j
=1 =1 =1 =1 =1

And we therefore have

of ozl ozl Lol o blsxd o hlxd 4 il & S i LS
X[ @% 0%, =hx) @hex) @bhyx; +hixy ® Y hi/ond,,; ® hyx;
j=1
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l ) l . l .
+ > hﬁfjgn‘stﬂ‘ & h;X{ ® hﬁcx{ + > h;ﬂm?‘stﬂ' ® > hﬁcﬂm?‘stﬂ‘ ® hicX{
=1 =1 =1
1 ) l ) l .
+hi<X{ ® hﬁ(x{ ® > hifjanthj + hLXf ® > hﬁfjmﬁtﬂ ® > hifja"?‘sf,-s-j
j=1 j=1 j=1
l . l . l . l . l .
+ > hiiond,,; @ hix] ® 3 hiiond,,; + > hiiond,,; ® 3 hiions, ;© 3 hiTond,,
= iz iz i=1 i=1

This means that:
= f S f of f f f
Ey [xt-s-l QX Xy =X, X @ Xt+l}

~ Bl @] @ W + biox! © 32 WIond, @ ]
=
+éj1 hl-iond,,; ® hix] ® hix] + éjl hiiond,, ; ® éjl hi=ond,. ; @ hix/
+hix! @ hlx] ® Zl:l hiiond,, ; + hlx{ ® Zl:l hiioné, ; ® Zl:1 hl-iond,
Jj= j= j=
+ ji:l hﬁ:jonétﬂ ® hixtf ® ]i:l hﬁ:janétﬂ + jé:l hgcijm?étﬂ‘ ® Jil hgcijarl(stﬂ & Jil h;7j0n6t+j

, . , o _
—E[hix] ® hix! @ hlx{ +hix] @ 3> hione,.; @ hlx]
j=1
l . l . l .
+x hl-one,,; ® hix] ® hlx] + > hiJone, ; ® 3 hiione,, ; ® hix]
= j=1 j=1

1 ' ! . ! .
+hix] @ hix] ® 3 hi7one,,; +hix! @ 3> hl-ione, ;© 3 hiione,,;
j=1 j=1 j=1
! ‘ 1 ‘ 1 , 1 , 1 ,
+ > hicijo—netjtj ® h;X{ ® > hifjfﬂ?etﬂ- + > hi:jo—netJrj ® > hicfjgnetﬂ' ® > hiﬁ“?ﬁﬂ']
=1 j=1 j=1 j=1 j=1

= B0+ hix{ @ hilond,, | @ hix]

! ) ! )
+hl 'ond, ., ® hlx] @ hlx] + > hiJond,, ; ® > hiJond,,; ® hix]
j=1 j=1

1 , l ‘

+hix! @ hix{ ®hllond,,, +hix! ® Zl hiond,,; © 21 hliond,,
J= J=

l ) l ) l ) l . ! .

+ > hiiond,,; @ hix{ ® 3 hiiond,,; + > hiiond,,; ® 3 hions, ;© 3 hiTond,,
j=1 Jj=1 J=1 J=1 J=1

—E[+0+0
l

+0 +
J

. l .
hi7one,; ® - hiTome, ;@ hl x/
1 j=1

! _ ! _
+0 + hix] ® Zl hione,,; ® Zl hiTone,, ;
= =

! ' 1 . / . 1 . 1 .
+ > hﬁc_JU"?‘Etﬂ' ® hicX{ ® > hic_JO'Tlet-i-j + > hic_jo-net-l-j ® > hic_jo-net-l-j ® > hﬁc_jo-net-l-j]
i=1 i=1 i=1 i=1 i=1

using E; [€;+:] = 0 and cancelling the term hlx{ ® hl x/ @ hix/

= Ey[hlx] @ hi'ond, ., ® hix{ +hitond,,, ® hix! ® hix] + hix! ® hlx] ® hi 'ons,
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l ) l .
+ > hﬁfjgn‘stﬂ‘ ® > hicﬂ(”?‘stﬂ' ® h;X{
=1 =1

! , ! _
+hlx] ® hiond, ; ® > hiiond,,,
Jj=1 j=1
l . l .
+ > hidond,, ;® hix/ @ 3 hiioné,,;
j=1 j=1
l . l . l .
+ > hiiond,,; ® > hiJond,, ; ® > hiions,,,
j=1 j=1

Jj=1

! , ! ,
—E,[Y° hiione, ;® Y- hirione,,; ® hix]
=1 j=1

l . l .
+hix! @ Y hiione,,; ® Y- hiTone,,;
Jj=1 Jj=1
l ) l )
+ 3 hiTone, ; ® hix/ ® 3 hiJone,
j=1 j=1
!

. l . l .
+ 2:1 hﬁfjanetﬂ- ® 2:1 hﬁfjanetﬂ- ® Zl hifjanetﬂ-]
j= j= j=

= Ehix! @ hilonr @ hlx! + hitonr @ hix! @ hix/ + hix! @ hix{ @ h'lonv
! , I 4 I 4 l 4
+ > hic_JUn‘szH—j ® > hic_JUn(st-i-j ® h;xf - hﬁc_JUTIGtﬂ‘ ® > hﬁﬁdnéw ® hicX{
j=1 j=1 j=1 j=1
l . l .
Z hgcijo-net+j ® Zl h;7-70n€t+j
- i=

+hix! ® Y hiiond, ; ® S hiiond, ; — hix]
j j=1 j=1

Jj=1

l ] l ) l . l .

+ 21 hi/ond,, ; ® hix/ ® 3 hiJond,,; — '21 hi7one,; @ hix/ @ > hiTone,,
= = = =

Jj=1 Jj=1

I _ I _ I _ ! _ I _ I _
+ > hiTond, ; ® 3 hiTlond, ;@ 3 hiIond, ; — 3 hiTone, ; ® 3 hione, ;@ Y hiTone,;
j=1 j=1 j=1 j=1 j=1 j=1

We now evaluate the expressions on each of the four last lines:

l ) l ) l ) l .
-Zl hiiond,, ; ® Zl hl-ond,, ; ® hlx] — Zl hi-ione, . ; ® Zl hi-ione, . ; © hix] 1
Jj= Jj= Jj= Jj=

Alet

l ) l .
= Et[<h£<10775t+1 + > hgcj‘”?(st-;-j) ® <hi<1(7775t+1 + > hijan(?tﬂ) ® hlx]
=2

Jj=2
l ) l . ¥
hiTome, ;| @ [ hitone, + > hiTone, ;| ® hix]]

J

- <h£<1077€t+1 +
2 j=2

L
= Ebl tond, , ® <h£<10775t+1 + > h;jm’l‘stﬂ') ® h;x{
j=2
l . l .
+ > hﬁZJUmstﬂ- ® (hﬁc‘lon%ﬂ + > hﬁfjan&ﬂ) ® h;X{
j=2 i=2

l .
—hi_10n€t+1 ® (h;—lgne“l + Zz hi(—ﬂo'net_i_j) ® hf(xf
i=

! ; ! .
_ ZQhﬁ:JgneH_j ® <hﬁ(10"l€t+1 + .22 hﬁ(ﬂgnetﬂ-) ® hlx]]
Jj= i=
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l )
= Ey| <hﬁclan5t+1 & hﬁ:lmﬁt“ + hi:lanétﬂ ® > hﬁ(]onétﬂ) & hﬁcxic

j=2
1 . ! , ! 4 ;
+{ 2 hic_jo-’r]‘st—&-j @hltond, , + 2 hﬁc_]a"?‘stﬂ‘ ® > hic_JUndt-i-j ® hlx;
i=2 ; i=2

Jj=2

l )
- <h£<15”76t+1 ®@hilone,y +hiTtone,, ® 22 hiTone, ;| ® hl x]
=
1 ‘ 1 . ! . ;
- X hﬁ?“ﬂ?etﬂ- ®hltone, . + > h;7j0n6t+j ® > h;7j0n6t+j ® hlx]]
j=2 j=2 =2

= Et[(hﬁflané,ur1 ® hﬁ:lanétﬂ + 0) ® hﬁcxtf
1 ) l ) .
+{0+ > hidond,, ;@Y hﬁ(ﬂanétﬂ-) ® hlx/
Jj=2 j=2
- (hic_lo-'rlet-i-l ® hic_lanet-i-l + 0) ® hicxz{
- <0 + > hﬁZJUnetﬂ' ® > h;‘ﬂonetﬂ) ® h;x{]
j=2 j=2
= Et[hﬁflmﬁm ® hﬁflamsm ® hﬁcxf

+
—hltone,, , @bl tone,, , ® h;x{

~ Bihl Lony © b tony © hix! — B Lone,,, @ bl lone,,, © hix]]

- (hﬁ:l ® hﬁ:l) (onv @ onr) ® hicxic — E, [(hi:l ® hg:l) (0’1’]€t+1 ® JnetH) ® h;x{]
using (A ® B) (C® D) = AC ® BD if AC and BD are defined

= (b @ hl7!) (onv @ o) @ hix! — (bl @ hl7!) B, [(one,y, @ one,y,)] © hix]
= (b @ h ) (onqr @ onr) @ hix] — (bl @ b ') A @ hlx/

= (hﬁ:l ® hﬁ:l) ((omv @ onr) — A) ® h;x{

Note 41 = E;

l
j=

, ! , ! , ! ,
hi7ond, ;@ 3 hilond, ;@ hix/ — 3 hi7 one; @ Y hiTone,; hl x/
1 j=1 j=1 j=1

Therefore we immediately see from the structure of the terms that

! . ! ' ! ' ! '
Ay =hix{ @ 3 hioné,, ;© > hiiond,, ; — hix/ @ 3 hione,, ; © Y hiione,
j=1 j=1 j=1 j=1

= Ei [h;x{ ®@hitonv @ hiTlony — hi{x{ @ hilone, . @ hiTtone, ]

= E[hkx] ® (! @ hioY) (oqveony) — hix] @ (bl @ hiTY) (one,q ® oney )]

= hix! ® (b @ hl7!) ((onv @ omw) — A)
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For the third term: l l
Az = Z hiio Ny ® h! Xt ® Z h!~ 10775t+g > hﬁfjdnetﬂ' ® hicX{ ® > hic_janetﬂ‘
=1 j=1 =1
= Ehitonr @ hﬁcx){c @hlitony —hilone,  , ® hﬁ(x{ ®@hlitone, ]

=hilonr @ hix{ @ hilony — T (1)

The only element which is not directly computable is I' = E, {hi{lonet 1 ® hicx{c ® hi=tone, 11| which must be com-

puted element by element. Hence, consider

L) =E [h ]Un€t+1®{h (72,1) Xt X {hl ] ’Y1a-)‘7775t+1}%_1} 1]
Ny=

= L, {h;j (73,:) OnN€ 1 X {h (72,1) Xt X {hl Ty, )‘7"7€t+1}71_1}7 1}
= =1

o=

=E {hicj (Y3.) & Xhooi M (2 62) €1 (6, 1) % {hi (72, ) x] x {hﬁfj (Y1:1) 0 205 2 M (5 01) €1 (¢, 1)}:11} ) }

Yo=1 v3=1

- B, {h;j (737:) UZZZ:I ZZE:I 1 (:, ) €141 (Pg, 1) X {h; (v,1) X{ X {hi:j (Y1, om (5, 01) €41 (1, )}7 71}711 } «

Yo=1 v5=1

_ {h;j (vs.) Uzg;ln(;v%) > {hﬁ( (g, 1) xI x {hid (vy,)on (:,61)} 1_1}% }"’”_1

Yo=1
because the innovations are indepdendent. This expression is directly implementable.

A4:Et

l . l . l .
'21 hiioné,, ; '21 hioné,, ; ® '21 hioné,, ; — Z hione,, ; ® Z hiJone,, ; ® Z h!- anetﬂ]

! )
- Et[< tond, | + Z hl~ andtﬂ) ( Ilond, , + Z h!- 0n5t+]> (hﬁ(lanétﬂ + Z hﬁ(ﬂandtﬂ)

- <h£c ON€y + Zzh Unetﬂ) ® <hx ON€ 4y + Z:zh UTIQﬂ) ® (hx ON€y + ZQh Unetﬂ)]
J J J

l .
= E;[h!~ tond,,, ® <h; Yond,, , + 2 h;_jan6t+j> (h tond, , + E h!~ ‘7775t+g>
L
+ > hﬁ:Joné,H_j (hﬁ( 1‘7775t+1 + Z hl- Jn5t+]> (h tond, ., + Z hl- O’?](St+j>
=2

—hllone,  ® (hx oNEL L + Z hl~ Tome,, ; hl~tone, ., + Z hl~ anetﬂ>

l . .
- Z)th‘]anetﬂ' ® <hx oneE 1 + Z hl- ‘777€t+]> ® <h£<_10-776t+1 + ghi"0n6t+j>]
j= j=

= Et[<hi<10775t+1 ® hicilan‘swl + hﬁcil 0,41 ® Z h 0175t+J> ® <h£<1 Oppq + Z h 0n6t+j>
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+

<.
1]~
N

! ‘ ! ‘
hiio ®h 0ppq + Z hﬁﬂan&fﬂ- ® ZthJJMtH) ® <h£c ond, 1 + ZQh 0n5t+g>
J=2 = j

Jj=2 Jj=2

l .
<h£c one, . @ hiTtone, .y +hiTtone, @ E hy” 077€t+7> ® (hic_lo-’r]et—&-l + > hic_]a"?€t+j>

l
22 Gn€t+J @ hilone, q + Z hi Unef+] ® Z hi JU"'lefﬂ) ® <hx ON€y + Z hi ‘77761‘4-3)}
j=

l .
= Et[ <h£<_10'7’]6t+1 ® hi(_lo"r](st+1 + hgc_la-ndl%i»l ® Z hic_JO"I’](st+j> ® hﬁ(_lo"r'(st+1
j=2
! _ l
+ | b tond, @ hiTlond, +hiTlond, © XZth‘Jantstﬂ) 2:2 014 j
j= j
! ‘ l ‘ l
+| X hiTond,; @hictond, .y + Y hicTond,, ;@ 3 hiilond,,; | ©h 0111
j=2 j=2 j=2
l ! ‘ l l
+ h!- ond, . ; ® hi7lond, ., + 3 hﬁ:ﬂanétﬂ ® Y hlion 0 | ® >0 h!~ 7an6tﬂ
j=2 j=2 j=2 j=2

-1
X

one 1 ® hitone,y +hiTtone ® E hy” U77£t+g> ®hitone,

— | bl tome, @ hiTlone, +hiTlone,  © Z hijanetﬂ) Z hi T one,

|
/\/_\/—\/U'\/_\/—\/\
I~

<
]

l

22 hl- J0n6t+] ® h 0n€t+1 + Z h;‘janetﬂ» ® 22 hﬁijanem
i= i=2 i=

l

® > hiione,, ]

hi{*janetﬂ» ® hl-1 oNe€sq + Z h!- J'r]etﬂ ® Z hl~ UWQﬂ) ® hi{*lanewl

|
=

[(hitond, , @ hitond, , +0) @ hllond,

l ) l )
Tlond, © Y hicijo-n(stJrj ® > hicjan(st+j>
j=2 j=2

+
o
+
=

I

l . l .
0+ > hilond, ; ® 3 hiiond, ; hi‘10n5t+1>
j=2 i=2

+
o~

+
N N N

<

I~

[ V)

. l . l . l . l .
hi7ond, ; @ hiTlond, . ® Y- hiTond, ;+ 3 hidond,; © 3 hiTond,; © 3 hi(_jgn(st-i-j)
j=2 j=2 j=2 j=2

“lone, , @ hiTtone, , @ bl tone, | +0)

[
SoF
+AT
=]

(e

+

(e
=

l . l . l .
- <0 + > hfc_jUnﬁtJrj ® > hﬁc_]Unftﬂ‘ ® > hﬁc_]U’Uetﬂ‘)]
=2 =2 =2

= Ey[hl tond, ® hilond, ., @ hitond,

! .
+hi -t ond 1 ® Zthﬂf”?‘st-s-j ® .22}15:]0775:&“
J= J=

I _ I _
+ > hidond,, ; ® > hiiond, ;@ hitond,,
j=2 i=2
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l ) l .
<Z hiTond,, ;@ hiTtond, | © > hiTond,,; +0

j=2 j=2
(hi'one, 1 @ hitone, @ b tone, )

+(0)]

+E; |hl7lonr ®
+E;

l .
+E; | Y. hiiond, @bl tonry ®
=2

hi 'onv @ bl 'onr @ hi-tonv
I
x j—

j=2

J J

—E, [h;‘laneHl ® hﬁflanem ® hﬁflanem]

How consider the following terms:

. l .
hi:ﬂa'r,(it_i_j ® ZQ hi:ﬂantst_i_j
j=
l . l .
.22 hi{—]othJrj ® 22 hic_-7an5t+j ®@hl-ton
J= J=

!
L
. h,7oné, ;

v

l ) l )
Ay = E; (W loqr e Y hic_Jo'nétJrj ® >, hic_]m?‘stﬂ‘
Z =

Jj=2

l .
Ey [ oy @ h;_20n6t+2 ® > hic_]‘”?etﬂ‘

j=1
! ,
+hiTtony @ hiTPone, 3 © 3 hiiTone,,
j=1
+... l
+hiTlonr ®@ ome,y, © 3 hg:janetﬂ_]
j=1

Ei[hionr @ hi-?one, ., @ bl 2ome, .,
+hiTlony @ bl Pone, 3 @ bl Pone,
+...

+hilony @ one,,; @ hiTlone, ]

because the innovations are independent across time

! _ ,
= 22 hi'onr @ (b’ @ hi7) B [(one, © one )]
=

l . .
22 E; [hﬁ:lany ® hﬁ:JaneH_j ®@hl onetﬂ-]
j=

l
> hilonv @ By [(hi7 @ hi7) (one,,; @ one, ;)]
j:2

)

because the innovations are identical distributed across time

l
> hiclonr @ (b7 @ hl7) A
j=2

We therefore immediately have for the second term:

l , l .
Ao =E, | Y hiiond, ;© Y hidond, ; @hltonv| =
=2 i=2

174

l .
22 A (hi7 @ hi7) @ hl tony

J



For the third term (when using the results from above)

Ay3=FEy Zh ~Jomd,, ; © hl 10"!71/®Zh Tond,,

Jj=2 Jj=2

l . .
22 By [ one,,; @ hi oy @ hiTTone, )]
=

!
where Q = By (b Tone,, @ bl tonr @ hlone, ]. So

Q, =F, {h Slone,, ® {h Y (yq, ) omr x {hid fyl,.)o-netﬂ}V _1} 1]
-

= L, {h;j (’YS, ) OnN€ 1 X {h (v2,1) omu X {hl (71,: )Unem}%_l} }

v2=1

v3=1
hi (v, 022221 1 (:, 02) €141 (P2, 1) -
= E —7 Ne e -
t {hl Y (vyy,:) omu x {hic T(r151) 0 2= M (5 d1) €11 (¢1’1)} 1}
M=) =1 ya=1

E B (15.) 0 Do D () een (61 "

i T {hﬁfl (v, ) o x {7 (7y,2) om (1, 1) €ev1 (¢4, 1)}::1}
1 v2=1 v3=1

_ {hiij (3. 0 i 6o00) (! () omw > {0 () om o) }

Yo=1
because the innovations are indepdendent. This expression is directly implementable.

For the fourth term must be computed element by element
Aga =By [bone, @ bl tone, @ bl Tone, ]

=F, {hl lgn€t+l ® {h (72, ) ON€Es 1 X {h (V1:%) Un€t+1}»h_1} ”_J
o=

:Et

Mg
{hﬁ:l (vs.) o€ x {hﬁ:l (Y2,:) ome gy x {hi 71")0n6t+1}71—1} —1}
-

= Ey[{h}? (73,:) JZ$§:1 1 (:, ¢3) €41 (P3,1) ¥

Ng

v5=1

|

(B (1390 X501 2 6) € (0, 1) x (B (1) 0 5y md) e (00D} Ve

— BB (15.) 0 X0 0 () €1 (61, 1) x

{hicil (v2,) om (3, 01) €41 (91, 1) ¥ {htl (v1,:) on (5, 01) €s41 (01, 1)}7 _1}n;_1}n3_1]

= {o®hl " (73,) 22:21 N (01) Br (€841 (01, D] ¥ {hi! (72, ) (5 01) x {hic (v1,5) m (;, ¢1)}71:1 Y Sy
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Thus, we finally have:
=f =f =f f f f
Ey [XtH QX Xy =X, X @ Xt+l}

= hlx/ ® hl'onv @ hlx]
—|—h£(_10771/ ® h;x{ ® hﬁcxtf
+hix/ @ hix! @ hi-tony
)+ (bt @bl (oqy @ omy) — A) @ hlx]
A3)  +hixd @ (W @ b ((onw @ onw) — A)
) +hi lonr @ hix! @ hi-lony — T (1)
) +hilony @ hi-lony @ hi-tonv

!
Agq) + Y hittonr @ (b7 @ hl7) A
j=2

l . .
Ayg) +2 A (bl @ hl7) @ hi tonr

Jj=2
l
Ay 3) + > Q;
j=2

Asa) B[ one @b one, @ hiTtone, ]

11.3.2 For (x{ ®x§)
Recall from above that

X{—H ®%Xi = (hxx{ + O'T}Et+1) ® (hxxf + %Hxx (x{ ® x{) + %haa(ﬂ)

= (hyx ® hy) (x{ ® Xf) + (hx ® %Hxx) (X{ ® x{ ® X{) + (hx ® %hUJGQ) x{

+ (on ® hy) (6141 @ x7) + (U"l ® %Hxx) (€t+1 & X{ & X,{) + (017 ® %hm702) €141

Therefore:
xlyo @70 = (hy ® hy) (X{H ® Xf+1) + (hx ® 5 Hxx) (th+1 ®x{,;, ® X{H) + (hyx ® Ihyp0?) x/,
+ (on ® hy) (€t+2 ® Xf+1) + (077 ® %Hxx) (€t+2 ® X{Jrl ® X{Jrl) + (Jn ® %hggo2) €110

= (hy ® hy) [(hx ® hy) (x{ ® xf) + (hy ® 1Hyy) (x{ ®xf ® x{) + (hy ® Lhy,0?) x{
+ (01 ® hy) (€141 @ %}) + (on @ 1 Hxx) (€t+1 ®xi ® x{) + (on ® thye0?) €141]

+ (e ® $H0) (xl @ xfy @x ) + (e ® $hooo?) xf,,

+ (0N @ hy) (€42 @ x11) + (01 © 5Hxx) (6t+2 ®x),® Xl{-i-l) + (o1 ® $hoeo?) €142

= (e ©h)? (x] @x7) + (e @ ) (e ® 3 ) (xf @3] @ x] ) + (B @ ) (B © Shgo0?) X
+ (hx ® hy) (01 @ hy) (€141 @ x7) + (hx ® hy) (07 @ FHxx) (€t+1 ®x] ®x] ) + (he @ hy) (01 ® $h,po?) €141
+ (hx ® 5Hxx) (th+1 oxl, ® X{+1) + (hy ® thoeo?) x],

+ (0n ® hy) (€142 ® x5 1) + (o0 ® 1 Hxx) (et+2 ®x),® fo) + (on ® $hye0?) €142

and
x{13 © 315 = (hx @ hy) (X{+2 ® Xf+2) + (hx @ 3Hix) (X{+2 O x5 ® X{+2) + (hy ® Lhoeo?) x],,
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+ (on ® hy) (€143 © X7 15) + (o0 ® Hxx) (€t+3 ®x,® xf“) + (00 ® 1hyeo?) €14y
= (e @ 1) (e © B)” (3] @) + (e @ ) (B ® S H) (%] 9 %] @] ) + (e @ ) (1 ® Joo0r?) ]
+ (hx ® hy) (o0 @ hy) (€141 ® x7)+(hyx ® hy) (o0 ® $Hxx) (6t+1 ®x{ ® x{)—i—(hx ® hy) (o7 ® $hoeo?) €41
+ (hy @ LHyy) (x{+1 oxf,,® Xf+1) + (hy @ Thyeo?) x/,
+(on @ hy) (€142 @ xj1) + (o0 © 3Hxx) (6t+2 ® X{+1 ® X,{_H) + (01 ® $hoe0?) €140
+ (hx ® 5Hxx) (X{+2 ®x]1,® X{+2) + (he ® 3hop0?) x/

(0 @ b) (€043 @ X10) + (01 ® Hia) (€43 @ XLy @ x[10) + (0 @ $ho00?) erss

= (hx ® hy)’ (Xf ® X§) + (hyx ® hy)? (hy ® 1 H,) (x{ oxf ® x{) + (hy ® hy)? (hy ® Lhyp0?) x]

+ (hyx ® hy)® (00 @ hy) (€11 ® X5) + (hy @ hy)? (01 ® 3 Hoex) (€t+1 ®x{® th) + (hx @ hy)? (01 @ Jhypo?) €41
+ (hx ® hy) (hx ® 5Hxx) (th+1 ® Xf+1 ® X{+1) + (hy ® hy) (hx ® 3ho00?) X7,

+ (hx ® hx) (00 @ hy) (€42 ® x711) +(hx @ hy) (01 @ ;Hxx) (em ®x] ., ® xf+1)+(hx ® hy) (01 @ $hyp02) €140

+ (hx ® Hyx) (X{+2 ©x{® X{+2) + (hx ® 3hooo?) X,
+ (Un ® hx) (€t+3 ® X§+2) + (077 & %Hxx) (€t+3 & xtf+2 ® X{+2) + (0'77 [029] %ha‘a’JQ) €113

2 .
= (hx ® hy)? (X{ ® xf) + '2) (hy ® hy)?™ (hx ® 1 H,x) (X{_,’_i ® x{_ﬂ, ® X{-&-i)
2 2—1 - f
+ 2 (e @ hy)™ " (hx ® 3hoe0”) X/
+ 3 (hy ® hy)* ™" (0 ® $hoo0?) €414
+ 3 (hy @ 1) (01 @ hie) (€r4144 © X )

+ 3 (he @ hy)® ™ (01 ©® $Hix) (€t+1+i ®@x],, ®x] +Z.)

And in general

-1 ,
Xz{+l ©Oxiy = (hx® h.o) (X{ © Xf) + 20 (he ® 1) ™' (hy ® $H) (X{+i ® Xz{ﬂ' ® X{+i>
et I—1—i 1 o _f
+ 3 (hy ® hy) (hx ® thyp0?) x/,;
i=0
-1 .
+ 3 (hx @ h)' ™7 (00 @ Fhoeo?) €ry1pi
i=0
-1 }
+> (hxy® hx)lflﬂ (on @ hy) (€414 @ X5,;)
i=0

-1 .
+ 3 (he®@hy)' " (o ® 3Hxx) (€t+1+i ®x/,,® X{+i>
i=0

for 1 =0,1,2,3.... Note for | =0 we have x{ ®Xx; = (x{ ® xf) as desired.

We therefore have
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-1
S s Lz ss I—1—i ~ ~ ~
1=
e 1—1—i 1 o\ ~f
+ > (hx @ hy) (hx ® thyeo?) X/,
i=0
-1 .
+ > (hx ® hx)l_l_Z (o ® 3hoeo?) 611144
i=0
-1 ,
+ 3 (hx @ hy)' T (on @ hy) (Sr 1110 @K,
i=0
=l I—1—i 1 ~f ~f
+ > (hx ® hy) (077 ® §Hxx) (5t+1+i X @ Xt+i)
i=0
Thus

~f -5 ¥ ,
Ey {Xt+l QXjy — X @ X§+z}

L (=f - - =1 I—1—i 1 ~f < f <f
= Blhe @) (K 2%1) + X (he @ hy)' ™ (he @ 3H,) (%], 0%, 0%,
i=0

|
—

+ 3 (hye @ hy) ™ (hy @ $hye0?) ]y,
=0
-1 .
+ ¥ (h @h)' 77 (07 ® $hooo?) Spp1 s
=0
-1 .
+ 3 (hx ® hy) ™ (00 @ hy) (Grr14s ® X5,
=0
I I—1—i 1 < f </
+ > (hx ® hy) (o0 ® 3Hux) (Fet14i @ X[y @ Xy
=0

-1 .
~{beoh)! (x] @xt) + Y (he @)™ (e @ i) (xls oxf oxl,)
= 1-1—3 1 2\ of
+ 3 (hy @ hy) (hx ® th,p0?) X/,
=0
-1 .
+ Z (hx ® hx)l_l_l (0"77 X %hO'O'UQ) €tr1+4i
=0
-1 .
+ z:o (hx ® hx)lilil (077 ® hx) (Et+1+i %) Xf—‘,—z)
i=

-1 .

+ 3 (hx ®hy)' 77 (0 © 1Hy) (€t+1+i ® X{y; ® X{ﬂ‘)}
=0

]

-1 .
= Et[;] (hye ® hy)' 7" (hy ® $Hyx) (itf+z oxl, 0%, —xl,0x];® X{H)
S -1 ih o) (2f o
+ 2 (hx @ hy) (hx ® 5hoqo?) (Xt—i-i - Xt+i)
i=0
-1 ,
+ > (hx® hx)lflﬂ (0N ® 3hee0?) (8eq14i — €14144)
i=0
-1 .
+ 3 (he @ hy)' T (00 @ hy) (Sug141 ® K5y — €114 DX
i=0
S 11— 1 & ol I ooyl
- Z0 (hx ® bi) (om © 3Hxx) (6t+1+i QXpp; OXpyy — €r414i O Xy ® Xt+i>]
=

because the shock hits in period ¢ 4 1, meaing that x{ = itf and similar for X}
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I
S
T

(hx ® hy) ™" (hx © jHix) (i{-&-i oxl, 0%, -xl, ,ox],® X{-i-i)

:
— ﬁ
7o

®hy)' " (hx ® Lhyeo?) (Xfﬂ X7{+z)

x)l ! (Un & hO'O'U )6t+1
' o @ hx) (0141 @ X} — €141 ® X})

INCAC
meow O
® &
= =

(hx @ hy) ™7 (00 @ hy) (814141 ® K5y — €r14s DX,

+ 4+ ++ +
™

=
&
=

X)lil (077 & %Hxx) (6t+1 X i{ (24 5-({ — 6t+1 (2] X{ & X{)

X

+
|

I—1—i - -
(hx ® hy) (‘777 ® %HXX) (‘St+1+i ® X1{+i ® XZ—H‘ — €414 @ th-i-i ® X{+i>]

.
Il
_

~
I
-

(he @he)' ™7 (e @ 5 Hxx) (i{ﬂ oxl, 0%, —x/,,ex],® X{ﬂ)

s
[l
=)

—~

By ©hy)' ' (B & Lhooo?) (5&{+L - xfﬂ-)

s
I
<

=
%
K &

x)ii1 (UT] ® %hogaz) 6t+1
1 -
x) (o ®hy) (6111 ® X — 0)

(hy ® hy)' ™' 7" (o @ hy) (0 — 0)

.TAA.
ML F
=2~2

+ o+ ++ o+
Il

~ o~

h ®h ) (0'77® %Hxx) (6t+1 ®i{®i1{ _0>

|
—

(hx ® hy)' ™' (om ® LH,) (0 - 0)

+
N

i=2
because x7, ; is a function of x/ +; which is a function of €;1;. The zero-mean iid innovations therefore implies
that7 Et [(€t+1+2‘ (9 X§+i):| =0 and Et [(€t+1+i X if—&-z)] =0

The same argument implies that F; || €414 ® X{—H ® X{—&-i ] =0

and F [(€t+1+i X i{-H X f{{_,”)] =0

-1 ‘

= (hx ® hx)lilﬂ (hx ® %HXX) (i{—&-z ® itf+z‘ ® i{+i - X{-H' ® X{-s-i ® x{+i)
i=0
-1

+ 2 (hx @ hy e (hx ® 3hso0?) (i{ﬂ - X{H)
=0

+ (hy ®hx)l ! (crn® lh,,0?) v

+ (hy ®h) (0n®hx)(u®x;§)

+(hy © hy)' ™ (o ® 1H,y) (y ox] ® x{)

the shock hitting in period t + 1 = if = xf and X} = xj

~
I

1

1-1—i - - -
(hx ® hy) (hx ® %HXX) (X{ﬂ‘ ® X1{+i ® X:{Jrz' - X{H ® X{H ® th+i)

s
Ll
= o

]

(hx ® hy i (hx ® %hwaz) (i{ﬂ - X{-&-i)

<.

U‘U‘U‘J'D
® ® ®

) 7 (o @ Ihyeo?) (ve1)
W' (en @ hy) (v @ x})

h
h
by 1(07’]@%Hxx) (y@x{@x,{)

+ + + o+
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~
|
-

(hx @ hy) ™" (hx © 3Hox) (i{ﬂ ol 0%, —x/,,ex],® X{ﬂ)

s
Ll
=o

@) (b @ Shooo?) (XL —x]y,)
x)l_l (UT,V & %haaaz)

X)l_l (omv @ hyxj)

x)l—l (0'7]1/ ® %Hxx (X{ ® X{))

]
=
%

+ + + +
=5 =1
X HK X <
® X K
(=l = -

~
|
—_

(hx ® hX)l_l_i (hx ® Hxx) (i{-&-z ® i{-m' ® ’E{-i-i - X{—H ® X{-H‘ ® X{-H')

s
[l
=o

(hx ® hx)lilii (hx ® %haaaz) (i{—m - X{-‘ri)

]

+ o+
<I:\j

h, ® hx)l_1 (a'm/ ® %hwa2 +onr @ hexi + onr ® %Hxx (xf ® x{))

-1 .

= (he ® hy)' ™' 7" (hyx @ $Hyx) (i{-&-z %l 0%, —xl,ox], X{+i)
-1 ,

3 (@07 (B 3hogo?) (5 - x,)

+(he® hx)l_l (gny ® (hxxf + 1 Hx (x{ ® Xf) + %hwoﬂ))

as the shock hittings in period ¢ + 1

To derive a recursive version for this sum, we let
=l I—1—i 1 < f = f =f f f f
X =) (hx ® hy) (hx ® inx) (XtJri QX DXy — Xy DX & XtJri)

i=1
=l I—1—i 1 2\ (=f f
+ > (hyx ® hy) (hx ® $h,e0?) (Xt—i-i - Xt+i>
i=1

+(he hx)lfl (077,/ ® (hxxf + 2 Hyx (x{ ® x{) + %h0002)>
S0
X1 =onr® (hxxf + $Hy (x{ ® xf) + %hwaQ)

1 .
Xy =3 (hx ® hy)' " (hy ® 1 Hx) (i{-&-z %l 0%, —xl,ox],© X{H)
=1

1 .
2 (e @by (b © Fhgo0”) (%1, — L)
1=

(hy ® hy) (ony ® (hxxf + %Hxx (x{ ® th) + %hwg?>)

+ o+

(hx ® %HXX) (i{+1 ® i{—&-l ® i{+1 - X:{-H ® X{+1 ® Xg+1)
+ (hx ® 5hoo0?) (i{H - X{H)
+ (hyx ® hy) (0171/ ® (hxxf + %Hxx (X{ ® x{) + %hwg?>)

= (hx ® hy) X1 + (hx ® 1 Hyx) (i{+1 ® i{+1 ® iz];rl - th+1 @ X{H ® X{+1)
+ (hx & %hUUO-Q) (i{-‘,—l - XI]:—i-l)
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M

X3= (hx ®@hy)* " (hy ® 1H) (i{+z oxl, 0%, —x/,,ex],® th+i)

K2

+ 3 (he @ ) (b ® dhoo0?) (&, — 1,
_l’_

i=1

(hy ® hx)2 (any ® (hxxf + %Hxx (x{ ® x{) + %h0002)>

= (hx ® hy) (hx ® $Hxx) (ifﬂ ® i7{+1 ® ifﬂ - X{+1 ® X{Jrl ® Xi{Jrl)
+ (hy ® 3Hy) (i{+2 ® i{+2 ® i{+2 - X{+2 ® xf+2 ® th+2)

+ (hx ® hy) (hx ® Fhyeo?) (i{“ - X{+1)

+ (hx ® %haagz) (i{+2 - X{+2>

+ (hy ® hy)? (anl/ ® (hxxf + 1H, (x{ ® x{) + %h0002)>

= (hx ®hy) X2 + (hx ® %HXX) (i{+2 ® i{+2 ® i{+2 - x{+2 ® X{+2 ® th+2)
+ (hx ® 3hyo0?) (i{w - thJrQ)
Hence, in general
. . . f f
Xi = (hx @ hy) X1 + (hx ® 5Hxx) (X{Hcﬂ ® X{+kf1 ® Xerkfl - X{Jrkﬂ X1 ® Xt+k71)

= f
+ (hx ® %haaaz) (X{+k71 - Xt+k71)

11.3.3 Summarizing
At third order, the total effect on the state variables is:
By [Re1 = Xe] = B [ifﬂ - X{H} + L [ifﬂ - Xf+l] + Bt [iﬁl—l - X;‘il}
For the control variables:
yid, = gx (x{H +xg,, + x;“il) + 3Gxx <(x{+l ® x{+l) +2 (x{_H ® xf+l))
+5 Gixoxx (x{+l ® X{+z ® X{-&-l + 38000% + %gwaQX{H + 580000
it =g (Rl + R+ 7)) + 3G (R 0 %) +2 (R 0 %1) )
+%Gxxx (i{+l ® i:{+l ® i{-s-l) + %g(MJQ + %gaﬁxa2i{+l + ég(maa?’
So:
By [S’Ziz - y:il]
= 8x (Et [ifﬂ - X{H} + By [ifﬂ = X}] + B [iﬁz - Xﬁil])
+5 G (Et {i{H Oxl, —x{,® thH} +2E; [i{H © % - x[, ® XfﬂD

+%GxxxEt [itfﬂ ® i{ﬂ ® 5({“ - X{H ® X{Jrl ® X{Jrl] + %g00x02Et [igﬂ - X{H]
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12 Impulse response functions - GIRF version 2

In our derivations of the GIRF’s above, we condition on the entire vector v even though only one or two elements in v may
differ from zero. This interpretation of the definition of GIRF’s has some unfortunate properties - for instance, following
a disturbance to shock ¢ we may actually see changes in shock j if shock j follows a non-linear law of motion! To avoid
this odd behaviour we will now adopt another interpretation of the definition of a GIRF where we only condition on the
one-zero shocks hitting the economy.

Hence, this section derives closed-form solutions for the generalized impulse response function in non-linear DSGE

models defined as
GIRFvar (l, Vi, Wt) = Et [vart+l|1/i] — Et [varH_l]

for a disturbance to innovation i. To reduce the notational burden in the derivations below, we adopt the parsimonious
notation
IRFvar (l, Vi, Wt) = Et [\75.?154,[] — Et [Vart+l]

in relation to the conditional expectation operators. The formulas we derive below also apply if we want to explore the
joint effects of more than one shock - for instance simultaneous shocking disturbances ¢ and j, i.e. GIRFyar (I, v, v, W) =
E, [var,|v;,v;] — E; [var,y].

12.1 The model for the conditional information

This subsection explains how we will compute conditional expectations by conditioning on v; - and possible more distur-
bances. Let S be n, x n. diagonal selection matrix with either 1 or zeros on the diagonal, and let the shock sizes appear
in the vector v of dimension n. x 1. For shocks which are not hit by a disturbance, we simply put them to zero.

As an example, consider an economy with three shocks and we want to condition our expectations on the first shock.
Hence, we need the vector

v
€2.t41
€3,t+1
We can form this vector by letting
1 0 0
S=]10 0 0
0 0O
and
V1
v=| 0
0
Then we have
[1 0 0 21 0 0 O €1,¢41
Sv + (I — S) €41 = 0 0 O 0 + 01 0 €2,t+1
10 0 0 0 0 0 1 €3, 141
o
= €2.t4+1
L €3,t+1

Similarly, if we want to condition on the first two shocks, then we let

S =

o O =
O = O
O OO
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and

Vi
UV = Vo
0
meaning that
V1
Sv + (I — S) €41 = Vo
€3,t+1

12.2 At first order

Recall that we have:

xl, ) =hx! +ome,y

and
Xz]sc+2 = hxth-H +OoNeEL o
= hy (hxx{ + 0’7]6t+1) +one o
= hixf +hxone, . +one
and
Xty = hoxl y +ome, s
= hy (h2 +hyone,, + 077£t+2) +oMe€s
= h3x{ + h2ome, | + heone, o +one, s

3 .
—h3x] + Zl hi Jone,
=

In general

l .
X{-H = h;x{ + 2:1 hﬁfjanftﬂ-
J=

With a shock of u in period t 4+ 1, we have
X = = b Xt + Z hl~ ]0n6t+g

where we deﬁne 6t such that
5 v+ (I—S)ey; forj=1
b €t for j #1
Agents know the size of the shock v at time ¢+ 1, and it is therefore in agents’ information set. I.e. v is non-stochastic.
So
Ey {X{H - th+z} =

L
Ey Zlhicij O1j— Zh Unetﬂ]
Jj=

= Et [hl 1 (V + (I - S) 6t+1):|
=hltonv

and ;
of f
Ey [ytH - yt+l} = gxEy [ Xip1 — t+l}
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12.3 At second order

We need to consider:
Xzf—&-l = hxxf + %Hxx (X{ ® X{) + %}1(7{,—0'2

X§ o = hyxi | + %Hxx (X{+1 ® XZ_H) + %hgga2
=h, (hxxf + %Hxx (x{ ® x{) + %hgaa2> 4 %Hxx (x{_H ® XZ—H) + %hgaaz
= h2x{ + hy s Hyx (x{ ® xf) +hyih,,0? + 1 Hux (x[_H ® X{+1) + ih,,0?

X5 = huX s + 5Hi (X{+2 ® Xz{+2) + 3hoo0?
= hy (hixf + hx%Hxx (x{ ® xf) + hx%h(ma2 + %Hxx (X{+1 ® X{_H) + %h000'2)
e (0 5) + s
= hix} + h21H,, (x{ ® x{) +h21h,,0? + hy LH,y (x{+1 ® x[H) +hylh,,0?
+1H,, (x{+2 ® x{+2) +1h,,0
=h3x; + h21H, (xt ® xt> + hy i Hyx (Xt+1 ® x{H) + 1 Hx (x{+2 ® x{+2>
+h,2(%hm702 + hx§hmo + %hmcr

2 ) 2 ]
=hixj + ZO hi—J%Hxx (X{H ® xtfﬂ.) + (ZO hi—y> %h0002
J= Jj=

and in general

x},, = hix; + Zohl =i (x{+]®xt+J> (Z hi1- J> 1h,y0°
Jj=

forl=1,2,3,...
Thus, to compute E; [X{,, —x{,,], we need to find E; [ X ® xtH xfﬂ ® xfﬂ}. Hence, consider:

XZ_H ®X{+l = (hl + Z hl- JoneH_]) (hl + Z hl~ Jonet+]>

=1
=h! f h! f h! f hi-J )
Xt @ hyx; +hox; ®Zl x " OM€
J

!
+ > hidone, ® hlx! + Z hlJone,, ; ® Z hlJone,
j=1

and l
%/, %!, =hlix] @ hlx] + hix] ® Zl hiZiond,
j=
l ) l , l ,
+ > hic_JO'n(st—&-j ® hﬁ(x{ + > hic_Jo'n(st-&-j ® > hfc_JU"?(St-H‘
i=1 j=1 j=1
where we define d; such that:

P v+ (I—-S)ey; forj=1
s €t for j #1

This means that:
o f s f f f
By 1%, @ X — X ©Xy
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l .
= Eihlx] @ hixf + hix! © 3° hions,
j=1
l ) ! . ! :
+ > hiTond,; ® hix] + 3 hiond, ;@ 3 hiilond,,
j=1

j=1 j=1

l .
—hﬁ(xtf ® hﬁ(x{ - h;x{ ® 21 hifjanetﬂ
J

l .
- Zl hic_JU"Uet-s-j ® hicX{ Z hl JUWGH-J ® Z h U7I€t+g]
j:

=
_ 1 f 1 f 1 -1
= E[hix] ® hixj +hix] @ hi" 'ond,
Lo Lo
+hilond,., @ hlx! + Zl hi-iond,, ; ® Zl hl-iond,
Jj= 1=

—hlx] ®hl xt
-0-— Z hiJone,, ; ® Z hiJone, ;]
Jj=1

using E; [€,4;] = 0

= E,[hix{ @ hi-lo 5t+1 +hilond, , ® hix]

l .
+ Z hic_'] t+7 Z hl J0n6t+7

- Z hlone,, ; @ Z hl one,, ;]

cancelhng hﬁcxt ® hﬁ(xt

= Ey[hlx! @ hl ton (v + (I - 8) ef+1) +hlton (v + (I-8) €41) ® hlix]

+ <h£:1an (v +(I-S)er) + 3 bl anet+]> ® (hﬁ:lan (v +(I-S)er) + 3 bl onefﬂ>

Jj=2 Jj=2

! ,
<hl one ;i + Z h!- JnetJr]) ® <h§<1077€t+j + Z:ghﬁc]anetﬂ-)]
Jj=

= Ehlx! @ h-lony + hilony @ hl x!

l .
+ (hitonr + hiton(I—S)€e41) @ (i lon (v + (I-S) 1) + X hﬁjjaneHj)
i=2

! .
+X ht]m?etﬂ' ® <h£c1‘7"7’/ +hiton (I-8) €41 + Z hi 0n6t+]>
j=2 j=2

— (hitone, ;) ® (hx ON€yy1 + Z hi Tone,, ;

l . ~
- hic_JUnet—&-j ® (hic_lanet—i-l + Z hic_Jo'net+j>]
i=2

j=2
= E,[hkx{ @ hilony + hilony @ hlx!

! )
+hilongr @ (hl ton (v + (I—8) €1) + 2 hic]f”?ftﬂ')
j=2
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+hlton(I-S) €41 ® <hi<1077 v+ (I-S)e1) + Z by Jnﬁtﬂ)

Jj=2

l .
+ > hiTone, ;@ (hitonv +hilon (I-S)e)
j=2

!
+ > hiione, ; ® Z hl one,
j=2

h- 0776t+1)®h oNE
-
X

hilone, ) ® Z hlJone,

J
- Z hi~ Un€t+] @ hl- U’7£t+1

- z b e, ; @ z b one, ]

= E,[hix{ @ hilony + hilony @ hlx!
+hltonr @ Wi lony + 0
+hiton(I—S) €41 @ (hiclon(I—S)€41) +0
+0
+ Z hione,, ; @ Z hl one,
Jj=2
(0 omer ) @ Htomer,
-0
—0

- 33 bdome @ 3 Wodne,
ubmg E;le+j] =0 and €14, are uncorrelated across time
= Eyhlx! @ hilony + hilony @ hix{ + hitony @ hilony

+hl710"l’] (I — S) €141 X (hi:la'r[ (I — S) €t+1)
(hl 1077€t+1) ®h tone, ]
canceling terms Z hione, ; ® E h! Jone, .
j=2

b [ @b tony +hi oy @ hix! + b lomr @ hl o
bl L@ bl ) (on (I1—S) €1y @ om (1 S) €141)
e hl ') (omep1 ® omeyy)]

+

E
= Ehlx! @ bl lony + hilonr @ hix! + hilony @ il
+ (h ' @hl 1) (077 (I-S)er1 @on(I—8) €1 —one © U"let+1)]

= hﬁcxiC @ hl-lonv + hi-tonr ® hﬁcxf +hi-tony @ hitony

+ (hic_1 ® hﬁ:l) (Et [n(XI—S)err1 @on(I—S)€rr1] — Er [Unet_H ® Un6t+1])
Hence, we only need to compute Ey [on (I —S) €41 ® on (I — S) €41] and E; [one, | ® one,,;|. We know
By [om€,11 ® onen] = B (01 0 0m) (€111 ® €041)] = (om © om) vee (I)
using (A®B) (C®D)=AC ®BD if AC and BD are defined

and
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Eylon(I—8) €1 ®@on(I—S8) €] = E[(on(I-8S)@on(I-8)) (€141 ® €41)] = (on (I = 8) @ on (I - 8)) vec(I)

Thus, we have
E; {ifﬂ ® i{+l - X{+l ® X{H} = hlx] @ hi oy + b lony @ hix! + hi lony @ bl tony
+ (bt @hi!) ((on (I-8) ® on (I 8)) vee (I) — (om @ o) vee (1))

= hlix! @ hi longy + hi tonr @ hlx! + (W' @ hi ) (onv @ onr)
+ (bt @bl ) (on(X—8) ®on(I—8)) — (on ® on)) vec (1)

= hﬁcxic @ hl=lonv + hi7tonr ® hﬁcxf
+ (bt @ hit) [(ony @ onw) + (on (I - S) @ on (I - S)) vee (I) — (on & on) vec (1))

=hlx/ @ hi lonr + b lony @ hix! + (bl @ hit) [onr @ onu + A]
where
A=((onI-8)©on(I-8))—(on&on))vec(I)

Or (using another index)
E, itfﬂ ® ifﬂ - x{;j ® Xfﬂ} =hix! @ hilonv +hi~lony @ hix] + (' ®@hi ™) [onr @ onr + A]
for j =1,2,3,...

Thus, we have in general
SN <f < f St f f
S i1 LH,, (xH_j ® xH_j) — Y B LH,, (xt+j ®xt+j)

Jj=0 Jj=0

Ey [if+z - Xf+l] =B

s of o =f ! f
= '21 hi =7 S Hy By [xtﬂ ® Xy — Xiyj ®Xt+j}
=

the shock hits in period t + 1, so (i{ ® 5{{) = x,{ ® x{

-1 ,
=Y hli i (hf(xf ®@hilonv +hilonv @ hix] + (hi ' ® hi ") [onv @ onv + A])
j=1

When implementing the GIRF, it may be useful to have a recursive expression. Here, it is must convenient to use the
general expression

-1 . B B

By [%, —xiy] = ) b S oo By {X{-ﬁ-j ox/;-xl ;@ X{ﬂ‘]
J:

So

Ep [%i1 = X3 =0

1 . N _
By [%512 —xi10] = Zl by 3 Hoc By {th-ﬁ-j ox/,;—x/,;® X{+j]
]:
= %HxxEt [’E{H ® itf+1 - X{H ® X{H}
. 2 o1 oy f f
By [Ris = xiys] = X hi gH By [Xt+j DXy — Xy @ Xt+J}

J=1
= hudHox By [%] 1 0 %L1 — x{ 0],
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+1iH« Ey {i{w ® i{n - X{+2 ® X{+2}
= by By (K50 — X5 o] + sHux By [5&1{;2 ® i{+2 - X{+2 ® X{Jr?]

So in general
By (% —x5] = by [R 0 — x5y ] + 3HB K, 0%l —x],  ox]
t [tk t+k Xt | A k—1 t+k—1 o Axxt (A1 t+k—1 t+k—1 t+k—1

For the total state variable:
By [Xip1 — Xxe11] = By i{-q—l - X{H} + By (X7, — %))

For the control variables:
Vi = 8x (th+z + Xf+z> + 3G (X{H ® X{+l) + 58000

Yi = 8 (i{H + if+l> + 3G (i{H ® ifﬂ) + 38000°

2

~ _ sf f = 1 =f sf f f
Ey [ytSJrl - ny] = 8x (Et {Xt—i-l - Xt-s—l] + By [X§+l - Xf+l]) + 3G B (X @Ky — X @ Xy,

12.4 Second order: at the steady state with shock size of unity

If we restrict the focus and do the GIRF’s at the unconditional mean of x{ = 0, then we get
= ol i—1 i—1
By [%x7, —x{ ] = > hi J§Hxx ((h ' @hl™") [onv @ onv + A])
=1

If we further assume that there is only one shock to the ith innovation and that the size of this shock is one, i.e. v (i,1) = +1
and v (4,1) = 0 for ¢ # j. In this case we have
onv @onv + A
— onw @ onut ((on (1- 8) @ on (T - 8)) — (o7 @ o)) vee (1)

=(m®on) e v)+(eon®@on) (I-S)® (I-8)) — (on ® on)) vec(I)

= (on®on) (S®S)vec () + ((on @ on) (I-8) @ (I - 8)) — (on ® on)) vec(T)
because v @ v = (S ® S) vec (I)

=(m@om{S®S+(I-S)®(I-1S8)) —IxI}vec(I)
because Ing = I® I where I has dimension n, X n,

=(on®on){2(S®8S)-I®S —-S®I}vec(I)
We now only need to realize that the term in the curly bracket is zero. To do so, let us introduce the matrix D;, defined
as D; (i,4) = 1 with all remaining elements being zero. Hence, I with dimension n. X n. can be written as I :Z?il D;.
Furthermore, S = D; by assumption. Thus, we have for the expression in the curly bracket:
2(S®S)-I®S—-S®I

=2(D; ®D;) — (Z;Zl Dj) ®D;—D;® (2;21 Dj)

=2(Di®Di)—( 7~LE1Dj®Di) —< 7~L51Dz‘®Dj>

J= J=

=2(D; ®D;) - (Z;‘;Dj®Di+Di®Di> - ( ;LilDi®Dj+Di®Di>
i#j i#j
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= —Z}Zl D;®D; - 2;21 D; ® D;

i#j i#]

Hence,
ooy + A =(on®on){2(S®S)-I1®S —S®I}vec(I)

= (on @ om) {— Y D@D -3 D@ Dj} vee (3,2, Di)

i#] i#]

= (on®omn) {_ Z;Lil D; @D, — Z;lil D;® DJ} (Xok2q vee (Dy))

i#j i#j

= (om @ om) {— 21 2kt (D @ Dy vee(Dy) — 3272, 742, (D @ Dj) vee (Dk)}

i#j i#]

= (om ® om) { doie1 donsy vee(DiDgDy) — 370 ST vee (DjDkDi)}
i#] i#£]
because vec (ABC) = (C’' ® A)vec(B) and D; is symmetri

= (on®on) {— Doiy Dty vee(0) = 300 DTN vee (0)} =0

i i#g
because D; DD is only different from the zero matrix when ¢ = k£ = j, but we have ¢ # j. As aresult, £; [if—&-l — x§+l] =
0 and from above, this also implies E; [ii:rl ® i{_H — th_H ® X{_H] Thus, we have that
For the states:
By X1 — Xe1a] = By [ifH - X{H} + By (X5, — x34]

_ =f f
= E; [Xt+l - Xt+l}
For the control variables:

= _ of f = 1 = f of f f
E; [ytSJrl - yf+l] = gx | Lt {Xt—i-l - Xt-s—l] + By [Xfﬂ - Xf+l]) + 3G B (X @Ky — X @ X,

= gxEi [i{H - X{-i-l]
which are precisely the impulse response functions at first order.

12.5 At third order

At third order, we additionally need to consider:
X7y = hpex]? + Hox (x{c ® xf) + tHyxx (X,{c ®x{ ® x,{) + %haaxO'QX{ + thyeeo®

and
X705 = hyx?9) + Hyy (x{+1 ® X§+1> + 1 (fo ®x),® fo) + 3h,ox0?x], | + thype0?

= hy (hxx’{d + Hxx (X{ ® xf) + %Hxxx (X{ ® xf ® X{) + %hoaxUQX{ + %h00003>
+Hyx (x,{“ ® xf_H) + %Hxxx (x,{_‘_l ® X{_H & x{'_‘_l) + %hmxchfo + éhgwag’

— h2x0? 4+ by (x{ ® xg) + Byt (x{ ox! ©x/ ) + By 2y 0] + hythygpo?
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+Hyx (XZH ® xf+1> + %Hxxx XtJrl ® xtJrl ® Xt+1) + hggxa x{H + hmgg?’

and

1 3 2 1
;15 = hux({y + Hyx (Xt+2 ®Xi1g ) + 5 Haxoxx (Xf+2 ® Xt+2 ® Xt+2) + 2hooxo X{+2 + $h,pe0°

— hy[h2x]" 4 hyHy (xt ® x ) H,ox (x{ ®x! ® x{) + he2hyp0?x] 4+ hylhyy,08
+Hxx (X{+1 & Xt+1) + Hxxx (
+Hxx (Xt+2 ® Xf+2> + EHxxx (Xt+2 ® Xt+2 ® Xt+2) + Ehaaxg X{+2 + Ehaaaa

+1® Xt+1 ® X{H) + hoaxa X{+1 + hgwa?’]

=h3xl? + h2H,, (XZ ® xi) + hi%Hxxx (x{ ® X{ ® x{) + highaaxo Xt +h2l hggaa?’
+h,Hyx (Xt+1 ® X§+1) + hxéHXxx (Xf_H ® xtf_~_1 ® X){-‘,—l) + hxgh(mxa xt_,’_1 + hxgho.o.o_o"?‘
+H,, (x{ L, ®XS +2) + 1 Hn (x{ ox],ox! +2) + 20X 1y + Lhygeo?

2

I
=
X
<.

2 o1 f ! f
+ Zohx i : . (xtﬂ. ® Xi4 ®xt+j>
=
2
—j3
+j§:0h,2{ T hooxo®x;
2 1
—+ Z hiijghggag
=0

j=0
In general
Xt+l = hl + E hl 1=y |:Hxx (X{+j ® X§+j> + %Hxxx (X{+] ® X{+j ® X{+j> + %haax02x{+j]

7=0

-1 .
+ <ZO hic_l_j> %hoaaa3
j:

Thus
~rd d ISENEEY <f %5 1 %/ %/ %/ 8 %]
B (%0, —xi] = Et[.zo h {H"x (Xt+j ® Xtﬂ‘) + 5 oo (Xt” O Xt © Xt”> * Shoox? Xtﬂ}
=
-1 ,
_{jgo hi 1 |:Hxx (X{+j ® Xy ) + 5 Haoox (X{ﬂ‘ ®X{y; ® X{+j> + $hommoxi } J
Z_:l bt (HxxEt [i{+j CESE L XerJ} + GhooxoEy [ifﬂ B X{HD

-1
+Zhl 1-j1 5 Haxxex Bt {xtH@)xtH@xtﬂ xf+j®x{+j®xf+j}

as the shock hits the economy in period ¢ + 1
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A recursive version:
srd _
B [%74) —xi§,] =0

E, [iﬁ_g — X;ff_Q] (HxxEt [Xt+j QX j— X{+j ® X§+j] + %hUUxUQEt [i{Jrj o X{+j})

1
> h
j=1
1 y o~ o~ o~
2 s e [X{ﬂ' ox/ ;exl,;-xl ox,® X{H}
= HE; {xH_l ® if—i-l — X{_H ® xf_,’_l} + %haoxUQEt {i{—kl — X{+1]
"%HxxxEt [i{+l ® i{+1 ® i{-&-l - X:{+1 ® X{-&-l ® x{+1}
~rd 2 f 3 2 zf f
E, [X:+3 Xt+3] 21 (HxxEt [xtﬂ QX —Xpy; ® X‘EH] + ghooxo”Et [Xt+j - Xt+jD
j:
. ! ! !
2 H,x E; |:Xt+j & Xt+j ® XtJrj Xt+j ® Xt+j ® Xt+j:|
= hy (HxxEt |:Xt+1 Ry — X1y ® Xerl} + hooxo By {i{-&-l - X{+1D
THoc [i{+2 © Kipz — Xi4p ® Xf+2} + 2hooxo®E; [5({” - X{+2}
Fho b oo By (&L @ &y 0 %0 - xly o xl, o x|
+1H, o E [if oxl 0%l ,—xl ,oxl ,ox] }
6 T txxx 4t t+2 t+2 t+2 t+2 t+2 t+2
= hy E; [iﬁQ - X;iﬂ
+Hyx Iy [ierz DRy — X1y ® Xf+2} + ghooxo By [i{w - X{+2}
1 S f of = f f f f
+ 5 Hoooc Lt {Xt+2 O Xppo ®Xpyg =X OXp o ® Xt+2}
So in general
srd d 1 _ srd rd f
By [%4), —x(4y] = haBe K7Ly — X780 1] + Hax By { X1 OXipo1 —Xpy 1 © Xfﬂc—l}
+2h, o502 Ey [i{+k—1 - Xf—i—k—l}

1 = f zf 2f f f f
+ 5 Haoxx Bt {Xt-i-k—l X p1 OXj g1 ~ X1 OXp g 1 ® Xt—&-k—l}

us, we know £y |X;, . — X;, - |. D0 we only need to compute £ [X;, . @ X;, . Xy, . — X3, Xy, - Xy,
Th k E ~{+] tf+J S L dt te B ~{+] ~{+J ~{+J {4‘] {"rﬁ tf+J

and F} [i{ 4+ ® Xiyj — x{ 4 ®O X j} . This is done in the next two subsections. For these derivations recall that we define

d; as above, i.e.
Sor v+ (I—-S)eyr forj=1
b €t for j #1

12.5.1 For (x{ ® x/ ®x{>
Consider

l ) l . l .
X{H ® X{-H ®X{+l = (h;x{ + > hgc_'janet+j> ® (h;x{ + > h;‘fo'rletﬂ») ® (hicx,{ + > hgc_]J,r]eH»j)

j:1 Jj=1 Jj=1

= (hix{ @ hix] +hix] ® Elhl Tone,; + Z bl Tone,.; ® hlx! + Zlhl Tone, ;@ Z hi T ome, ;)
]_ j_
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L
® <hﬁcxtf + > hijanetﬂ)

j=1

l . l . l . l .
— (hﬁcx{ ® hﬁcxf + hﬁcxf ® Zl hi{‘ﬁanet_i_j + Zl h;_JU"?Q-;-j ® hﬁcx{ + Zl hﬁ(—JaneH_j ® 21 hﬁ(—JJneH_j) ® h;x{
j= j= j= j=

! . ! l 4
> hiione,, ;© El hiione, . ;)® '21 hiJone, . ;
= j= j=

+(hlx{@hlx! +hix/® > hiione,, ;+ > hione, ;@hlx]+
j= j=1 j=1

Jj=1
l .
= hix! @ hlx/ @ hlx] + hix! @ Y hione, ;@ hix]
j=1

+ > hiione ; ® hl x{ ® hix! + >

l l
=1

. l .
hi7one, ; ® - hiTone,, ; ® hl x/
j=1 J Jj=1
i _ l . l .
+hi<X{ ® hi(X{ ® > hifjanetﬂ- + h;x{ ® > hﬁfjanetﬂ ® > hifjgrlftﬂ'
j=1 j=1 j=1
!

. I , I , I , ! ,
+ > hic_]anet—&-j ® hicX{ ® > hic_]o-net-i-j + > hic_Jo-net—i-j ® > hic_jo'net-i-j ® > hic_jo-net-l-j
=1 =1 =1 =1 =1

And we therefore have

l .
i{+l ® i{H ® ifﬂ = hﬁcxf ® hﬁcxf ® hﬁ(x{ + hicX{ ® '21 hﬁc_]a"?‘stﬂ‘ ® h;x{
‘7:
+ > hﬁfjanfhj ® h;X{ ® h;X{ + > hic_]m?‘stﬂ‘ ® > hﬁc_Jff??(Sm ® h;x{
Jj=1 j=1 j=1

l ) l . ! ;
+hix] @ hix{ ® 3 hiJond,,; +hix{ ® > hiiond, ; © 3 hiions,,;
i=1 i=1 i=1

l , ! _ ! _ l _ ! _
+ Y hiTond,,; © hix! ® ) hiond,,;+ 3 hiiTond,, ;@ 3 hiTond,,; ® 3 hiTond,,;
j=1 j=1 j=1 j=1 j=1

This means that:
=f =f =f f f f
By X @%@ — X Q% ® Xt+l}

! .
:&M4®Md®md+md®;ﬁwmw®md
J=
+ 21 hic_]an‘st—&-j & hicX{ ® hicxtf + 21 hi_Jm?‘stﬂ‘ ® 21 hﬁc_]a"?‘st-&-j ® h;X{
J= Jj= j=
+hix! @ hix/ ® > hiJond,,; +hix/ ® > hiiond, ;® > hiions,
j=1 j=1 j=1
!

) ! ) l ) l ) l )
+ > hicﬂan‘stﬂ' ® hﬁcx{ ® > hicﬂan‘stﬂ‘ + > hicﬂ(frl‘stﬂ ® > hiﬂanétﬂ- ® > hiﬂ‘”ﬁtﬂ'
=1 =1 j=1 j=1 j=1

—Eihix! @ hlx! @ hlx{ + hix] @ 3 hiJone, ; ® h x/

l
j=1

l ) l ) l )
+ > htja"?etﬂ‘ ® h;X{ ® h;x{ + > hi’]anetﬂ- ® > h;7]0n6t+j ® hﬁ(x{
=1 =1 =1

I . ! , ! ,
—l—hi(x{ ® hﬁcxtf ® 21 h;—J one, ; + hicxic ® Zl hi(—ﬂ oNeEL; D Zl hi(—ﬂ oNEL
J= J= J=
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l

. l ) l ) l ) l )
+ Zl hiJone, ; ® hix! ® Zl hlJone,., ; + Zl hlJone,, ; ® Zl hlJone,, ; ® Zl hlJone, . ]
j= i= i= i= i=

= E;[0+ hﬁ(x{ ® h;‘lonﬁt_,_l ® h;x{
) ‘ ! ‘
+hiTtond,,, © hix/ @ hix! + 3 hiTond, ; © 3 hiiond, ; ® hl x/
j=1 j=1
. l ) l )
+h;x{ ® h;x{ ® hi:lgnéﬂ_l + h;x{ ® Zl h!-J ond,.; @ 2:1 hﬁ:ianétﬂ
j= j=
l

. l . l . l . l .
+ > hiiond,, ; ® hix! @ 32 hiFond, ;+ > hiiond,, ; ® > hiiond,, ;@ 3 hiiond,,;
=1 =1 =1 j=1 =1

—FE[+0+0
! _ ! _
+0+ 3" hiTome, ;® Y hilone,,; ® hl x/
j=1 j=1

+0 +hix/ ® 3> hiione, ; ® 3 hiione,
j=1 j=1
- Lo o S i Lo Lo Lo
+ > hilone, ; @hxi ® Y hilone, ;+ > hilone, ;@ Y hilone, ;@ > hx_J0n6t+j]
J=1 Jj=1 Jj=1 Jj=1 Jj=1
using Fy [€;4;] = 0 and cancelling the term hﬁ(x{ ® h;x{ ® hi(x{

= Ei[hlx{ @ b lond, . ® hix] +hilond, ; @ hix! ® hix{ + hix] ® hix! @ hi lond,,,
l

! ) )
+ > hidond,, ;® > hiiond, ; © h! x/
Jj=1 j=1

+h§<X{ ® > h;_JUU‘St-H‘ ® > hi"0n5t+j
=1 j=1

+ > hﬁZJUWSHj ® h;x{ ® > hﬁfjanlhj
=1 j=1

l ) l ) l )
+ > hicﬂm?‘stﬂ' ® > hi:](”?étﬂ' ® > hi’Jffnétﬂ-
j=1 j=1

j=1

! ) ! )
— By 1 hlJone,, ; ® Zl hlJone, ; ® hl x/
= Jj=

J

! , ! ,
+hlx] ® 2:1 hi Tone,, ; ® 2:1 hi Jone, .,
j= j=

l . l .
+ > hic_]anet-&-j ® hixf ® > hic_jo-net-i-j
Jj=1 j=1

l . l . l .
+ > hﬁc_JUnet+j ® > hic_JO—netJrj ® > hic_]UUGtﬂ‘]
=1 =1 =1

= E[hlx] @ hl lonv @ hlx] + hi lony ® ((hﬁc ® hl) (x{ ® x{)) + ((hﬁc ®hl) (x{ ® x{)) ® hi-lony

+ > hiiond,,; ® 3 hiiond,, ;@ hix] — > hiJone, ; ® 3 hiione,, ; ® hix]
j=1 j=1 j=1 j=1
l . l .

Z hg:JUnetJrj ® Zl hi:JanetJrj
2 z

l ) l )
+hix/ ® > hiJond, ; ® S hiiond, ; —hix{
j= j=1 j=1

Jj=1
! ‘ ! ‘ ! _ ! ‘
+ > hiTond,,; © hix/ ® 3 hiJond,,; — '21 hi7one,; @ hix/ @ > hiTone,,
- = -

Jj=1 Jj=1 Jj=1
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! ) ! ) ! )
+ 21 hi/ond,, ; ® Z1 hi7ond, ; ® Zl hiTond, Z hiTone,, ; ® Z hiTone,,; ® Z hi7one,
= i= =

using ;11 = v + (I = S) €:41 and E; [€:41] = 0. We now evaluate the expressmns on each of the four last lines:

l . l . l . l .
'21 hﬁ:JJT/JtH ® '21 hﬁc_JonétH ® hlx] — '21 hﬁc_JonetH ® Zl hﬁc_JonetH ® hlx/
j= j= j= j=

= Ef[( i{ ond,q + Z h ‘7775t+g> ® ( 0775t+1 + Z h ‘7775:&4-]) ®h£<X{

j=2

_ <h£€ 0n6t+1 + ZQh Un€t+] ® <h§(10"r’€t+1 + Z hi(70-,r'€t+j) ® hi{x{}
J Jj=2

= E[ x 0775t+1 ® ( x 0775t+1 + Z h J0175t+j> ®h;x{

! )
+ > hiﬁﬂﬁtﬂ- ® (hicl ond t+1 T Z h 0n5t+]> ®hﬁcxtf

j=2

—hﬁilfmem ® (hx oN€1 + Z hiJone, ]> ® b Xt

l )
- htja"?etﬂ‘ ® <hx oneéy 1+ Z h U77£t+]> ® hﬁ(xf]

l .
= E, <h£( 'ondy 1 @ hiTtond, . +hiTlond, 1 © 3 hi_]gnétﬂ) ®hlx]
j=2
l _ I _ I _
+| X hiiond, ; @hilond,,, + 3 hiiond, ;@ Y- hiTond, ;| @hlx]
=2 j=2 j=2

<h tone, 1 @ Wi tone,y +hiTlone @ 2211 017€t+g> ® hicxtf
J

<Z 077€t+j ®h£c ONe€yyy + Z h Unetﬂ ® Z h Unﬁtﬁ) ® hﬁcxf]

Jj=2 Jj=2

L
= Et[<h£<1077 (v +([I=8) &) @bl ton (v + (I - 8S)er1) +hilon (v + (I-8) €41) @ 3 hicjmlftﬂ') ®hlx/

Jj=2

j=2 j=2

l .
+ (Z hﬁZJUnew @hiton (v + (I-8)em) + Z hy JUUGHJ ® Z hy JUWEHJ) ® hicxtf

- <h£c_1‘777€t+1 ® hi‘lanem +hit ON€11 & Z hy 3077@ ® hy Xt

l
<Z (”7€t+g @ hilone,q + Z hi a'r]etﬂ ® Z hi Un€t+j> ®hLX{]

v+ (I—9S)e for]fl

using dr4j = { €1t j for j #1

— Et[(h;—lanu @hl oy +hilon (I S) €11 @ hilon (I—S) €41 +0) @ hlx]

<O + Z hi~ ja‘net+J ® Z h!- aneH_J) ®h£cX{
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— (b 'one, @bl tone,  +0) @ hlx/
l _ l A
_ <0 + 22 hggjanetﬂ- ® 22 hg(ﬂanet+j> ® h;x{}
j= j=
using €;41 has mean zero and is independent across time

= Et[(hﬁ(_lanu @hl-tony +hiton (I—-S) e @ hi7lon (I-S) et“) ® hﬁcxtf
+0
— (b tone, @i lone, ) @ hlx]
—(0) ® hlx/]

! , ! ,
cancelling | > hi7one,,; ® > hﬁc]anetﬂ-) ® hix/
Jj=2 j=2

= E[(bs ' @ hi) (onr @ onr) @ hix]
+(hit @hlt) (on(I—-8) €1 ® on (I—S) €41) @ hlx]
- (hic_l ® hic_l) (Un€t+1 ® J"7€t+1) ® hﬁcx,{]

using (A ® B) (C® D) = AC®BD if AC and BD are defined

= (bt @ hl7t) Eyf(onv @ o) + (on (1 8) €11 @ om (I - S) €111) — (ome, 1y @ ome,y1)] @ hlx]

From the GIRF’s at second order we have
By [one @ oneyy]

= Ej [vec (ome,iy (omety))]

using a ® b = vec (ba')

= E; [vec (one, 1 1€,,1m'0)]

= vec (E; [one, 1€, ,10m'])

= vec (onlon’)

= (on@an) vec (I)

using vec (ABC) = (€' ® A) vec (B)

and
Et(ga(? 1(; _dS) €11 @on(I=8) €] =E[(on(I—8)®on(I—8)) (€141 ® €41)] = (on (I —8) ® on (I - S)) vec(I)
A=((on(I-8S)®@on(I-8)) - (on®on))vec(I)

Thus
! A l . l ‘ l .
A1 =E | > hﬁjjanétﬂ- ® > h;ﬂonétﬂ- ®hlx{ — 3 hﬁ(’jonetﬂ- ® Y, hﬁ(’jonetﬂ- ® hix/
j=1 j=1 j=1 Jj=1

= (bt @ hl7t) [(onv @ o) + A] @ hlx]

Therefore we immediately see from the structure of the terms that

! . I ' ! ' I '
As =hix{ © 3 hiTond,,; ® Y hiiond, ; — hix! © 3 hiTome, ;@ 3 hiTone,
j=1 j=1 j=1 j=1

=hix! @ (h ' @ hl ) [(ony @ onv) + A]

For the third term:

A3 =E, | Y hiJond,; @hlx] ® > hiiiond,,; — > hiione, ; @ hlx] ®
— - j=1

!
o

) ) Z h,Jone, ;

j= j= =

j=1
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L
= Et[( x 0?75t+1 + Z hl~ Jn5t+g> ®h;x{ ® hﬁflmﬁm + > hicﬁm?(stﬂ'

j=2 j=2

j=2 j=2

l ) l )
— | hilone g+ 2 hic_jo'net-i-j) hix] ® (h;_la"?etﬂ + 2 hﬁc_]a"?‘sﬁrj)]

l )
= Et[<h;1 t+1 + Z h 0175t+j> ® (hi{x{ ® h;*10n5t+1 + h;x{ ® > hﬁc](f’r](sﬂrj)
i=2

l .
_ (hﬁc oNEL L + Z hl- UnetJrJ) ® (hﬁ(x{ ® hi{—lanet+1 + hﬁcx{ ® _ZQhﬁc_JUnet+j>]
j:

= Eyhitond, , ® (hl x; @ hictond, , +h! Lxl ® Z h!- an5f+]>
j=2

l ) l )
+ > hidons, ;@ (h;x{ @hilond, , +hix/ @ 3 hﬁcﬂgn(sw)
j=2

j=2

l .
—hl lone,,, ® (hix{ @ hllone, ., +hix] @ Y by lome,
]:

! 1 _
Z U"?Qﬂ <h;x{ ® hicflc”’let-u + hicxf ® 22 hijanetﬂ)]
j=
=E;hllon(v+ (1-S) et+1)®hﬁcx{®hﬁjlan (v +(T—-9)eq1)+hiton (v + (I—8S) €4 1)@hkx] ®Z h!~ Jnetﬂ

l
Z Un€t+J ® h; Xt @hiton (v + (I-8) €s1) + Z hi Un€t+J ® h; Xt ® Z hi Unetﬂ)

j=2 Jj=2 j=2

l .
Un€t+1 ® hl Xt ® hl 10"75t+1 + h UTIet+1 ® h;x{ ® > hic_]gnet+j>
j=2

/\/—\/—\

l . l .
Z hione,, ; ® b Lx] ®hitone, + 3 hiTone,; ® hix/ ® 3 hic_jo-net+j>]
Jj=2 j=2

. o (I—S)Et+1 forj:l
using 6t+] - { €ttj fOI‘j 7é 1
7Ef[hl 1 (V+(I*S)€f+1)®hl ®hl 10'77(V+(I*S)6t+1)
+0
l . l .
+ <O + > hiTone,; ® hix/ © 3 hijanﬁf,ﬂ)
Jj=2 Jj=2

- (hi’lfmem ® h;x{ @hltone, | + 0)

- <0 + hic_‘7<7"7€t+j ® hicxz{ ® > hgc_]m?etﬂ‘ ]

j=2 j=2
using €;41 has mean zero and indepdendent across time

= E[biton (v + (1—-8) €41) ® hix! @ bl lon (U + (T - S) €141)
+(0)
—hllone, ., @ hlx] @ hilone,

- (0)]

196



! . ! .
cancelling the term Y hi7one,,; ® hix/ @ 3 hi oy
j=2 =2

= E /bl lonr @ hix! @ hilonr + hllon (1 - S) €41 ® hix! @ hilon (I—S) €41
—hllone, ., @ hix! @bl lone, ]

So we only need to compute the two terms involving €, 1. We next consider:

Et |:h£(_10'7’] (I — S) €141 ® hLX{ ® hi‘lan (I — S) €t+1i|

=F, [vec ((h;x{) (hlton(I-8) 6t+1)/) ®@hiton(I-S) 6t+1}

using a ® b = vec (ba')
=F, [vec ((h;x{) €, (hiton(I- S))/) ®@hiton(I-S) €t+1:|

=F, _(hijlan I-S)® (h;x{)) vec (€),1) @ hlton (I—S) €t+1}
using vec (ABC) = (C' ® A)vec(B)

— &, :(hﬁ:lan 1-9)® (h;x{)) €1 ®hllon (I—S) em}

using vec (€}, 1) = €41
= B | (b 'on (1= 8) @ (hix! ) @ b lon (1 8)) (eri1 ® 1)
- (hgglan 1-S)® (h;x{) ® hllon (I— S)) vee (1)

and

Ey {hfc_lff??etﬂ ohix/ ® hic_lo-net—&-l}

=E; {vec ((hﬁcx{) (hﬁ:lonetﬂ)/) ® hﬁ:lanetﬂ}
using a ® b = vec (ba')

=F, {vec ((hﬁcx{) (€r41) (hﬁ:lan)/) ® hic_lanetﬂ]

= E, _(hﬁjlan ® h;x,{) vec (€),1) @ hﬁ:lanetﬂ}
using vec (ABC) = (C" ® A) vec (B)

=E; _(hiflan ® h;x,{) €41 ® hﬁ:lanetﬂ}

using vec (€},1) = one

= L ((hi_lan ® hﬁﬁf) ® hi(_1077> (€141 ® €t+1)}

(o om0 o) e
= (bl ton @ hixf @ bl ton) vee (1)
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Thus,
As = Et[hl lonrv @ h xt @hl-lonr + W to

—hltone, , ® hl lxl ® hl lone, 4]

(I — S) €it+1 X hl Xt X hl 1 (I — S) €141

= hl-lonr ® hix{ ® h- Lo+ (hﬁ;lan (I-S)®hlx! @hilond— S)) vee (I)

- (hﬁ(_lon @ hlx! ® hi‘10n> vec (T)
— bl lonr @ hix! ® bl lonut (hl lon(I—8) @ hix! ® hi-lon (I—S) — hilon © hix! ® hﬁ;lan) vee (1)

Finally

l . l .
Ay =E: | Y ;—Jan(sprj ® 2 hi-7on Oivj Z hl O1j— Z hl- U'r[etJrJ ® Z hl- UnetJrJ ® Z hl~ UT[GtJrJ]

Jj=1

—Et[<hl 1(7"75“-1+ Zh 0775t+J> ( ; ‘777‘st-~-1Jr Zh Un5t+j> ( x (”75t+1+ Zh Un5t+j>

X

- <h£< OnN€ry 1+ Z h U"?Qﬂ) ® <hx OnNeéy 1 + Z h UTIQﬂ) ® (hx OnN€iy 1+ Z h ‘777€t+]>]

= Et[h; 0n6t+1 ® < x 0775t+1 + Z h Un6t+j> <hl 1‘7775t-s-1 + Z h 0n5t+J>
l )

+ ;hﬁ:ignétﬂ. & (hicl ond,q + Z h 0n5t+g> (hicl ond,q + Z h 0n5t+g>

—hiflo'nem ® <hx onNe€1 + Z hy ]Unetﬂ) ® <h§c lanem + Z hy Un€t+g>

Jj=2

1 ) ) P
— > hiiione, ; ® (hﬁ:lanet+1 + Zz hﬁ:JanetH) ® <hﬁ(—1a'r)et+1 + Zzhﬁ:JUnGHJ}
= j= j=

Jj= Jj=

<hl 5t+1 ® hﬁflmﬁm + hicil t+1 ® Z h 0n5t+J> ® <h£< ond t+1 T Z h 0775t+g>
l . . .
hiTond,,; @bl tond,y + 3 hiond, ; ® Z:Qhﬁc_JUndtJrj) ® (hﬁc_10775t+1 + ZQhﬁc_JUWstﬂ)

X .
Jj=2 J

l .
< lone,; @l lone,  + bl lone,  © Z hi~ U"letﬂ) & (hi:lo-net-&-l + Z hi"0n6t+j>

HM~

l
Z_: CTone,, +j @ hilone . + Z hi 0n6t+] ® Z hi Jmletﬂ) ® <hx ON€ 4y + Z hi 0n6t+j>}

l .
= Et[< “lond, ., @ hitond, , + hitond, | ® E hic_jm?(stﬂ') @ htond,
l .
+ | hitond, , @ hictond, , + hitond, | © Z h” mﬁtﬂ) 2, olomdy;

j=2

=2
l . .
+ <Z hifjamstﬂ ® h;710n6t+1 + Z hﬁﬂan&fﬂ- & Z hi o t+j> hl; “lond,
i=2

j=2
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l l )
> hi i ® hl- 0ppq + Z h; JUU‘SH] ® Z hl~ 0775t+g> Z hiijffntstﬂ'

+
Jj=2 j=2 j=2

hi~lone,, @ hilone,, + hiTlone, , ® E h!~ 077€t+7> @ hltone,
Jj=2

) l . l .
hiTone ;@ hiTtone, + ZQ hiJone,,; © Zz by ‘777€t+j> ®hitone, 4
i= i=

I~

Jj=2

1 1 . 1 4 ! ;
22 hlJone, ; @hitone,  + 22 hﬁ(—JanetH ® 22 hi(—JanetH) ® 22 hi~ione, ;]
j= j= j= i=

<h one, . @b tone,  +hiTlone,  © Z hijanetﬂ) ® Z hiTone,
j=2

j=2

Et[<h£< lon(v+(I-S)e 1) @bl o (V+(I*S)€t+1)+h§?1077(l/+(1*s)€t+1)®Zh

®hlton (v + (I-8) €41)

e (I-8)er1) @b ton (v + (I=8) 1) +hirton (v + (I-S) €41) ® jé hﬁijanet#)
ihl Tone,;
’ ?h Tomers @ Btom (v 4 (1= 8) ene) + Ehl Tonery; © Z b ome, ) Shon v+ (1-S)er1)
é:Qh Tone,; @hiTton (v + (I - S) e1) + Z hiTone,, ; ® Z hl- aneH_J) ®]i:2 hi=ione,.

hi lome, ; @ hiilone,; +hitone, @ Z hijonetﬂ') ®hione, 4
j=2

+ <
l .
— | b tone @ b tone, +hiTlone,  © E hiTone,, ; E hi T one,, ;
< J=2

l

l
> h Gn€t+J @ hilone, q + Z hi Unef+] ® Z hi U"'l@ﬂ) ® hﬁflanﬁm
> ® > hi7one,, ;]

<Z JUnetﬂ ®hi 0n6t+1 + Z hy jU"7€t+] ® Z hy” ‘7"7€t+]

=2 Jj=2 Jj=2
. _Jv+(I-S)eqr forj=1
using Oy = { €rtj for j #£1

= B[ hiton (v + (I 8) €41) @ hiton (v + (I - S) €41) + hitom (V+(I*S)6t+1)®22h

®hiton (v + (I-8)er1)
0+hilon(r+0)® Y hidone, ;| ® Z hliome,,;

+ <
j=2
l .
+ <Z hione, ;@ hiton (v + (I-8)er) + Z hione,,; © Z hy JU"?Q-H) ®@hiton (v
Jj=2 Jj=2
1
+< Lome,; @bl ton (v +0) + Zhl Tome, ; ® Zh Tone, ;| ® Zhl oNeEL
j=2 Jj=2
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— (hﬁ:lonetﬂ ® hﬁ:lanetﬂ + 0) ® hﬁ:lanetﬂ

-0

-0

— |0+ X bione ;@ 3 hiTone ;| @ 3 hiTone, ]
j=2 j=2 j=2

using €;; has mean zero and is independent across time

l .
= Ey| (hﬁ:lan v+ IT-9S)es1)@hiton(v+ (I-S) 1) +hitonw+ T1—-S)€) ® > hﬁ:ﬂonetﬂ»)
=2
®hiton (v + (I-8) €41)
!

, ! ,
+ | b tonr @ 3 hi:jgnetﬂ' ® > hi:jg"letﬂ'
j=2

Jj=2

l ) l . ! )
+ <Z h;‘fanetﬂ» @hllon(v+ T -S) 1)+ > h;‘ﬂanetﬂ» ® Y, hi:fanetﬂ) @hl=lon (v + (I—-S)e€1)
j=2 j=2 j=2

+ (Z hi7one,, ; ® hiTtonr + 0) ® > hiTone,;
j=2 j=2

bl ome,,, @ hitone, ., @ b Tome,
_0]

l . l . l .
cancelling Y- hi7one,,; ® Y hiione,, ; ® > hiione,
j=2 j=2 j=2

=Ehlonv+(I-S)e)@hiton(v+ T —-S) 1) @hiton(w+ (I—S)€y1)
l .
+hirlon (v + (I-8)€41) ® 3 hiT/one,, ; @ hiZton (v + (I-8) €41)
j=2
l

. l .
+hiTlonr @ 3 hiTione, ; ® 3 hirone,,
=2

Jj=2

l .
+ > hiione, ;@b ton (v + (I-8)eq1) @hi ton (v 4+ (I—S) €41)
j=2

! } ! }
+ 3 hiTone, ;@ Y hidone, ;@ hiTton (v + (I-S) €141)
= =2

l ) l .
+X ht]m?ftﬂ' @hloqr e 3 hﬁcﬂanetﬂ'
j=2 j=2

~hione, ., ® bl tone, ; ® hiTtone, 4]
= E[(hltonv +hiTton (I—S) €41) ® (b tony +hicton (I—S) €41) ® (b tony 4+ hiclon (I—S) €44)
l .
+ (hitonr + hiton (I-S) €41) ® 22 hiJone, ; ® (hitonr + hiton (I - S)€1)
]:
l . l .
+hi-tonr @ ZQ hlJone,, ; ® ZQ hl one,
j= =
Lo
+ > hiione, ; ® (hitony + bl ton (I—8)€41) @ (hi 'onr +hiton(I—S) e y1)
j=2
! , ! ,
+ > hﬁ?’anetﬂ ® >, hifja"?et-s-j @ hiton (v +0)
j=2 j=2
l ) l )
+ 3 hiTone, ;@ hitonr © 3 hiTlone,,
Jj=2 j=2
~hi"lone, @ bl one, . @ hiTTone, 4]
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= Ey[(hionmr @ bl tonr + hiTlonqy @ hi lon (I - S) €41) ® (hitomr + hiton (I—S) €141)
+ (hﬁ:lon (I-9S)e1 @hitony +hiton (I—-8) e @ hi7ton (I - S) Et+1) (hi lonv +hlilon (I-8) 6t+1)
+0

+hi-tonr @ Z hlone,, ; @ Z hl one,

Jj=2
+0
l . l .
+ > hiTone, ; ® 3 hiTlone, ; @ i onv
j=2 j=2

+ 3 hiTone, ;@ hitonr @ 3 hiZJone,,
j=2 j=2

—hltone, ., @ bl tone,, ; @ bl tone, ]

= E[(h oy @ hiTtonr + hictonqr @ hiton (I - S) €441) @ Wl tony
+ (hitonr @ hictony + hi oy @ hlton (I - S) €,41) @ bl ton (I—S) €441
+ (hiton (X —8) e @bl tonr + hiton (I—S) €41 @ Wl ton (I—S) €441) @ hitony
+ (b lon(I-8) e ® hlilanu +hilon(I—8S) €1 @hllon(I—S) €41) @hlclon(I-8) €41

+hlt 771/®Zhl Janetﬂ@Zh Tome,

j=2

l . .
+ 3 hiTone, ; ® 5 hiTone,, ; ® hi tony
Jj=2 j=2

! .
+ > hiione, ;@b tonr ® Z hl one,
j=2 7=

~hione, 1 ® hitone, ; @ hitone, ]

= Ey[(hl'onrv @ hitonr + 0) @ hi-tony

+(0+hitogr @bl ton(I—S)e1) @bl ton(I—S) €4
+(0+hiton(I—S) e @hiton (I-S)€41) @ hitony
+hi=lon (I-9S) e @hlilony @ hl-lon (I - S) €41

+hi ton (I S) €1 ®@hlton (I —S)er1 @hiton(I-8) e

+hi-lonv ® Z hione, ; ® Z hione,
Jj=2

+ Z hione, ; ® Z h!Jone, ; ® hi tonu
j 2

+ 3 Bione,, © b o © Z b Tome,
Jj=2 =2
hl 10'776f+1 X h 0n6t+1 X h Un6t+1]

=F; [hi:lanll ® hi:lanlj ® hﬁ:lany

) +hi-lonr @ hl-ton (I - S) €1 @ hilon (I—S)
) +hi=lon(I—9S) ey @hlton (I—-8) €41 @ hito
) +hiton(I-9S) e @hitony @ hli-lon (I—S)
) -1
)

+ hlil()"f] (I — S) €¢t1 (24 hlilon (I — S) €41 X h an (I — S) €tt1

+hilonr ® ZQh Tone,, ; ® Z hl~ Tone,, ;
]_

l
Aus) + > b Gnetﬂ@Zh ‘7776t+3 ®hi!
Jj=2

l .
Ay) + > hiione,, ;@ hltonr ® Z hlJone,
i=2
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A4,8) - hﬁc_lanem ® hﬁilfmem ® hﬁilanem]

We can directly compute the first term in this expression. As for all remaining terms, we provide formulas below:
As1 = Bl onr @ bl ton (I-S) €41 @ hi7 ton (I - S) €44]

= Eyh oy @ (bl ton (I-S) @ hiTton (I - S)) (€141 @ €141))]
=hlilonr ® (hiton (I-S) @ hicton (I-S)) vec(I)
=hilonrx1® (hiclon (I—S) @ hiton (I—S)) vec(I)

= (hitonqr @ hi7ton (I- S) @ hiclon (I-8)) (1®vec (1))
using (A ® B) (C® D) = AC ® BD if AC and BD are defined

= (hi7lonv @ hilon (I — S) ® hilon (I - 8)) vec ()
Aso = Eihlon(I-8) €41 @ bl ton (I—8) €41 @ hi oy

= Ey[(h'on(I-8) @ hi 'on(I-8)) (€141 ® €r41) @ hi'ony]
= (hiton(I-S) @ hliton (I-8)) vec (I) @ hitonr

= (hiton(I-S)®@hliton (I-S) @ hitonv) vec (1)

Az =Ebhl ton(I-S) e @ b lonr @ i ton (I - S) €:44]

= B[{ bl onw (b ton (T 8)e41)' } @ bl on (1 S) €41]
using a ® b = vec (ba')

= B[{1 onve; ., (W lon (1-8))'} @ bl ton (T- 8) €41]

= Ey[{(hi'on (I-S) @ hilonv) vec (€,,1) } @ hiclon (I—S) €41]
using vec (ABC') = (C' ® A) vec (B)

= Ey[(hiton(I—S) @ hitonv) €41 ® hiton (I— S) €,41]
= E[{(hton (I - S) @ hi longr) @ hilon (I-8)} (€41 ® €41))]

= (hiton(I-S) @ hitony ® hiton (I - 8)) vec (I)

A44 —Et[hl l (I—S) €141 ®hl 1 (I— S) €i4+1 ®h£(_10'77 (I—S) €t+1]
= E[{hi'on(I-S)@hi lon (I - S)} (€141 ® €141) @ hiTton (I - S) €41]

= E[{bon(I-8)@hii'on(I-S)@hiilon(I—S)} (€141 @ €141 @ €141)]
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— {hﬁ:lan I-S)®@hl7ton(I-S)®@hiton - S)} m? (€441, €111, €41)
where m? (€41, €t+1, €:41) has dimension ng x 1 and contains all the third moments of €;41.

! _ !
Ays = EfhiTtonqr @ Y hi?’cmetﬂ ® > hifjane'tﬂ-]
j=2 j=2

l .
=k [hlilan’/ ® (Z > (hﬁfjanetﬂ- ® hickgnewk))]

X
j=2 k=2

l . .
=E bl tonqr @ Y (hic_jo-net—i-j ® hic_JUnet-&-j)}
=2

because €;; are independent across time

l . .
= By toqr @ 3 (hﬁ(‘ﬂan ® hfc_]m?) (€45 ® €145)]
j=2
! _ L
=hliloqv e Y (h;ﬂo’n ® hx_jo'n) vec (I)
j=2

! ,
=Y hilonrv @ (h;’jan ® hl an) vec (I)
=2

J

! . ! .
Ao =Ev | Y hTone, ;® 3 hiione, ; ® hic_lgrl’/]
j=2 j=2

=Y (hﬁ(’jon ® hﬁ(_jon) vec(I) ® hi=lonv

j=2

l ) l .
> hione, ;@b lony @ 3 hiijonetﬂ]
j=2

Agr=Ey
i=2

l ) .
= ZQ Ey [blione,, ; @ hitonr @ hi Tone, ;]
=

because €;; is indepdent across time
l -1 1—j ! I—j
=> E; {(hx’ onv) (hxﬂanetﬂ-) ® hxﬂanetﬂ}
j=2
using a ® b = vec (ba')

!
= 22 E, {(hi{lam/) €4 (hﬁ:jan)/ ® h;‘janetﬂ}
=

1
=Y E; [(hk7on® hitony) vec (eéﬂ-) ® hi‘janetﬂ-]
j=2
using vec (ABC) = (C' ® A) vec (B)
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Il
M~

<
/|
N

E [(hl Jo-n ® hl 10",’)1/) 6t+] &® h Jn€t+j]

l ) )
> B [(hi7on @ hiT oy @ hiZTon) (€14 @ €r1;)]

.
[\~]

(hl Jon @ hitonr @ hi-ion) vec (I)

Il
M-~

Ay s = Ei [hic_lo'net+1 ® hic_lo-net—i-l ® hﬁ(‘lanetH]
= E, [(hﬁflUﬂ ® hﬁflon) (€r41 ® €141) ® hﬁc_lﬂletﬂ}
=F; {(hi{_la'l’] ® hﬁ:la’l’) ® hﬁ(—lo'n) (€141 R €141 ® €t+1)}

= (hi:la”? @b ton® hgflg’ﬂ) m® (€11, €41, €41)

where m? (€t+1, €141, €¢+1) has dimension ni’ x 1 and contains all the third moments of €;41.

Thus, we finally have
=f = f =f f f f _
By [XtH OXp OXp ) =X 0% ® Xt+l} =
+hﬁcx{ ®@hl=tonr @ hl xt
+hi tonr @ ((hl ®hL) (xt ®x{)>

+ (bl o nd) (xf @x!)) @b oy
A1)+ (b7 @ hi7?) [(onr @ onw) + A] ® hix]
Ay) +hix! @ (bl @ hit) [(omy @ onr) + Al
A3) +hilonr @ hix! @ hi-lony
+ (h;’lan I-S)@hlx! @hllon(I-S)—hilon@hlx! hﬁ:lan) vec (I)

Agq) + (hitonqr @bl ton (I—S) @ hiton (I - S)) vec (I)

As2) + (hiton (I —8) @ hiton (I—8) ® hitony) vec (I)

Ass) + ((hiton (I —S) @ hitonr) @ hiton (I - 8)) vec(I)

Aga) + {hl_la"? I-S)@hiton(I-S)@hi " on(I—S8)}m® (€111, €41, €41)
Ass) + Z “lonqr ® (hl jon ® hl 7077) vec (I)

w
Agg) + Z <hl ion @ hl” jan) vec(I) @ hi-1o

—~

Ay 7) Z (hldon @ hitonr @ hi-ion) vec (I)

Asg) — (hﬁc ome hi:lan ® hﬁ:lan) m3 (€141,€141,€r11)
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12.5.2 For (x{@xf)

Recall from above that
Xf_H ® Xy = hxxf + 0’?76H_1) ® (hxxf + %Hxx (X{ ® X{) + %hagag)

= (hy ® hy) (x{ ® Xf) + (hx ® 1Hyxx) (x{ ® xf ® X{) + (hyx ® Lth,,0?) x{
+ (on ® hy) (6141 @ x7) + (U"l ® %Hxx) (€t+1 & X{ ® X,{) + (017 ® %h,maQ) €141
Therefore:
xly2 @ Xi 5 = (hx ® hy) (X{H ® Xf+1) + (hx ® 3Hxx) (X{+1 ®xl, ® X{H) + (hx ® thopo?) x], 4
+ (UTI ® hx) (€t+2 ® X§+1) + (UTI ® %Hxx) (€t+2 ® th-‘rl & X{+1) + (UT] ® %ho—o—UQ) €112

= (e © b (b @ ) (x] @ x7) + (B ® 3He) (xf @3] @ x] ) + (B © Shyo0?) xf
+ (01 @ hy) (€141 @ %) + (01 © 3Hxx) (6t+1 ox{ ®x{ ) + (o0 ® $hepo?) €r41]

+ (hx ® 1H\x) (xtf+1 ®x/,,® x{H) + (hy ® th,,0?) x], |

+ (0 ® hy) (€142 ® x711) + (on ® Hyxx) (et+2 ®x),® X{+1> + (o ® h,,0?) €42

= (hx ® hy)? (Xf ® X§) + (hy @ hy) (hx ® $Hux) (x{ ®xi ® x{) + (hx ® hy) (hy ® $hyp02) x]
+ (hy @ hy) (07 @ hy) (€141 ® x§) + (hy ® hy) (07 ® $Ho) (et+1 2 x] ® xg‘) + (hy @ hy) (00 @ thyeo?) €11
+ (he ® 1H,) (x{+1 ®x/,® x{+1) + (he ® Ih,,0?) x],
+(on @ hy) (€142 @x714) + (o0 @ 3 Hixx) (€t+2 ® X{+1 ® X{+1) + (o1 ® $hye0?) €140
and
X{ 15 ® %} 15 = (hx ® hy) (Xt+2 ® Xt+2) + (hx @ 3Hix) (X{+2 O x5 ® X{+2) + (hx ® $hoo0?) X/
+(on © hy) (€143 ® X7 15) + (077 ® Hxx) (€t+3 ® Xt+2 ® Xt+2> + (on ® thyp0?) €145
= (hx ® hy) [(hx ® hy) (xt ® xt) +( (hx ® 1 Hxx) (xt oxi® x{) + (hy ® hy) (hx ® Lh,p0?) x]
+ (hy ® hy) (01 @ hy) (€41 ® xt)+(hx ® hx) (o ® Hyy) (em 2x{ @ x{)+(hx @ hy) (07 @ thoo?) €11
+ (hye ® 1H,) (x{+1 ®x/,® x{+1) + (he ® Ih,,0?) x],
+(on @ hy) (€142 @x714) + (o0 @ 3 Hxx) (€t+2 ® X{+1 ® X{+1) + (on ® $hy0?) €119]
+ (hx ® 5Hxx) (th+2 ®xl,® X{+2) + (hy ® thoe0?) x],,
+ (0n ® hy) (€143 ® X7 15) + (o0 ® 1 Hyx) (et+3 ®x],,® x{H) + (00 ® Lhyeo?) €143

= (hx @ hy)’ (xt ® xf) + (hy ® hy)” (hx ® 3Hx) (x{ ®x] @ x{) + (hx @ hy)? (hy ® Shyeo?) x]
+ (hy ® hy)” (01 @ hy) (€141 ® x5) + (hy ® hy)® (o ® $Hyx) (€t+1 @x] ® th) + (hy ® hy)? (on ® $heeo?) €41
+ (hx ® hy) (hx ® 5Hxx) (th+1 ® X:{Jrl ® X{+1) + (hy ® hy) (hx ® 5h,00?) X{H
+ (hx ® hy) (01 © hy) (€142 @ %741 ) +(hx ® hy) (07 @ FHyx) (€t+2 ® X{-s-l ® Xfﬂ)—i-(hx ® hy) (07 ® $hoeo?) €42

+ (hx ® Hyx) (X{+2 ©x{,® X{+2) + (hx ® Fhooo?) X,
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+ (0N @ hy) (€143 @ x}1) + (01 © 3Hxx) (€t+3 ®x],® xf“) + (on ® thyp0?) €145

= 3 (xf @ xs : 2—i 1 foox! oxf
(hx ® hx) Xt ® Xt + Z (hx ® hx) (hx ® 2Hxx) xfr‘r’b ® XtJrl ® Xt+z
=0
2 .
+ 3 (@) (1@ o)
2

+ E (hx ® hx)Q_i (0'7] ® %hUUO'Q) €t 1+
i=0
2 .
+ Zjo (hx ® hy)* ™" (01 @ hy) (€r414i @ X54;)
E 2-i 1 f f
+ > (hxy ® hy) (077 & §Hxx) (6t+1+i ®Xy ; ® Xt+i>
i=0
And in general

! s b (xf o) £ 5 (e o b (e @ L ! ! !
Xp ©x = (hx @ hy)" (x; @ X +Z:O( x @ hy) (hy ® $Hh) (x1,; ® %], @ %7,
S (hy © hy)' ™ (hy © Lhyyo?) x!
—i_z:o(x® x) (hx ® 3hoo0?) X7 ;
-1 .
+ Z:O (hx ® hx)l_l_Z (O’T[ X %h000'2) €it1+44
-1 ,
+ 2 (@ hy)' ™' (on @ hy) (€rr14s @ X5)
1=
+l§(h ®h)l_1_i(0 ® $Hyy) (€ ox!  ox!
= X X n 9 tixx t+1+4+1 t+i t+i
for [ =1,2,3....
We therefore have
%/ @% ., =(h ®h)l(if®is)+l§(h ©hy) T (hye ® 1H )(scf ol 0% )
t+41 t+1 X X t t = X > X 5 lxx tg t4i t4i
S (hy ® b)) (hy ® Lhy,o?) &/
+;)(x® x) (hx @ 3hoo0?) Xy ;
-1 .
+ ZO (hx ® b)) ™ 7" (6m @ 1hyp02) 8pp14s
i=
-1 .
+ 3 (he ®hy)' ™ (o ® hy) (Orr14i ®X5,)
i=0

-1 .
+ 3 (hx ®hy)' ™' (0 ® 1Hix) (5t+1+z' ® %l ® i{ﬂ)
=0

Thus
2f o3z f
Ey {Xtﬂ QX — X @ XfH}

-1 .
= Bil(he @ hy)! (% @%7) + X (he@ b ™ (b ® dH) (%], 0%/, 0%,
=0
= I-1—i 1 o\ ~f
+ > (hx @ hy) (hx ® thye0?) X/,
1=0
-1

+> (hx® hx)l_l_i (0"7 X %hchQ) Otiti
i=0
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|
—

+ 3 (hx ® hy)' 7' (0m @ hy) (Seg14s ® Xf,)

—~ .
Ll
= o

+3 (hy ®hy) (o1 ® §Hxx) (5t+1+z‘ ® ifﬂ' ® ifﬂ)
=0

(o = I-1-i 1 ! ! f
(hx ® hx) (Xt & th) + ;) (hx ® hx) (hx X §Hxx) (XtJrZ' ® Xiti ® Xt+i>

|
- o~

|
—

+ 3 (e @hy) ™' (hx ® Shooo?) x],,;
i=0
-1 .
+ Z (hx ® hx)l_l_Z (UT’ ® %hoaoz) €t 4144
i=0
-1 .
+ > (hx ® hX)l_l_l (om @ hy) (€t+1+i & X?Jri)
i=0
' -1 1 f f
+ > (hy ® hy) (o0 ® 5Hixx) (€rr14i @ X1y ©@ %715 ) }
=0
]
-1
I-1—i - - -
= Et[Z:O (hy © hy) (hx ® %HXX) (X{+i ® X{Jri ® X{+i - X{H‘ ® Xz{ﬂ‘ ® X{+i)
-1 ,
X (e 9 b1 (1 @ Fhooo?) (%L — )
-1 .
+ 3 (hy @ hy) 7 (o1 ® $hoeo?) (84147 — €14144)
i=0
-1 .
+ 3 (hx ®hy) T (o0 @ hy) (Grg14i ® RSy, — €140 D X,
i=0
-1 ,
+ (hx & hx)lilil (0'77 ® %Hxx) (6t+1+i b i{Jﬂ‘ @ izj;Li — €41+ ® X{Jﬂ' 0 thJri)]
=0
-1
T - - -
= B[ (hx ® hy) (hx ® %HXX) (X{+i ® X:{Jrz' ® X{Jri - X{H ® th+i ® X{Jri)

=0
-1 .
+'5 e © 1) (10 © Funo?) (5, - xL)
=0
+(hx © ) ™ (07 ® thoeo?) (v + (I - S) €1 — €141)
+(hx @ hy)' " (N @ hy) (W + (1= 8) €141) K} — €141 @ %])
-1 .
+ 21 (hx ® hy) ™ 7 (0 @ hy) (€141 ® K] y; — €414 DX,
1=
+ (B @ 1) (0m @ 3Had) (v + (1= S)er) @ %] @ %f — 1 @ xf @)
=1 1—1—i 1 =f ~f f f
+ ; (hy ® hy) (o0 ® 3Hxx) (€t+1+i QXp 1 OXpyy — €41+ O X © Xt+i)]

v+ (I-S)eqq forj=1

using dr4j = { €1t j for j #1

-1 _
Et[zo (hy ® hy)' ™" (hyx ® FHyx) (i{—&-i oxl, 0%, —xl,ox], X{H)
=

1

g

(hx ® hx)lilii (hx & %haoaz) (i{ﬂ - X7{+i)

<« ®hy) ! (on ® $heeo?) (v +0-0)
®hy)' " (on © hy) (v +0) © X — 0)

<.

+ 4+ +
FFL
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-1 .
+ 3 (hx @ hy) "' (op @ hy) (0 — 0)
=1
+ (e 1)~ (o7 © $H) (v +0) 9 %/ @ %] ~0)
-1 R
+ 3 (hx @ hy)' "7 (00 @ $Hyx) (0 - 0)]
i=1

using x7,; is a function of X{ +; which is a function of €;1;. The zero-mean iid innovations therefore implies
thatv Et [(€t+1+i (9 Xf+i)] =0 and Et [(€t+1+i X i?—&-z)] =0
The same argument implies that E; |( €414: ® X{H ® x{H } =0

and E; [(Et—i-l—i-i ® ifﬂ ® i{ﬂ)] =0

-1
11— - - -
Et[z1 (hx ® hy) (hx ® %Hxx) (X{H ® X{+i ® X{—i-i - X{-H' ® X{+i ® X{-i-z')

1

\g

(hx ® hx f=1-i (hx & %hUO'UQ) (i{+z - X{Jri)
hy ® hy)' ! (o0 ® thyeo?) v

h, ® hy)' ™! (o @ hy) (v @ x7)

+ (b @ hy) ™ (o0 @ $H) (v o x{ @ x]))]

because the shock hits in period ¢ + 1, meaing that x{ = i{ and similar for xj

1

+ + +

~
I

1

(hy ® hx)l_l_i (hx & %Hxx) Ey |:(itf+z ® ifﬂ ® i{+i - X7{+i ® th+i & th+i)i|

. =~ e
ML
Lol

@
Il
-

() 1 (9 %) [ (5, )

+ o+

hy ® hy)' {(017 ® thyeo?) v+ (on @ hy) (v @ %}) + (o0 @ $Hxx) (V @x! ® Xf) }

~
I
—

(hy ®hy)' ™' (hx ® 5Hxx) By Ki{ﬂ‘ ® iz{ﬂ' ® i{ﬂ - Xz{ﬂ‘ ® th+i ® x{+i):|

~
Ll
Ll

+ 4 (hx & hx)lilii (hx & %haaaz) E; {(i{—&-i - X{-‘ri)}

s
Il
_

+(he ® hx)l_l {0”)’]1/ ® %haoa%_anu Q@ hyxi +onr ® %Hxx (x{ ® xf) }
using (A®B) (C®D)=AC ®BD if AC and BD are defined

-1 ‘

= 2 (hx ® hx)lilﬂ (hx ® %HXX) Ey |:()~(tf+z ® ii{+i ® i{-m - X{-H: ® X{-H' ® th+’i)i|
‘= 1-1—i 1 2 <f f

+ > (hy @ hy) (hy ® $hyeo?) E; [(XtJri - Xtﬂﬂ
i=1

T (hy ® by {m,,, ® (hfo + IH (x{ ® xtf) + %hwg2>}

To derive a recursive version for this sum, we let
=l I—1—i 1 < f ~f =f f f f
X =) (hx ® hy) (hx ® EHXX) (XtJri QX DXy — Xy DX & XtJri)

i=1
=1 -1 1 2\ (=f f

+ > (hx ® hy) (hx ® $h,p0?) (Xt—i-i - Xt+i)
i=1
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+(he ® hx)lfl (O—ny ® (hfo + 1 H,x (x{ ® X{) + %hMUQ))
SO
X1 =onr® (hxxf + %Hxx (x{ ® xf) + %hogaz)

1 _
Xo=3 (hy®hy)' ™' (hx ® 3Hxx) (i{ﬂ ® itf+z‘ ® i{+i - X{+i ® X{Jri ® x{“)
i=1
1 .
(hy ® hy)"™" (hyx ® h,,0?) (5&{+i - X{Jﬂ‘)
i=1

+
+ (hy ® hy) (anu ® (hxxf + 11, (x{ ® x{) + %hago2))
= (hx ® 5Hxx) (5‘{4-1 ® i{—&-l ® i{+1 - X{+1 ® th-H ® Xf+1)

+ (hx ® %haagz) (itf_l,_l - X{.H)
+ (hyx ® hy) (anu ® (hxxf + %Hxx (x{ ® x{) + %h(mg?))

= (hx ® hy) X1 + (hx ® 3 Hyx) (i{+1 ® itfﬂ ® i{ﬂ - X{H ® X{H ® th+1)

+ (hx ® 3hyo0?) (ifﬂ - X{H)

(hy ® hx)zii (hy ® %Hxx> (i{_H ® i{-{—i ® i{+i - X{H ® X{-H: ® x{-s-z')

i

M LT

(e 0 (2 o) (%, xs,)

+
+ (hy ® hy)? (0'771/ ® (hxxg + 1H, (x{ ® x[) + %hggaz))

.
Il

= (hy ® hy) (hy ® 5Hyx) (i{Jrl %[, ®%l, —x[,0x/,,® X{+1)
+ (hx @ §Hox) (it+2 O%f, %, -x{,8x{,® X{+2>
+ (hy ® hy) (hyx ® 3hygo?) (5&{“ - xfﬂ)
+ (hx ® 3hyo0?) (itf-&-Q - Xz{+2)
+ (hy ® hy)? (U’OV ® (hxxf + $Hyx (X{ ® Xf) + %hgadz))

(hx ® hy) X5 + (hx © 3Hxx) (i{+2 ® i{+2 ® i{u - X{+2 ® X{+2 ® X{H)
+ (hx ® 3hyo0?) (i{w - X{+2)
Hence, in general
Xi = (hx @ ha) Xjm1 + (he ® 3H) (itf+k—1 ® i{+k—1 ® i{+k—1 - X1{+k—1 ® Xz]:+k—1 ® X{+k—1)

- f f
+ (hx ® %hUUUQ) (Xt+k—1 - Xt+k71)
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12.5.3 Summarizing
At third order, the total effect on the state variables is:
By [Xip1 — x41] = By [i{+l - X{H} + B (X5, — x5 ]+ B X - <]
For the control variables:
yid = gx (xtfH + %7, +x§j‘£l) + 2Gxx ((XZ_H ® x{+l> +2 (X{_H ®xf+l>)
+5Goox (th+z ® X{H ® X{H) + 38000% + %gwxagfo + §80000°
y:—(&i-l = 8x (i{H T X+ i;‘il) + %Gxx ((ifﬂ ® itfﬂ) +2 (itfH ® ifﬂ))
G (K 97,0 0 5,,) + H0? + S + B
So:
E 514 - vidi]
— g (B [%y = xl] + B [Rin - xi] + B[R4 - xid)])
+1Gox (Et [i{H o/, —x/,® x{H} +2E, [i{H R, — x|, ® x§+l])

1 =f =f of f f f 3 2 =f f
+5 Gxoxxc Lot {xt—&-l X X =X 8% ® Xt-}-l] + 58oox0° Ey {Xt-s-l - xt-s—l]

13 Alternative notation with ¢ in the state vector

When deriving the perturbation approximation, the perturbation parameter o is treated as a variable. It may therefore be
natural to consider o as a part of the state vector when constructing the state space system for the approximated model.

We therefore define 5({ = [ (th)/ o }/, x5 = x3) o ]/, and %74 = [ (x:d)’ o ]/.
At first-order:

At second order:



i=1,2,..

At third order:
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(i, 1,5 )] +3g(i,1),,, 0% ]

(i,2,5, 1) x] +39(1,2), . 0°

/
(th) S (z’,nm,:,:)xic 439 (3,n2) 5 gy 02
9(i,1),,, 07 |

!/
=0 af (k) <(x{) Broox (1, 5,3, 2) X 439 (1, k) e 02) +g(i1),,,0°

as desired.

I o C ] B (i 15) 0 x|
[ () o] .
/ RO x]
[ (Xff/) O’Hhxx"(é AP H otj
) S YH
g () = [h(i2) 0]%"
N S
(&) [ el 0 s
ey [tz 0
l(if)/ t 0 3h(6,2),,, |
T e g,
T L

14 Accurcy of the pruned state-space system with ¢ — 0

This section shows that the errors induced by the pruned state-space system at second order are O (03) for 0 — 0, and
that the errors induced by the state space system at third order are O (04) for 0 — 0. This corresponds to showing
that the errors implied by the unpruned and pruned approximations are of the same order for ¢ — 0, provided that the
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unpruned sample path is stable. The procedure for showing these results follow the one applied in the Appendix to Haan
& Wind (2012).

14.1 Some auxiliary expressions
Recall that the unpruned third-order approximation of the state equation is given by
3 3 3 ]- 3
XD = (et 2 )7 L (7 0

1h(,ma?’ +one +0O (04) ,

1 3 3 3 1
“FéHxx( ()®X( )®X£ )>+§h0-0-0'2+6

where xt ) denotes the unpruned third-order approximation. We know that the errors induced by this approximation is of
fourth order, i.e. O ( ) For the derivations below, we need some auxiliary expressions. We thereefore first note that
3 3
XE+)1 ® X§+)1 =
((hx + %hoaxUZ) xf’) n %Hxx (X£3) ® X(3)) n %Hxx (ngs) (3) ®x§3)) + %hwaQ + éhwga‘a’ + 077€t+1) ®

((hx + %hoaxgz) Xig) + %Hxx (Xl(g?)) & X§3)> + %Hxx (X,(gg) & Xg ) ® X,(gg)) + %ho'o'o.Q + éhggga':5 + 0'77€t+1>
= (e + 3hooxo®) xV) @

((hx + 3, 0x0?) xY + LH,, (x§3) ® x§3)> + 1H (x,ﬁ‘” 2xP ® x§3)) +1h,,02 + 1h,,00% + anem)
+ 5 Hax ( ) ®x§5)) ®

((hx + %hwaQ) (3) 1Hxx ( ,(53) & X§3)) + %Hxx (xf’) & xf’) ® xf’)) + %hwa2 + éh,ﬂma3 + 077€t+1>

i (P o xP o x) @
((hx + %hwxaz) x§3) + %Hxx ( (3) ® x§3)> + %Hxx (xg?’) ® XES) ® xg?’)) + %hwa2 + %hwga?’ + anetﬂ)
+ (3hoo0? + theeeo®) ®
((hx + %haaxa ) x,(5 ) %Hxx (X,Eg) ® xf’)) + %Hxx (x,(fg) ® xf’) ® x§3>) + %hma2 + %hwgo?’ + U'I]et+1)
+tone, 1 ®

((hx + %hoaxgz) Xig) + %Hx ( (3) ® X(3)> + %Hxx (X,(gg) ® X§3) ® X,(gg)) + %hO'O'O.Q + %hUO'O'US + Un€t+1>

= (hx+ 3 an2) @ (B + Zho0x0?) XY+ (B + Thooxo?) X7 @ THe (x) @ x(V )
(hx + 2 02) P @ b (2P @ x7 @ x(7) 4 (B + Fhooxo?) 51 @ (3hoo0® + Lhooo?)

+ o+

® OMN€t
N ( () g 58 >) ® (B + 2hooxo?) xf¥ 4+ $He (xY @ %) @ $H (x(Y @ x(”)

« (7 @x) @t (xP @ xY @ x¥) + 1H (5 @ (V) @ (dhooo? + Thoeeo?)
XX (X§3) ® X1(§3)> ® Un€t+1

ok o
B
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LEL xg:%) (3> >®( + 3hypyo )Xg?)) + LHy (X(3> X(S) (3)) ® LHy (XE )®X<3))
+%Hxx ( (3) & Xt ) ® % (X)(:B) & X§3) & X,(gg)) 1Hxx (XE ) & X(g) ® XE )> & (%haao' + gha'o'aag)
+éHxx ( ®) 0y Xt ) Q0 77€t+1

+ (3ho00? + Eho000®) @ (B + Fhoox0?) X1 4 (3hoo0? + thops0®) @ S Hi (x(Y @ x(7)
+ (%hUO'O-Q + %haaoag) X %Hxx ( (®) ® XE ) ® Xig)) + (Qhaoa + hUUJUB) & (%hO'O'O.Q + éhooagg,)
+ (%hUO'O-Q + %haaaa?)) ® 077€t+1

+ome; g @ (hx + §hooxo?) X+ onery © FH ( Ve X(3)) +ome; ® §Hxx (ng) xV @ ng))
+0'7’€t+1 ® ( haoa' + lhaooa ) =+ ONE€L1 ® OM€t 11

Preserving terms up to third order we have

xgi)l ® xgi)l = hxx(3) ® hxx(3) + hxxgg) %Hxx (XES) ® xg?’)) + hxxgg) %h(ma2

1 (3 ©x7) @ hexl? 4 Thoo0? @ hex(?
+hy XE : Qomne . + Hxx (ng) ® XE‘S)) QD one L + %haaa2 Q@ oNeEL

+one; 1 ® hxxg ) +one,, ® §Hxx ( () & x(g)) +one, ® %hwa2 +one @ one

= (hy @ hy )( (3) ®X§3)) 1 (hy ® LH,) ( ® o x® g (3)) 4 (hx ® hy,) ( ®) 5 )
+ (3Hx ® hy) ( 3 o x® g §3)) + (Lhyo @ hy) (0 ®X§3)>
f (@) (x99 0) + (e ome ) (6 %0 0 ) + (thos ©1me,,) 0
(e ©hy) (00x7) + (ne1 ® ) (0037 @x47) + (€1 © Fhoo) o + (mersy ©mer) 0

= (hy ® hy )( ®Xt )+( ® $Hyx + 3 Hxx ® hy) (X§3)®X§3)®X§3))+
+ (hy ® Ihyy + thyy @ by )(x(?’) 02)
+ (hx ®ne,yq) (Xt ®U) + ;Hxx@ﬂetﬂ)( ¥ @ x|
+(

( (3)
ne€41 @ hy) (‘7 ® XE?})) + (n€11 ® 3Hxx) (‘7 ox” ® X§3)> + (€11 ® 5hoo) 0% + (N€ @ e y) 0

® U) + (%hmf oy Tlet+1) o

Preserving terms up to second order we have

xD ox? = (e (x? ox?) + (e @ne) (x7 @ o)

+ (n€t+1 ® hx) (U ® X§2)) + (nem ® 77€t+1) g

where x§2) denotes the unpruned second-order approximation.

Moveover, preserving terms up to third order in xg _31 ® XE _31 ® xg +)1 clearly gives
x(2h @ %P @ x{2) = (hx ® he © hy) (XE‘B) 2x) @x|’ )) + (hx ® hx ® om) ( Peox¥e €t+1)
+ (hx ® on ® hy) (ng) ® €41 @ X£3)> + (hx ® o @ o) (ng) ® €41 ® €t+1)

+(on@he@h) (e @ xY @x7) + (@b @ on) (e @ x¥ @ )
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+(on ® on ® hy) (€t+1 ® €1 ® X )> +(n@on@on) (111 €41 @ €41) + O (o)

Next, recall that the pruned approximation at third order reads

!y = hux! 4+ ome

1 1
Xp1 = hyxi + inx (x{ ® x{) + §h0‘702

1 3
X;il = hxxzd + Hyx (X{ & Xf) + ~Hyxx (X{ ® X{ ® Xf) +

6 6h00x0 Xt + 6hO'O'G'U

Adding up these terms we have

1
ety ity = () 4 g (o @) +2 (] @)

1 3 1
+6Hxxx (X{ ®X{ & X{) + haaxa Xt + haa + 6h00003 =+ ONe€s 1

For the controls we have without pruning that

1 1
ng) = ng£2) + tix (Xz(SZ) (2)> + 2gaaa

and

1
Y§3) = gxxgg) + 5 Grxx ( 2 & X(3)> + *Gxxx (XE?’) ® XEB) ® X§3)>

3 1 1
+58ooxT X§ St nga + 8o0a0 2 +0(0%)

in an unpruned second- and third-order approximation, respectively

14.2 Proof for a second order approximation
14.2.1 First order terms

At first order we trivially have
xlp1 = x(1h = hax{ + oney

- {hg) §2) + %Hxx (XEQ) ® Xz(:z)) + %hWUZ +oneq +0 (‘73)}

— i (x/ = x) +0(c?)

We therefore see that errors in x{ are of second order, i.e. x{ — xl(f) = O (0?). Note, that we do not need to require
that the initial errors are of second order, i.e. xg — xg2) =0 (02), provided that ¢ is sufficiently far away from zero. This

is because any error committed at time 0 will die out because all eigenvalues of hy are less than one.
For the controls, the pruned expression is y{ = gxxf, SO y,{ — y§2> = gx (xt — xt> + 0 (02). Given that xf — x,(f) =
0] (02), this clearly also holds for the controls, i.e. ytf — y£2) =0 (02).
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14.2.2 Second order terms

At second order the pruned approximation of the states is given by
1 1
X{Jrl + Xerl = hx (X{ + Xf) + §Hxx (X{ ® X{) + ihaao'2 + U’I’]Et+1

Comparing this approximation to a second-order expansion without pruning, we obtain
(2)

X{+1 + %7, — X7 = hx (x{ + xf) %Hxx (x{ ® X{) + %hwo2 +one;
_ {h (2) + 1Hxx <x§2) ®x(2)> + %hMJQ +one ., +0 (03)}
(i
f s 2) Foes @) 1 I o x!f —x®?
Xi X — Xy = hy (Xt +x; —x; ) —|—§Hxx (Xt ®x; — ®Xt ) —|—O( )
We next want to show that x{ +x7 — x§2) =0 (0?) and X{ ® x{ (2) ® x,(52) O (0?). To do so, we recall that

th+1 ®X{+1 = (hx ®hy )(Xf ®X{) + (hx ® om) (Xt ®€f+1>
+(m @ ) (€1 9] ) + (on @ om) (611 © €141)

Hence, we have

x{ ®xf, - Xgr)1 ® Xg& = (hx ® hy) (th ® X{) + (hx ® om) (X{ ® €t+1)

+ (on ® hy) (€t+1 ® X{) +(on @ on) (€1+1 @ €141)

~{(he @) (xiV @ xP) +
+(eome) (7 ©0) + (Shoo ©mer) 0
+ (n€,, ® hy) (0 ® x(z)) + (n€y ®Me,) 02+ 0 (o)}

= (hx ® hy) (x{ ®x — (2) ® xg )) + (hx ®n) (x{ ® o€ty — XEZ) ® 0‘6t+1>
+(on@hy) (€1 @x] — e @xP) +0(0?)

= (e 0 b (x] @xf —x? ©xV) + (W om) ((xf —x”) @ oerr)
+(n ® hy) (O'Et+1®( f XEQ))) +O(03)
f
t

We know that x x§2) = O (0?). Now recall the meaning of our notation. We say that a function f (o) is

f(e)=0(c")
(i
UIEO%<M<OO

This clearly implies that
af (o) _ 1) (O_erl) ’

om+1 -

or of (6) = O(6™%!). So in our case we have x{ — xt = O (0?), and therefore o (x{ —x§2)) = O (0*). Hence,

x{ ® X{ (2) ® X( ) =0 (¢%). This in turn means that xt +x; — x§2) =0 (0?) as desired.
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For the controls we have in the pruned approximation
1 1
Yf = 8x (X{ + Xf) + §Gxx (X{ & X{) + §g0002
So we have

1
yi — y,@ = 8x (X{ +x7 — ng)) + tix (X{ ®X{ (2) ®Xt ) +O( )

Given that X{ +x7 — x§2) =0 (0?) and x{ ® x{ — x,(f) ® x§2> = O (), we clearly have y; — y§2) =0 (0?) as desired.

14.3 Proof for a third order approximation
14.3.1 First order terms

At first order we trivially have
3
X{—&-l XE-&-)l = hyx{ + OME€syy
—{(hx + %haaxaz) xgs) i %Hxx (X§3) 2 ng)) I %Hxx (ng) 2 XES) ® Xg:s))

+3ho00? + thyeeo¥+ ome, 4+ O (o)}

= hy, (x){c — x§3)) + 0 (o)
We therefore see that errors in xf are of second order, i.e. x{ — xt = (02). For the controls, the pruned expression

is y{ = gxx{, ) y{ (3) =gx (xic — xt> +0 (O’ ) Given that x{ — xt =0 (02), this clearly also holds for the controls,

. 3
ie. yi —yi ) =0 (02).
14.3.2 Second order terms

Comparing this approximation to a third-order expansion without pruning, we obtain
x{H +x{ — xg)l = hy (x{ + xf) lex (x{ ® x{) + %hwcf2 +one;
(Bt Bhoo?) x4 3B (5 0 x7) o+ 3 (57 9% %)
+1he0% + thyoeo®+ one,  + O ()}

1
xf+1+xf+1 —XS_)I = hy (x{—l—xf—xgs)) —|—§Hxx (x{@x{ (3)®Xt )—l—O( )

/ =0 (0?) and th ® X{ (3) ® xg?’) O (0?). To do so, we recall that

We next want to show that x; + xj — x§3)

sl @xf = (@) (x{ @xf)+ heoon) (xf ©e)
+(on @ hy) (€t+1 ® Xf) +(on @ on) (€141 @ €41)

Hence, we have
st @xfiy = x{P @ xP) = (o hy) (xf @xf) + (e on) (x] @ e
+ (on ® hy) (€t+1 ® Xt) + (on @ on) (€141 @ €441)

—{(hyx ® hy) (xf’) ® xf”) + (hy ® 1Hyy + LH, o © hy) (x§3) 2x¥ ® x§3)) +
+ (@ Shoo + 3hoo @ hy) (x( @ 02)
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+ (he @ mey4) (X§3> ® g) + (AHux @ e, y) ( 4 o x® g U) + (3hyy ®nepy)
+ (€141 ® hy) (U ®x;’ )) +(n€1 ® 3 Hxx) (‘7 ® X(B) ® Xg )) (€141 ® 5hoo) 0%+ (e @ Meryy) 02 +0 (o)}

= (hy ®@hy) (x] @ x/ — (3) ® XE )> + (hx ®n) (th ® o€r41 — ng) ® aet+1)
)

(
+ (om @ hy (6t+1®xt—et+1®xt )+O( )
(xf

= (hx ® hy) (x! @ x/ —x¥ ®x§3)) + (hx ® 1) (( f % )) ®aet+1)
+(n® hy) (O’Et+1 ® (xt — x§3 )) + 0 (o®)

We know that x/ — xt?’) = O (0?). Now recall the meaning of our notation. We say that a function f (o) is

flo)=0(™)

lim LZ)<M<oo

oc—0 O
This clearly implies that
Uf (J) m—+1
O.m+1 = O (U ) ’
or of (0) = O (o m“). So in our case we have x/ — x{¥) = O (02), and therefore o (x{ — XE?’)) = O (0®). Hence,

xt+1 ® XtJr1 — X£+)1 ® xtJrl = O (). This in turn means that X{+1 +xi — xii)l = O (0?) as desired.

For the controls we have in the pruned approximation

1
vi =g (%] +37) + 3G (xf @) + L000”
So we have
vi ¥ =g (x 43— x7) + 3G (] @] P @x?) + 0 (0?)
Given that X{H + X — xgl =0 (0?) and x{H ® xtJrl - xg)l ® X,Ei)l = 0 (¢?), we clearly have y; — y§3) =0 (0?) as
desired.

14.3.3 Third order terms

Comparing this approximation to a third-order expansion without pruning, we obtain at third order

sl + X5 + x50 — () = he (xt+xt+xt )+ 38 (xf oxf + (x] @x7) + (xt ox{) )

+%Hxxx (x{ ® xt ® xt) + ghmxxt o? + %hwg? + éhmgg3 +one
= {0t faoone) 7+ 3T (6 ©37) 4 s (17 0347 ©37) o+ S+ oo omers }

= hy (x{ + x5 4+ x74 xg?’)) + %Hxx ((X{ ® x{) + (x{ ®xf) + (xf ®x{) - x,(fg) ® xg?’))
+%Hxxx (X{ & X{ ® Xt - XES) ® XES) &® ng)) + %haaxUQ <X{ - XES))
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We then need to show that each of the terms are accurate up to O (04). We start by considering the last term. Here,
x/ —x¥ =0 (02), and therefore o2 (x{ - XE?’)) = O (o), as desired. We clearly also have x{ @x{ @x] — xPex® ox® =
0] (04). To consider the single remaining term, recall from above that
X{+1 ® X{H = (hx®hy) (X{ ® Xf) + (hx ® om) (X{ ® €t+1)

+(on ® hy) (€t+1 ®X{) +(on @ on) (€41 @ €141)

and
f s 1 F oo o of 1 2\ f
Xp41 ©xi; = (hx®hy) (Xt ®Xt) + | hx® inx (Xt ® X} ®Xt) + (hx ® ihaag X}
s 1 Fooof 1 2
+(on @ hy) (€141 @ %x}) + | o ® inx (€t+1 ®x; ® Xt) +({on® §h,ma €111
and
s f s o of 1 Fooof o of 1 2 f
Xt+1 ® Xit1 = (hx ® hx) (Xt ® Xt) + inx 0 hx (Xt ®Xp QX ) + §hoa(7 ® hy X3
s 1 Fooof 1 2
+ (hx ® om) (%} ® €141) + inx®<T77 (Xt ® X3 ®€t+1) + §haaU ®on | €1
Thus

s 3 3
(Xt+1 ® Xt+1) T (X1 ® Xt+1) + (Xt+1 ® X{H) - (X1(5+)1 ® X§+)1)

(x
(

= (e @hy) (x] @x]) + (@ om) (x{ @ er11) + (n@he) (€101 @x] ) + (on @ o) (€111 @ €141)
+ (hy ® hy) (x] ®xt) (hx ® $H) (x{ ®x] ®x{) + (hx ® 1hy,0?) x{
+ (01 ® hy) (€141 @ x5) + (on ® 1 Hxx) (et+1 ®xi ® x,{) + (on ® thoeo?) €141
+ (hy @ hy) ( ® xt) + (JHyxx ® hy) (x{ ®xi® x{) + (3hye0? ® hy) x|
+ (hy ® om) (%} @ €11) + (3Hax @ 0M) (X{ @x] @ €1) + (Ah,p0? @ o) €41

_{(hx ®hx) ( (3) ®X(3)> h, ® %Hxx + %Hxx ®hx) ( (3) ®X£ ) ®X§3)> +
hy ® $hoo + $hyp @ hy
5Hxx ® 77€t+1) (ngi) ® x£3) ® a) + (%hw ® 77€t+1) o

(1
(776H_1 ® %Hxx) (X7E3) ® XES) ® o') + (776H_1 ® %hga) o3+ (net+1 X 77€t+1) 0-2}

ne @hy) (x¥ @ o)

= (hy ®hy) (x{ @ x{ —x o x® ))

+ (hx ® om) ((xtf + x;?) ® et+1>

+(om @ hy) (€t+1 ® (Xf +XZ)>

+ (b @ h) (x] @ x; +x; @ x])

(e [+ s ) (<] 0] )

+ (he ® th,p0? + Lh,, 0% ® hy) x]

+ (N€ry1 @ tHux + sHyx @ me; ) (0 2x! ® x{)
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+ (U'I’] ® %haaa2 + %haao—z ® O"I’]) EtJrl

{ ) ( ®) g x?® g X(3>>

(hy ® $hys + L1h,, @ hy) (x(3) ®0 )

(hx ® ne,) (x§3) ® 0’) TH,x @M€, 1) (XEB) ® XEB) ® 0’) + (3hoo @M€L O
(€41 ® hy) (ng) ® ‘7) + (n€41 © 7Hxx) (ng) ox” ® ‘7) + (n€11 ® 3heo) 0%}

xl @ xf - x” @ xV)

(o 3) o)

x) (Xt ® x§ + x5 ®xt)

(hy ® $Hy + L Hyy @ hy) (xt oxi oxf —xP 9x® @ X(s))
(B @ $hop + $hop @ 1) o2 (xf — V)

(€111 @ 5Hxx + 5 Hxx @M€ 1q) (U ®x{ ® xf)

(e @mey) (x7 ©0) + (FHo@ne,,) (xP oxP0o) +
+ (n€,, ® hy) (xg?’) ® 0) + (me ® $Hxx) (XES) ® xg?’) ® a)}

h, @ hy )(x{@x{ x® @ x® ))

= (
(h ® 77€t+1) ((Xf +x; — ng)) 0)

n

+ (n€t+1 ® hy) ( (X{ +xi - ng)))

+ (b @ ) (x] @ x; +xt 2 x])

0 B 3t ) (< X x5

+ (hy ® Jhyy + 1hyy @ hy) o (X{fx§3)>

+ (netH ® Hxx + 1Hxx ® netH) (0’ (x{ ® xf — xg?’) ® xf’)))
= (@ hy) (xf @x] +x] @x; +xt o x{ - x¥ o x?)

+ (hx @ m€ryq) ((X{ +x} —ng)) U)

+ (n€t+1 @ hy) ( (X{ + x5 — ng)))

+ (e @ §Hux + $Hix @ ) (xf @ xf 0 xf = x(P 0 x? 0 x")

+ (e ® Shoo + dhoo @ i) 02 (x — x{¥)

+ (N€41 @ tHux + sHyx ® M€, ) (0’ (x{ ® X{ — xg?’) ® xg?’)))

We know that x{ + xi — XEB) =0 (03), S0 (th + x5 — x§3)) c=0 (04). We clearly also have that x{ ® x{ ® x{ -
(3) ® XEB) ® xg?’) = O (0*). Similarly, xt - ng) = 0 (0?), so o? (Xf — x§3)) = O (0*). Finally, x{ ® x{ — xﬁg) ® ng) =
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O (0%),s0 0 (x{ 2x/ —xP g x§3)) =0 (04). This means that (xic oxl +xl oxi+xox] —xP g x(?’)) =0 (o%).

In conclusion we have xf_H + x5 + %04 — XH_1 O (0*) as desired.
For the controls we have

1 1 1
vit = ex (X{ +x7 + ng) + §Gxx (X{ oxi +x] 9xt +x; ® xtf) + 5g0002 + Ego_wa3
1 3
+6GXXX (X{ ® X{ ® X{) + gggng'QX,{
Hence,
; 1 X )
yit =y = e (} x4 1 = x”) + 3G (x 0 x] +x] @ x) +x; o xf —x(P @ x(?V)

1
LG (x x] x] —x x? ).
Given that x{—l—xf —l—x:d—xgg) =0 (0%),x ®xt —|—x,{®xt +x3 ®x{ x(3) x§3) =0 (0*), and xt ®xt ®xt
O (04), we clearly have y{d — y§3) =0 (04) as desired.

x§3) ®x£3) ®X§3) =

15 The pruning schemes in Den Haan and De Wind (2012)

In the paper Haan & Wind (2012) suggest two pruning schemes for perturbation approximations beyond a second order
approximation (see page 1490 in their paper). We shortly present each of these suggestions with special focus devoted to a
third order approximation.

Throughout this section we adopt the notation in Haan & Wind (2012). That is all endogenous variables in the DSGE
model are in x; and all exogenous shocks are in z;. The policy function is denoted by f (). Furthermore, we use the notation

that fT(LJt,) is the j’th order term in a n’th order Taylor series expansion. Finally, let x4, denote the stochastic steady state,
i.e. Xstoeh = Nyt (Xstocn, 0 = 1) where h,,en (+) is the n’th order Taylor series expansion

15.1 First proposal

Let Xst0cn denote the stochastic steady state, i.e. Xstoch = hpin (Xstoen, 0 = 1) where hy,en (+) is the n’th order Taylor series
expansion. The pruning scheme is as follows

) ] 7,+1
X — Xstoch = E f nth — — Xstochs 4t — 4,0

forj=1,2,...,n
Thus for a third order approximation, we have

(1) 1) (1)
X: ' — Xstoch = fgrd X; 1 — Xstochy Lt — Z,0
(2) (1) ((2)
Xy " — Xstoch = f3rd X; 1 — Xstochy Lt — 4,0

+f§r3 (X£91 — Xstochy Lt — Z,O’)

3 1 3
XI(% ) — Xstoch = fém?l (XE )1 — Xstochy Lt — Z,O')
(2) ((2)
f3rd X1 — Xstochy Lt — Z,0

+f(3) (Xgl)l — Xstoch, 4t — Z 0)
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. . 3 . . 2 2
Thus, we see that in the expression for xg ), we are squaring some second-order terms in fé,‘z (xi)l — Xstoch, Zt — z,a),

which therefore is of fourth order. This holds even when o is considered as a constant.

15.2 Second proposal

Let Xst0cn denote the stochastic steady state, i.e. Xstoch = hyin (Xstoch, 0 = 1) where hyen (+) is the n’th order Taylor series
expansion. The pruning scheme is as follows:

(1) (1) (1)
X; " — Xstoch = and X1 — Xstochy Lt — Z,0
(2) _ ¢(1) (2) (2 (1)
Xy " — Xstoch = and X; 1 — Xstoch, Zt — Z,0 | + f2nd X1 — Xstoch, Lt — 4,0

J

(4) 1) () E : (2) (i—-1)

X' — Xstoch = fnth Xy 1 — Xstochy Lt — 4,0 + fnth Xy 1 — Xstochs Lt — 4,0
1=2

for 7 = 3,4,..,n. Thus for a third order approximation, we have

(1) (1) (1)
X: ' — Xstoch = fgrd X1 — Xstochy Lt — Z,0
(2) (1) (2)
Xi " — Xstoch = f37~d X1 — Xstochy Lt — Z,0

+f3512¢)i (X,El_)l — Xstochs Lt — Z,O’)

X® e

_ (3)
— Xstoch = 3rd (thl — Xstoch, Zt — 4,0
(2) ((2)
+f3rd X; 1 — Xstochs Zt — Z,0

+f3(7?‘)c)l (X§2_)1 — Xstochs Lt — Z7U>

Thus, in the last term féfa)l X,@l — Xstoch, Zt — 2,0 |, we are taking the third power of all the second order effects, thus

including terms up to sixth order. Again, this holds even when o is considered as a constant.
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16 A New Keynesian Model
16.1 Households

The dynamic optimization problem faced by the representative household is of the form:

1
Vi=u (Ct(;;;;;l 11— ht) _ ﬁ (Et |:(_Vvt+1)1—¢3:|) 1—¢3
. 2 ) 2
St. ke = (L= 8 ke i — 0% (s = 1) — kg (= Fspr it o)

t
: bi_1 exp{rbf }
e — t—1
bt + Cy + T, = P

a no-Ponzi-game condition
Ct,s htakt+17it Z 0Vt Z 0

Max
ct,be hyki1,90 VE>0

—+ htwt + ’]"fkt —+ dl’U?’

As for the notation:

e ¢, =consumption

e h; =hours

e 2! = the deterministic trend in technology and hence consumption

e V; = the value function

e k; = the capital stock

e j; = investments

e D, 11 = the nominal stochastic discount factor

e b, = deposit in the financial intermediary in time period ¢

e 7% = the continuously compounded net rate on deposits offered by the financial intermediary
o T, ! — deterministic trend in the relative price of investments when measured in terms of consumption good units
e 7, = gross inflation of consumption good prices

e w; = the wage level measured in consumption good units

e 7F = the rental rate for capital services sold to firms as measured in consumption good units

e div!' = net transfers of profit from firms to households as measured in consumption good units
o
Z

We follow Altig, Christiano, Eichenbaum & Linde (2011) and define z; = Y/ ? z;, meaning that Pooe p = uf)r/gl*a)uz’t.
The process for T is assumed to evolve according to a deterministic tend and so does z;. That is

R+l = Zthz i

where log i, , = logp, 4, and
Tir1 =Ty 141

where log piy ; = log piy -

We allow for habit formation in consumption via b € [0,1]. In the derivation, we allow this habit formation to be
external or internal via the indicator function 1jq ), Where

1 )1 for internal habits
[ha_in] 0 for external habits
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To simplify the presentation we follow Rudebusch & Swanson (2012) and consider a finite number of states in each
period.! As in Rudebusch & Swanson (2012), the optimization problem is formulated as a Lagrange problem maximizing
V;. The Lagranian is therefore given by:

L=Vit Y Eifmiy {u (W, 1- ht+l> - (Et [(*Vﬂrurl)l_qﬁ?’]>m - Vt+l}

1=0 t+1

oo
b
1 bi_141expqyr 14 k . [
+E; E B >\t+l[—{ : } + heiwep + 1 ke + diveg — by — e — - ]

T4l Tipt
=0
ZOO ! i 2 i I 2
. . K t+1 L4l
+Et B Qt+l)\t+l (1 - 6) kt+l + bl — Zt+l71 (W - 1) o ktJrl > (k‘t‘:—l - SS H’T sshbzx ss) - ktJrlJrl
=0

That is, we introduce three lagrange multipliers:
e m; = for the constraint on the utility function
e )\; = for the budget constraint

e ¢;:)\; = for the capital accumulation equation

FOC (Kuhn-Tucker conditions)
We look for a solution in the interior, i.e. ¢, by, he, key1,%¢, Viger > 0VE >0

1) Consumption, ¢ :

3% = MtUc (ct( b;;z;l ;1= ht) = *)¢4 1[ha7in]bﬁEtmt+1uc (E;l )bqsci ;1= ht+1> W - =0

t+1 t+1
(i

(z:+l)¢4 '

)\t = MiUe (Ct(;f)cézl ) 1- ht) W - l[ha_m]bﬁEtthuc ( 1 —ber 1-— ht+1) ﬁ
t t (Zt+l)

2) Deposits, b; :
Et |:B)\t+ exp{’r‘t} _ )\t:| — 0

Obt

I

Tt41

exp {rt } E; {ﬂ/\‘“ } =1

At Tt41

3) The labor supply, A,

2L — oy, ( e 1 - ht> + Awy =0

miu1—n (Lt( b;<;4 =1 = ht) = Awy

4) The physical capital stock, k41 :
oy = Nt (<1) + B [rf g + g (1 9)

I This assumption is without loss of generality as shown by Epstein & Zin (1989).
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. 2 . .
Ko [ 241 Iss b1 I Tit1 _
qt+175 (]gtJrl Kss MT,SS/”’Z*,SS) qt+1K2 (k?tJrl Kss MT,SSMZ*,SS) kt2+1 kH‘l] =0

)

. 2 . ,
_ k K 41 Ies Gp41 I Git1
@A = EifAiga {Ttﬂ T a1 (1=0) — g1 % (kt+1 - kSS/‘T,ssl‘z*,ss) + Gr+1K2 (kt+1 Tk /‘T,ssl‘z*’ss) kfm}

s

5) Investments, i; :

2
9L _ _y-1 SR R P _ it iy _ _ dr _ Iss _
iy Ty A+ g <1 2 (th,ffss 1) T,zriss 1 (th,ffss 1) k2 (kt kSSNT,SSIU’z*,ss)) =0

2
K1 it o o it it _ _ 3t _ Lse
L=qY, <1 2 (thz‘lss 1) Tozplss 1 (tht*fss 1) k2 (kt kss“?ﬂssuz*,ss))

6) The value function
1—¢3

vl =m (5 (—ﬂ11¢3 (B [V ™)) 77T (1= ) (Vi ()7 (<1 proby <s>>

—mitq (8) proby (s) B =0

)

3

Mo (8) = me (s) (Et [(—W+1)1‘¢3D TP (V1 (s) 7% for all states

16.2 Firms
16.2.1 Final Good producers

The representative competitive consumption good producer chooses y; ¢ for i € [0, 1] to solve:

Yt,i

1
max Ptyt*/ P 1y; ¢ di
0

s.t.

n

1 et =T
Y = (/ (yzt)il di) .
0

e y; ; = denotes the output from firm 7 at time ¢

As for the notation:

e P, ; = the price of y; ;.
e y; = output from the final good producers

e P, = price of y;

The first order condition to the problem is given by




To find the expression for the aggregate price level we use the zero-profit condition, i.e.
1 )
Py = fo Pi,tyi,tdl

-
ffo zt(#) yedi

_ytP fO Ztl ndZ
)

fo Pit) 1 ! di

1

o= 1 ]

16.2.2 Intermediate Good Producer

This section derives the first-order-conditions for the ith firm’s optimization problem. We start by deriving the equation

for the real dividend payments div; ;:
. P;
div,; = [( ];t> Yit — Tfki,t —wihiy
t

So the problem is

o0

Mazx Et E Dt t+lPt+ldiUi t+1

hit ki Pise V620 =0 ’
Pi ¢ 1=n k
St. ¢ = ( P;’) Ye — Ti kit — Wehit
6 1-6 _ Pi’ -
atkyy (zthie) " = (#) Yt
a no-Ponzi-game condition

Here, we use the following notation:

e 7F = the rental rate for capital services sold to firms as measured in consumption good units
e k;; = the capital stock used by firm ¢ at time ¢

e w; = the wage level measured in consumption good units

e h;; =hours used by firm 7 at time ¢

e a; = stationary technology shocks

e z; = non-stationary technology shocks

e D; ;4 = the nominal stochastic discount factor, i.e. Dy ;41 = B)‘j\tl -
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The law of motion for a; is given by
log ai41 = pg logar + 04€q,t41

where €, 4111 ~ NID(0,1).

The lagrangian is

o) 1-n
P; 411 k
L=EFE Z Dt,t+lpt+l[( pt'fl ) Yt+1 — Tt+l/€i,t+l - wt+lhi,t+l]
1=0 )

0 -n

6 1-6 P 1

+FE, § Dt,t+lPt+lmCi,t+l |:at+lki7t+l (Zt+lhz‘,t+l) - (715:: Yt+1
1=0

FOC (Kuhn-Tucker conditions)
We look for a solution in the interior, i.e. h; ¢, ki¢, Py >0V ¢ > 0.

1) Demand for labor, h;,:
oL = Pt (—wt =+ mci,tztat (1 — 9) kze,t (Zthi,t)_e)

Ohi¢
Since P, > 0 we get .
™Ce; 121t (1 — 9) k?,t (Zthi’t)i = Wt

2) Demand for capital, k; ;:
- -6
5251 = Pt (_Tf + mcmﬁatkf,t 1 (Zthi)t)l )

Since P, > 0 we get .
— 1—
Tf = Gatkzt 1 (Zthi,t)

3) The optimal price, P; ;:
We assume Calvo-pricing determined by «, giving the probability of a firm not being allowed to change its price in a
given period. Notice, that all the re-optimizing firms face the same problem, hence they all set the same price. We denote
this price by P, . The non-optimizing firms let P;; = Pi,t_miil. That is, we have
_o L X
P il;ll W?H_l P il;ll ?’7;1

= 2 , where my4;

— Py
= Py’

Pityi
Py P Pii1
t

t TP,

If we only write the probability that the new price last forever, the Lagrangian reads

oo ~\N1-7n 1 X 1-n
_ Ui Py Titi— k
L=E; ) DypiPrc [(ﬁ) I1 ( — 1) Yert — ik — Wepthie]
=0 1

A Tt+i
1=

(o) - \—-n 1 X —n
l [ 1-6 P, Ty
+E; Y Dy Prya’me g |:at+lki,t+l (zegihier) = (ﬁ) [ (7” 1) yt-&-l}
, H

—
=0 = ti

The first-order-condition is: l
o0 - _ X 1—7]
gf[’i =E; Y. DyyiPrpa![(1—n) PP T (L“f1> (%
: = ;

- Lorax A\
+mCi,t+l77Pt n IPt"] H (7t+17 ) yt+l}

—
i=1 [

00 =\—n ! X, -n o X, mes .
= E; Y. DiyyiPryal (ﬁ) [T (ﬁ) Ytti {(1 —-n) P T ( +1*1> +1 }%,H]
=0 i ; :



oo ~ —'r]l X -n ~ l X
_ 1 (P Th4i—1 (n—=1) P, Tiri—1 | ) —n
= B0 3 DB (7) 11 (%557 y[ R T (Set) —mei| 5

since n > 1 and P, > 0, g—lf = 0 implies

-\ — l . —n _ —_—
Et Z Dt t+lPt+la (P ) H ( ;r"t';ll) Y41 |:(77n1)P: H

16.2.3 Marginal costs

We next show that marginal costs are identical across all firms, i.e. mc; ; = mc; for all ¢. Note from the first order conditions
for k; ; and h;; that
7nci’tatzt(1—0)kf1t(zthi1t)79 w

me; pag Qkf,zl (zthi,t) -0

z¢(1—0) _ wy

0k, (zchin) T8

1-0 zekie _ W
[ rk

kit

kit
— = CONns
hit t

kit = hitcons;
I3
f i 1di = fo izconsg di

ky = hicons

)

consy = ki /hy

Hence,

-1 1-6 k
me;, iai0k; (zthit) =r;

ki
mce; a0 (h .

0—1

k 1-6 k

me; 1ad (h—z) (zt) =7y

This shows that mc; ; = me;.

6—-1
) )=

Hence, we can wright the first order condition for h;+ and k; ; as

PN
ziar (1 —0) (ztkt> mey = Wy

t

h 1-6
rf = fay <Ztk:>
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16.2.4 The recursive representation of the price relation

We start by deﬁning

P, n-1 1 X -
t4+i—1
z; = E; E Dy il ypymery ( ) [1 —ny/m
=1 t+i
i=1 \ Tt+i

2 l 2\ " L X o
_ ti—1
xy = Ey Z Dy 100yt (ﬁ) Il | ==

1=0 )

This implies that the first-order-condition for the price relation can be expressed as

00 = \-n 1 x - = 1 x
1 P T i— —-1P Titi— —
E; > DyyyiPiyo (ﬁ) I ( :ﬂl) Yerl {nn & 11 ( ot .1) —mct+l] =0
=0 i

=1 \ Tt
3

-n
E; Z Dy t+lPt+la (%)
I= 0

— ~ l
H i ny (n=1) P, H i
Ttti T Py Titi
1 =1
-n 1 x -n
Py i
— B Z Dy 441 Pl (ﬁ) ( Ll A1> Yepmci =0
1 ;

11 =0

1 1-n
" II Tipioa 77 (-1
7/ (n—1) Yt41
i Titi

Et Z Dt t+la p (%
- P —n—1 1 X -n
—E, Z Dy 410! Py (—i) I (&L’)}n) Yerimerr; = 0 see below
i Titi

=0

since P, > 0

[eS) ~ - b% I-n
P, T
E l It H t4i—1 (n—1)
By Dt 10 Y P, n/(n—1) n
1=0 i=1 \Tt+4i
af
0o ~\ —n—1 4 x -
—-F E Dy piely,ime i H M1 =0
t Lt Y41 TC4 P, T/
1=0 g i=1 t+i
1
Ty

0

nz; + (1 —n)zf

We used the fact that

- N1-n 1 x 1-n - ! —-n 1 X

Py Tiyi—1 _ pl-n X 1=1 pn Thri—1

Pt+l (ﬁ) l_[l (77”_“_ ) = Pt 'H1 (Wt-&-i— ) P + = Pt 71: H o/ (n=1)
1= 1= L

and

_\—-n 1 x —-n ~ l . - N-—n—1 1 X
P, Titi—1 — p—N X " pltn _ b UIESES
P (?) 11 ( s ) =B ] |1 (n¥i1) "R =P (pj) 11 ((l+n)/n
i

=1
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The dynamic process for z}

We define ﬁt = p;. Therefore

-\ —n—1 1 X -n
1 _ ! B S
ry = E Z Dt 4110y 1mceey (ﬁ) [1 <<1+n>/n>

=0 i=1

—n—1 x ! P —n—1 1 X -n
= ymc; +Py + B Y Dy yppimer g (ﬁf) H <§fn§/1n
I=1 '

Tt41

_ -n—1 x \ "
— ~—n—1 >\t+1 Pt Ty 1
= yymep, { v (ﬁm) (Fm) xtﬂ}

At the third equatility sign we use the fact that

-n
— yomep; " 45, E, [aﬁ’\‘“ﬁﬁf ( i ) x,}ﬂ} . see below

- —n—1 1 X -n
Pryy Tigi
tiy1 = B Z Dig1 1010 yrs1imer 1y (Pm) I1 < —e
=0 i=1 \ Tt+1+i

{ichange of index, j =1+ 1
1 —n-1 - i—1 = -
—m - 3
Tivr = D1 Bupr 20 Digrasy o yeeymeny 11 -

Jj=1 =1 Ti14i

J X -n
t+i—1
mt+1pt+1aDt t+1 = B Z Dy t+JO‘Jyt+JmCt+J [1 <ﬁ<1+3y>/n)
t4i

j=1 =2
)

- 0 J pe "
| e ny _ TR o .
Tpp1Ppp10Dp 1 (7‘_(1+T1)/n = Eip1 ) Digydyegmen [1 | —4557
t+1 j=1 i=1 t+i

)

-n -n
1+n Aey1 1 wr j 77?+7:—1
TP B s | oot | = B Z Dy ey jod yeq ymey H —
+ Tit1 j=1 Titi
Atp1 1
At Tt41

since Dy 411 =0

)

- =
Af+1 X 7"?,(4-1‘—1
xt+1pt+1 af= (ﬂ'til = B Z D107 yerymee H w07
]_ t+1i
14n >‘f+1 ax \ 7" X ; J 7r§<+. 1 -
Tt = -or) . . tre—
By @i 1D 10875 (mjl) = Ei 3 D yiyymeny; 11 | —t557
j=1 i=1 i

due to the law of iterated expectations, EyFiiq [-] = E¢ [].
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The dynamic process for z?

5 o] . B —n 1 X 1-n
— ti—1
wf =B 3 Dy 10 it (ﬁ) Il { ==

=0

=1 Tt
X I-n -
— . ~ P
= yiby | + Dy "By Z D108y H <7Mf,§)> since py = 3
t+i ¢
s—1 =1 t+1 =7 77? 1=n 2
=uyby  +P By 045 N Pt+1 <m+1> Ty , see below

A - =N g oax \ 177
=y | + B |:a6 v (:ﬁil) (T‘—tj»l) x?+1:|

At the third equatility sign we use the fact that
2 - l P - L X 1=n
Tigr = Eip1 D0 D1, i1 Y140 (P:E) Il (’”ﬁl))
=0 i=1 \ Tt+1+4i
{change of index j =141

. -
j—1 n
2 thi
i =P B } :Dt+1 iy |1 <,,/(,,1)>

=1 +1+4
(i

9 n [es) . 7 X 1-n
o _ tri—1
i Dy 1Py = Ergr ) :1 Dyyjoyy; | |2 CEn
J]1= 1= t+1

)

] 1-n
X
2 51 T Tigi—1
Ty 0Dy 41Dy (W"’ﬁ’t’l)> =Ei Z Dy t-‘rJaJyt-i-J H <ﬂ,ni(nl))
t t+1

j=1 =1
(i

2 Aeyr 1 1 LS o J ! Tirioa o
i aB5E ==l | e =FEip E Diivicdyij 11 | 7m0
t t+1 Tyht j=1 i=1 Tyhs

At41 1
since Dy +11 = B+ N T

)

41 =M X 1_77 s - j 7rz(+. 1 1_17
7] 7t f— . . 1
mt+10‘ﬂ N Pl (m“) =FEin '21 Dy il yiy 'H1 D

= i i

1— j 1-n
2 Aty =0 L K J ’ i1
Et $t+1aﬂ e Pt+1 (Trt+1> Et Z Dt A+ O Yt Hl ﬂ_zﬂn,l)
1= i

due to the law of iterated expectatlons7 EtEt+1 []=E:[]
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16.3 Financial intermediary

The financial intermediary is owned by the household. Its is assumed that the financial intermediary invests deposits from

households in short- and long-term government bonds and offers the household a non-stochastic return on its deposits of

r?. Hence, the financial intermediary carries all the risk from investing in the bond market. The short-term bond is for

simplicity assumed to be the one-period bond, whereas the maturity of the long-term bond is denoted by L > 1. The
net-worth (measured in nominal terms) in period ¢ of the financial intermediary n; is given by

T = ’I’Zt,1+(1—b.)) (1—Pt11)bt’1 +Ld(].—Pt7L)bt7L
+(1-w) (@ =Pa—1)b—rg+w(d—=Pr—1)bi—1,1
—exp {rf_l}bt_l + Ti.

where by = (1 —w) b1 + why,, and w € [0,1] denotes the fraction chosen by the financial intermediary invested in the
long-term government bond. The components are:

e 1,1 : net worth from previous time period

o (1-—w)(1—=P1)bi1+w(l—Pr)bsr : the amount of deposits b; and the amount (1 — w) Py 1b;1 +wP; by 1, spent
on buying bonds today

o (1—w)P1_1bi—11 +wP; _1b_1 1 : income from selling bonds bought in time period ¢ — 1.
® exp {rffl} bs_1 : paying out returns and repaying deposits from time period ¢ — 1
e T} : net lump-sum transfers from the household (in nominal terms)

In relation to the law of motion for n; we note that in equilibrium, bonds b; j, are in zero net supply, i.e. by = 0. This
implies that the law of motion for net worth reduces to

ng = ng_1 + 1,

and we therefore do not need to include this equation when solving the model. Note that this is exactly the same as in the
standad New Keynesian model where households only invest in the central bank account at the rate r;.

The behavior of the financial intermediary is solely determined by the deposit rate r?. To state its expression, let the
ex ante holding period return on the kth bond be

h'rt,k = Et [10g Pt+1,k—1 — log Pt,k‘] s

where P, is the nominal price in period ¢ of a zero-coupon bond maturing in period ¢ 4+ k. The excess holding period
return is therefore xhry j, = hry, — r:. We then assume that the deposit rate is equal the ex ante holding period return on
the invested bond portfolio, i.e.

rtb = (1—w)xhrg+wxhr

= rt+wXahr,

because zhr,; = 0. Here, w € [0,1] denotes the fraction chosen by the financial intermediary invested in the long-term
government bond. In other words, the financial intermediary is simply a mutual fund trading government bonds.

We only need to describe how the financial intermediary prices government bonds. Given that the financial intermediary
is owned by the household, we simply use their stochastic discount factor. That is
1

Po=—
&1 exp {1}

and
Aty 1

At Tt4+1

Pr=E |p

t+1,k—1
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for k£ > 1. Note then that the yield curve is then given by

1
Tt,k = *% IOg Pt,k

Note finally that we do not explicitely model a portfolio problem for the financial intermediary but simply assume that
it buys these bonds. Although, the considered deposite rate and the policy rate are both risk-free, the deposite rate will
on average be higher than the policy rate (because the yield curve is upward sloping) and should therefore be preferred by
the households to simply investing in the central bank.

16.4 The central bank

We assume a standard Taylor rule of the form

log (eXP{Tt}) = p,log (e}(p{”1}>

exp {Tss} €xp {Tss }

+ (1 - p'r‘) (ﬂw IOg (:t ) + ﬁy log ( e ) + 5azhr (xhrt,L -F [mh’rtL])>

*
S5 2t )/ss

Vs
o= e (= p) o+ (1= p,) <ﬁw log (W) + 5, log (@))
+ (1 - pr) Bachr (Ihrt,L - F [.’,Eh’l"tl,D

where 7, is the net one-period risk-free rate. Note that we remove the mean in zhr, by substracting E [xhry]. When
solving the model by the perturbation method, we approximate E [zhr: 1] by

E[zhr 1] = E; [(1 —-7) Z'ylxhrt+l7L]
1=0

where v = 0.9999. This is convenient because we have

o0

(1-7) ZWlth‘tH,L} = (1 —7)zhr,r + B
1=0

= (1—7)zhrep +VE [Xi11.1]

Xt L = Et

(1=7) Z 7l$hTt+l,L]

=1

as

o0
(L=)> A 'zhresie
1=0

Xt = B =Fi

(1—=7) ZWl_lthHLL]

=1

’7Et+1 [Xt+1,L] = Et+1

(I=7) ZlehTtH,L}
=1

YE [Bi1 [Xig1,0]] = By | Eisa

(I—=7) Z W’lxhrtﬂ,LH
=1

vE; [Xt+1,L] =F;

(1=7) Z’lehrtﬂ,L]
=1
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16.5 Aggregation
16.5.1 The goods market: final good producer

From the final good producer we have
P\ "
ymz(g) Yt

-y e\
atkzt(zthi,t)l :(I;f) Yt

We next notice that:
L [ hipdi = hy,
2. [ kisdi = Ky
3. consy = ki /hy

Doing the summation with respect to ¢ we get
1 -1
1 1-6 ;. Py .
Jo atkf’t (zthit)  di= yt/ <]; ) di
0 t
—_— —
1} St41

0
1 ki -0 ;.
fO athi,t (hi’t> (Zt)1 di = YtSta1

II Jt

fol athi (constant)e (zt)l_e di = ys8¢11

ay (constant)e (zt)l_g fol hidi = YiSi41

)

0
—0
Q¢ (;%) (Zt)l hy = YtSt+1

)

ag (/ft)e (Zt)ka hke = YtSt+1

and
N\
St41 = 01 (ﬁ;;‘) d
B\ " P\ Ponl X\ "
=(1-a)= 1— il § 1—a)a? | =212 B
( a)(P) + a)a( Bt +-wa = +
opt. in period t opt. in period t — 1 opt. in period t — 2
(0 indexation) (1 indexation) (2 indexation)
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N - N -
—(1-a) > o [P T m ]

Jj=0

. e’} T~ . n B B .
=(l-a)p, "+ P o {Pt—j Hi:l Wf—j—l—&-S] where py—; = tPtJ

j=1

=(1-a)p, "+ P/ (st,laPt__q (71'?_1)_") ,see below

n
= (1- )" +a (B4=) s,

t—

)

str1=(1—a)p, " +a (JXZ) St

We used that

oo g i .
st =(1-a) Zo o {HT | - Tri(fj72+s}
=
{ change of index: j+1=1

-n

-7 = -1 [F -1 _x -
seP = (1-a) 12:1 a [Pt—l Hs:l 7Tt7171+s:|
(3
pn X V" (q o 1 P l b% -
Stfhy ¢ (71}—1) =(1-a) l; o | P [y T 1-1+s

So the Tessource constraint in the goods market is:
1—
1) atkf (Ztht) = ytst-l—l

2)str1=1—-a)p, "+« (ﬁ) St

t—1

16.6 The goods market: The relation between the optimale price and the price index

We start by noticing that the number of firms is by construct very large, so there is a fraction of 1 — « firms reoptimize
their prices and the remaining fraction using the indexsation rule. This implies

P = [ s Pi{;"dz} o
1-n _ rl Hl—m X 1-n .
Pt _fO (]‘_a) Pt +a(Pi,t717Tt,1) dl
= (1 — Ol) Ptlin + Ckfol (Pi,tflﬂ'i(ﬁl)lin di
N N
—(1—a) P " +a(ry,) ”/O Pl di
ﬁ Ptl_—ln
P =(1-a)P/"+a (Pt—177i<—1)1777

235



)

5\ 1= 1-n
l=(1-a) (%) +a (Pglﬂi(q)

. X 1—-n .
I=(-ap " +a(TR) e pi=

Tt

16.7 The resource constraint

Summing the dividend payments from firms we have

di’l}t = /d’L’l}Z’tdl
P; .
= / K ];tt> Yint — Thki g — wthi,t] di
P\ "
— /( *’f) ytdi—rf/k“di—wt/h”di
P, ’ ’

1 —n .
= Fyt / (Piyt)l n dZ — Tfk‘t — wtht
t

= Yt —Tfkt — wihy

N7 _ e
because y;; = (1;;:) y: and P, = Uol (Pz‘,t)l "dz} T To get the dividends transfered to househould, we need to

subtract real governement consumption equal z;G;. That is,

divh = div, — 27 Gy

* k
= yt—zth—rtkt—wtht.

Inserting this expression in the budget constraint for the households, we get

7 by_q exp {rt_ )
b+ cp 4+ = RS rexp {ri 1}+htwt—|—rfl€t+dwf
Tt Tt
¢ b
7 bi_1expiry_
bt+Ct+7t: =l p{t 1}+yt_Z:Gt
Tt Tt

Focusing on the case where deposites are zero in equalibrium, we have

iy

Ct+Tt

+Z:Gt = UYt,

which constitutes our resource constraint for the economy. We finally assume that g; is exogenous given and evolves

according to
G G
log ( C;S:l) = pe log (G:s> +ogea,i+1

with €G,t+1 ™~ NID (0, 1)
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16.8 The periodic utility function of the representative household

We assume that -
ci—bey— . ci—bei—1 | 72 w\ (1—y) (1— w\(1—y) (1— 1—hy) 7"
w () = (( e R ¢2>)+dt<zt>< B001-62) g () 41

)
cr—bey ce—bcy—
“( = 1’1*’”) = di K (zz>¢41)] <z:1>¢4

Ui, (CF:% 1= hf) = dy ()" 77070 g (1~ hy)

Note that we introduce a preference shock d;, having the following law of motion

logdiy1 = pglogd; + oa€a i1

with €d,t+1 ™~ NID (0, 1)
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16.9 Summarizing

The Households
dy ct—bei1 1=02 5\ (1=¢4)(1—2) (1—=¢4)(1—¢5) (1=hy)' ™" 1—¢3 ﬁ
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ci—bey 1 —¢2 1 cip1—bey e 1
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( t+1

Gt41
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. 2 ) . .
— _ k1 __ % _ 1t 1 _ _ i
5 | 1=aqTy <1 2 (th,ffss 1) T,zriss 1 (th;‘ISS 1) k2 (kt

Att1
6 = Bexp {r }E {WZH}
The Firms
—0
7 | mearze (1—6) (%) = wy
1-9
8 azme0 (zf}t‘f) = rf
=1z} _ ~—n— Aet1 (B —n-1 =\ (=D,
9 P = YtMCtPy {Ofﬁ (ﬁt+1 ) i1 P
N — x \ 1—
10 | 22 =wyp;, "+ By [aﬁA’“ (}’7*) ]( T ) nm% ]
Pt+4+1 T¢41 +1

X 1—n
1 1=0-a)p " +a (%)
The Financial Intermediary
12 | ry +wx xhrt ., where zhry , = By [log (Pey1,n—1/Prp)] — 1
13| P1= fp o
14| Py = Ey B/\;tl mHPt-i-lk 1] for k=2,3,..,.K

The Central Bank
15 | 1= 1o (1= p,) + pyrems + (1= p,) (B, log (£=) + 5, log (4

+ (1 - pr) ﬁmhr (xhrt,L - Xt,L)
16 | X¢p = (1 —7)whrep + 7B [Xey1,1]
Other relations
n
()"
t—1

) 2 . 2
19 | kepr = (1= 6) ke + 10 — it% (th?fss B 1) o % (ﬁ - lﬁzi MTaSSMZ*vSS) i
20 yt:ct+T;1it+z;“Gt
0

=)

17 atkf (Ztht)l_e = yt5t+1
18 | sgr1=1—a)p;, "+«

21 | z; =0/ "z and p,. , = ,u%/gl 0)

Exogenous processes

22 | log (i, ;) = log (k. 4s) and 211 = 24, 4,y (ie. a deterministic trend)
23 | log (py ;) =1og py o and Tep1 = Typiy ;1 (ie. a deterministic trend)
24 | logat1 = p,logas + a€q 41

25 | log (Gt“) = pg log ( ) +ogea, i1
26 | logdi1 = pylogds + 0d€a+1

z,t
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16.10 A transformation of the DSGE model

Here we seek a transformation of the economy in such a way that the transformed economy is stationary in the sense that
it only contains stationary variables.

We propose and verify the following transformation, where capital letters in general are used to denote the transformed
variable:

Ci=4
t = %
ko— k
Rt = Tt’rt
Qt =Yg
) 0 1-0+0 1
_ 1 . -6 _ -6 o -0
[t = Tttzf — 4t = ItTt Tt Zt | = ItTt Zt = ItTt Zt
18
— _ 1—
So, Hip = Ky ghoet = KBy Hat
Wt = %
p— t J—
Y= PR = Hyss = Hzx ss
k k k 25
Ky = —4 = L = 2 since z; =Y, 7% 2

- *
=5 . Tizf
z

1 _ 1
1—6 1—0
T, Zt T, T, t

Vi
Vi = (ZZ)(1*¢4)(1*¢2)

= A
At T my(zr) " P2(0-%4) %4
_ At
Bxt41 = —x,

—¢2(1—¢y)—0¢
_At+1””t+1(zt*+1) 2( 4)—da

- Atmt(zt*)*¢2(17¢4)*¢4

)

62 (1-65)—0 7
Aeyr  — - - 1— - —
Pl = Ko Haegyr (Et {(_V;SJrl) %D S (Vi)

2
2 _ Ty
X7 =4

All remaining variables are stationary and do not need to be transformed. We now verify that given these variables we
can transform our DSGE model from a non-stationary to a stationary economy.

EQ 1
t c—bey— 1=¢2 ) (1= - x) (1— - —hy)' ™% - ﬁ
‘/t — 1fl¢2 <( t(ztf)m;l) o (Zt)(l ¢4)(1 ¢2) + (Zt )(1 ¢4)(1 ¢2) dtd)o (1 1h_)¢1 _ 6 (Et |:(*‘/t+1)1 ¢3:|> 3

1
_ _ 1—¢ 1—¢
* (1—¢g)(1—¢2) 3 3
_ Vit1 (zt+1) ‘ §
(Zt*)(1*d>4)(1*¢2) (Z:+1)(1*¢4)(1*¢2>

1*472 1—¢
Vi _d —beci— (1—hy) 1
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)
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Vi= {1%2 <(‘b) = 1) + dtqso“f_fi;—“] -5 (Et [(ﬁiu?
i)
[ (] o [

1-¢ — (-
0,711 -8 (Et [(—W+1Mz*,t+1
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(1—%))14’3})11&”3
)
)
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* 41
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We note because z; only has a deterministic trend, then we can simplify the above to:

1

- 1— [/ \1-031\ T=73
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EQ 2 ]
)\t = dtmt (Clﬁ_bq_l)_d)2 L -1 h 1 bﬁEt ™me ldt 1 Cet1—bes s 1
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A =dy (Cr = bC1121) ™" = Lo inbBEA
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because z; is deterministic
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The Households
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22 | log (p, ) = log (p1,.s) and z41 = zepr, 4,y (i-e. a deterministic trend)
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In dealing with the term (Et [(*VZH)P%D we follow the procedure suggested by Rudebusch & Swanson (2012).
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That is we define -

1
PEV, = AA x BV, %

— AA % (Et [(_thl)l_%Dl%g

= AA x (AA—(1—¢3)Et [(_Vt—&-l)l_¢3:|)ﬁ

= AA X AL (B [(<Vie)' ™)) =

- (5 [i-via-2])

where AA is a scaling constant

16.11 Market completness

This subsection shows that our model implies market completness although it is only the financial intermediary that trades
bonds. We first note that the deposit rate 7 only enters in the following tree equations within our model:
exp r?
1=F |:ﬂ,u)\t+1 { t}}

Tt41

r=ri +wx zhry 1,

re=(1=p.)rss + ppre—1+ (L = p,) (ﬁﬂ log (%‘) + 8, log (yy

s

)) + (1 =) Buny (whre, — X 1)

Next, note that r; = r? — w x xhr 1, and substituted into the Taylor rule implies

r—wxxhryp =(1—p)re+p, (ri_y —w X zhry_1.1)

+(1=p,) (Brlog (2) + 8,108 (54 ) ) + (1= p,) Bans (@hris = Xi1)
)

Hence, our model is equivalent to a standard New Keynesian model with market completness but with a Taylor rule for
r? that depends on fast and current values of excess holding period return on the long bond.

Ti) - (1 - p7) s * pTT?_l + (1 B p,) (ﬁﬂ' log (:Tt> T By 1Og (Z;y;vs

s

+w x zhry — ppw X xhri_1 p + (1= p,.) Bopr (®hrep — Xi 1)

16.12 The intertemporal elasticity of substitution (IES)

We want to compute expression for the intertemporal elasticity of substitution (IES) under perfect foresight and then
evaluate it at the deterministic steady state. We start by considering the case of external habit formation before considering
the case of internal habit formation.
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16.12.1 External habit formation

We consider the specification
o0
U= Zﬂlu (Ct+l - Ht+l)
1=

0
where we omit leisure (because it does not affect the TES) and denote the external habit level by H;. We start by computing
the intertemporal marginal rate of substitution (IMRS) which equals in this case

dU = u, (Ct — Ht) dey + Bue (Ct+1 — Ht+1) dCH_l =0

B (Ct+1 - Ht+1) dCt+1 = —Uc (Ct - Ht) dey

dCt+1 1 Ue (Ct — Ht)
IMRS; : =—= .
" de Bue(cip1r — Hipr)

The IES is then defined as

i)/ (5
IBS, = dI(MRgt/I(MRgt

IMRS,/ (—+)

dIMRS,/d (—+)

To compute the denominator, we then note that

_l Uc (Ct - Ht)
B uc (ct41 — Heqr)

¢ H
1 uc(ct c,,)

H,
ﬂ Ue (Ct+1 _ t+1)

Ct Ct

-1
C (i ) o ()
B Ct Ct Ct

provided u, is homogenous of some order (as assumed for the our considered functional form). Then

dIMRSt o 1 ( Ht> |: <Ct+1 Ht+1>:| -2 <Ct+1 Ht+1>
7N T RUc 1—— Ue \ —— — —— Uee \ —— — —
d (ﬁ) B Ct Ct Ct Ct Ct

IMRSt =

Thus, we have

1ES,




. . . . ey —bey
The considered functional form for u; in our case is u; = ﬁ (F‘(z*);; - 1)
t

— s
Ct — bct_l 1
Ue (cp — beg—q) = < (Z*)¢4 ) (Z*)¢4
t t

b I

¢ — bey_

Uee (cr — bey_1) = — by (tH) (7
z

* )2
(2 )¢4 +) b4

1—¢g

Thus we get

—¢s
( ct+17bct ) 1
(2102)"" e (2102)" 1

1-¢, . (Zt*)(¢2*1)¢4

IES,

( _ciy1—bey >
t+1) Ct 1

Ct41
Ct

/—\

e

( t+1

Ct41 — th> Ct

Ct+1
Ct41 — th)
Ct+1

(1 ct zt Zt+1)
Ct+1 2¢ Zi41

1— Ct Zt 1)

Ct+1 Lz

1- :u‘z* t>

mssszl( b )
¢)2 ,uz*,ss

S|m 2= &~ &~ |~

So in the steady state

Note that this expression corresponds to the one obtained by using the standard formula IES; = — ue (t)

steady state.

16.12.2 Internal habit formation

We consider the general specification

U= Zﬂlu (Cq1 — ber—141)

=0

- —py—1 Ctt1
—¢ ce41—bey 1 Ct
? (z:ﬂ)m Ct (Zt*+1)2¢4

(et — bct,l)lf%, implying

evaluated at the
Crttee(t)

Note also that we omit leisure (because it does not affect the IES). We start by computing the intertemporal marginal rate

of substitution (IMRS) which equals

[ue (et — bes—1) — Bbue (crp1 — ber)] der + [ﬁuc (ct41 — ber)

5 [UC (Ct+1 - th) - Bbuc (Ct+2 — th_H)] dCt+1 = — [uc (Ct — th—l)
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MRS, depyr 1 ue (et — beg—1) — Bbue (cr41 — bey) .
dey B ue (Ct+1 - th) — Bbu, (Ct+2 - th+1)
The IES is then defined as

IBS: = dI(MRgt/I(MRS)t
 IMRSy/ (—+)

dIMRS,/d (—+)

To compute the denominator, we then note that

IMRSt _ _1 Uc (Ct - bctfl) - Bbuc (Ct+1 — bct)

B uc (i1 — bey) — Bbue (cry2 — bery)

1 Ue (1—b%>—ﬂbuc (%—b)
- B, (%—b)—ﬁbuc (M_bﬂ)

ct ct

1 Ct—1 Cit1
] |:uc(1b - )ﬁbuc< b)]

Ct
X {uc (Ctﬂ - b) — Bbu, (CHQ - bctH)] -
Ct Ct Ct

provided u. is homogenous of some order (as assumed for the our considered functional form). Then
-1
dIMRS; b, (Ct+1 _ b) [uc (Ct+1 _ b> ~ Bbu, (Ct+2 _ b0t+1>}
d (ﬂ) Ct Ct Ct Ct
1 —
N )
B Ct Ct
-2
% [Uc <Ct+1 . > — Bbu, <Ct+2 . th+1)]
C¢ C¢ Ct

X [ucc <ct+1 — b) + Bb%ue, (ct‘*‘2 _ bQH)}
Ct c

t Cy
-1
= DUee (ctH - b) (ﬂ [uc <1 bct—1> ~ Bbu, (Ct+1 - ﬂ [MRSt>
Ct c ct
-1
—IMES; [uc (Ct:l - ) — Bbu, (thH — bct“ﬂ
t

t Ct
X |:ucc <Ct+1 — b) + ﬂb2ucc (Ct+2 — b%>:|
Ct Ct Cy
bouee (%2 ) e (56— 0) + 0P (52 — b2
- —IMRSt +
(1m0 ) = (e —0) e (5 0) - e (252 %)
Thus, we get
_ IMRS,,/(%)
TES: = dIMRS, /d(“LL)
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IMRS, /(22

)

- IMRS { bAmcc(Cgl*b) et )”“2“"(4”27!’(%1)}
- t Ct—1 Ct+1 Ct+1 t+2 _, CtF1
uc(lfb = )75buc( o 71,) uc( bt _ )75buc( L Lt )
Ct+1
_ _1/( ct )
= Tl ST _ 2 Stt2 _, Ctfl
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We next express these terms for the transformed economy, 1.e.
cem1 _ Ci—1zi .y Cioq —1
ce — Cizf - C; Mz*t
cep1 _ Ce1ziyn _ Cup
ce  Cyzr - T, ,uz ;41
cevz _ Cr22040 211 _ Ciyo
e Ciz oz, Cr 2o pyabae t41
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Evaluated in the steady state, we get
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Suppose ¢, = 1, then
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Consider the case P ss = 1 and B =1, which implies
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1-b)(1-b 1-b)?
IESs = q%z [( 1+l)>g_b2 )] = é 1(+b+)b2

Suppose that ¢, = 0 then

—1

-1
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1761)(“2* ,35)74)2
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Consider the case p,« s =1 and 8 =1, which implies

— 1 [a=na-n] _ 1 (1-p?
IES;s = qu[ b+14b2 ] T o 140402

Digression

Another approach for the case of ¢, = 0 to directly obtain I ES at the steady state is to evaluate IES; at this point to

get

IESSS __ bﬁucc (:uz*,ss - b)
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Next let u (css) = 611_7;52 , then u, = s> and U = —¢20;¢2_1 SO
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Note that for b = 0, we get [ESs = 1/¢ as desired.

16.12.3 Comparing internal and external habits

Suppose f . 5 =
IESmternal — (1—1’)2
SSs

o (1+b24Db)

whereas we for comparison have [ ESinternal < [ pgeaternal

(1-b)?

(1+b2+b)<1

3
1-b<14+b>+b
i}

0<b?+2b

which is always true.

1 and 8 =1, then we get

] + b5¢2p“;*dj§€ (:u’z*,ss - b)il> :u’z*,ss

¢12 (1 - uzf,ss) = ¢—12 (1 — b) because

Note finaly that if we have ¢ = 0.5 and b = 0.7 then we get
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internal __ (1*0-7)2 _ _
TESipternal = o M0D% 89199 % 1072

external __ (1-0.7) __
[ESerternal — (=07) _ 6

16.13 The Frisch labor supply elasticity

Recall that this elasticity is given by

elas = —%h
7 hunn—32)

In our case
up = — (2f)
Unh = — ¢ (Z:>(17¢4)(17¢2) Po (1- ht)7¢171
Ueh = 0

(1—¢4)(1—¢2) ¢0 (1 _ ht)—¢1

So, in the steady state we have

— Ut
elasp = o (uh,h,L o

—(ng)(1i¢4)(17¢2)¢0(1—h55)7¢1
- hss(—¢>1(z:.s)(1"1’4)(1"”2)¢0(1—hss)*¢1*1)
— (=hs)
- ¢1hss

16.14 Measures of relative risk aversion

We follow Swanson (2012) and compute two measures of relative risk aversion in our model. With recursive Epstein-Zin
preferences controlled by ¢4, there are two measures of relative risk aversion. The first measure RRA applies when there
is no upper bound for labor and therefore total household wealth A; equals the present discounted value of consumption.
The other measure RRA® applies when the upper bound for the household’s time endowment is well-specified, meaning
that total household wealth A; equals the present discounted value of leisure plus consumption.

Throughout this section we use the notational convention in Swanson (2012) where a variable in the steady state is
denoted without a subscript. For instance c is the steady state value of ¢;.

16.14.1 External Habits

The general formulas are (see Swanson (2012), page 24, eq 53 and eq 54)

— A 1-h 1—-h
RRA — u11 + Auge ¢+ w( )+¢3(c—|—w( ))uq
Uy 1+ wA U
—u11 + Auge 1 uy
RRAC = —
¢ < U 14+ wA 05 U >
where
U2
w=——
Uy
_wuin + U2
U2z + Wuy2
Note that
RRA — —u11u-‘z>\u12 C+1w+(11u;\h) + ¢ (C"rw(lu—h))ul
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_ ctw(l-=h) —ui1+Auiz 1 uy
- c ¢ Uy 1+wA + ¢3 u

RRA = (1 + % (1- h)) RRAC

Here, we use the same notation that

e y = the utility index

e u; = the partial derivative of u with respect to consumption
e uo = the partial derivative of u with respect to hours worked

e w = the steady state wage level

¢ = the steady state consumption level

e h = hours worked

Note that the way Swanson (2012) defines A is different from the way we define A; in our model (i.e. the lagrange
multiplier on households’ budget restriction). Importantly, Swanson (2012) shows that the above formulas also hold with
balanced growth (see Swanson (2012) page 48). Recall that our utility function reads (ignoring d; as dss = 1)

1-¢, 1—¢
Ct—bctf Ct—bct, * — — * — — —ht
w(trn o) = (( ) (gt %)) b (o) 1P 0=02) g b1

_ _ _ _ _ _ _h)t®
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o\ — by (1— 1— 1— 1— 1—h)l =%
= (Zt) é4(1—¢5) {1_1¢2 (Ct _ bctfl) by _ 1}¢2 (zik)( é2) + (2:)( é2) ¢0( 1:2;51 }
From the formulas of risk-aversion we see that scaling v by a constant does not affect the measure of relative risk
aversion. Hence, we can without loss of generality consider

¢ —bepa 1 1-6, L ey | poey(imay , (L= h)' ™"
u(,l—ht> —@(Ct—bct_ﬂ 14 (27) + (2f) %1_7%

Hence, we have
up = (¢ — beg—q
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uy = — (1) 7% gy (1 — hy) ™™

uss = — (=y) ()7 by (1= he) ™71 (=1) = =y ()" 7% 6g (1 — )™M
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)*6172
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Note that in the steady state ¢, — beg_y = ¢ — be (p,.) ', Hence
o —1\ P2
Uy = (c — bep )
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U2 = 0

Thus
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Hence, the first measure of relative risk-aversion is:
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We will now express this expression in terms of variables for the transformed economy:

1-¢
RRA® = 22 +¢ 2
o ir sz wR = T 93 T (1=92) o
1-bul )+ 52 2o = 1_bﬂ;1_(c_bc#;1)¢2( ) _ ot 102 o
_ ¢a 1-¢,
T e A S e Y & oim 193 o
L b”Z*JWl ¢ =2F 1_b“z*l_ ﬁ_bfuz*l) c/lzf"’_ <c “—if%
1-¢
2 + 2
= - w(l—h) =% — — w(l—h) 1= "
g E O T e, ) e e
— ¢'2 7 y _|_¢3 1_¢$
- — i—h — — —h) 1—
= 2 iy + 63 L
= 1 - — — 1, W({—h) 1—
e L—bu ) = (1-bu )™ Coa 1 BOER 1232

If we follow Swanson (2012) and assume that C' = hW, then

. 1-¢
RRA® = %2 +¢ 2
— P2 W(l—h 3 — - 3 —h —
1—bu 452 F ) Lobu = (C—bOu )2 &+ Wap ) 1252
= 1¢2¢ (A—h) +¢3 1 17?2¢ 1—h) 1—¢g °
1=bp 22 058 L=bp )t —(C—bou )72 L+ 050 =22
And finally:

RRA® = (14 % (1—h)) RRA° = (1+ % (1 - h)) RRA®

16.14.2 Internal habits

The general formulas with internal habits are (see Swanson (2012), page 29, eq 72 and eq 73, where the Epstein-Zin
coefficient is ¢4 and (ha), = p (ha), | + bci—1)

—u11 + Augz (1= B8b) (c+w (1 — h)) (c+w(l—h))u

RRA“ = el éy "
[ il it
and
RRAC — —un; Nutz : +(%1__ng;))ch +é5 =t (1- 6b)
= (1-Bb)e [_UHQZ s . jﬂb)wA +¢31ﬂ
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As for external habits, we have
RRA‘ = (1 +2a- h)) RRAC
c

In the stated expressions, we use the fact that we have p = 0, so (ha) = be in the steady state.

We next note that the expressions for w and X are different with internal habits. In the Appendix in Swanson (2012)
(the proof of proposition 15) we have with internal habits that:

w1
ull—,@b

)\: w(l 7[317)7.1411 +’U,12
uzz +w (1 — fBb) ugz

Recall that we have in the steady state:
o —1\ P2

U] = (c — bepi )

ui = —¢y (¢ — bep )

Uy = — (z*)(1*¢2) by (1 — h)*%

uz = =6y (5) 77 gy (1— )~

—65—1

U2 = 0

Thus

W= U2 1 _ _—(z*)(17¢2>¢0(1—h)’¢1 1 N (z*)(17¢2)¢'0(1—h)7¢1 1
T u 1-8b T (C—bcu!ﬁ)ig& 1-8b — (c—bcuz*1)7¢2 1-3b

)

. w(lfﬂb)(cfbcpl;})_q52

¢O - (1—h)7¢1 (z*)(lﬂﬁz)
\ = wl=Bhuny _ ()07 Dey(1-h) "% (1-5) —y(c—bep )"
- U22 - (c—bcu;l)ﬂh 1=Bb —¢,(z5)T=P2) g (1—h) 911

(1-8b) $a(c—bep )™
1-Bb g (1-h) 1

$3(1—h)
(o (C*bcﬂz_*l)

Note also that
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Hence,
RRA® = (1= pb)c| == 1+(1—1ﬁb)w)\ + ¢3%}

—¢2-1

e 1
(c—bcu2*1)7¢2 1+(176b)(Z*)(17¢2>¢0(1—h)17¢1 1 %2
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(c—bcp;*l)_¢2

+ (1= Bb) ey

w(lfﬁb)(cfbcu;*l)7¢2 (1-—n)l—¢1
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(1—h)~P1 (2*)(1—-d2)

1—¢1

using ¢ = (1—h)~— %1 (z*)T-92)
—1\—¢%2 —1\— %2
_ (1 B Bb) c & (c—bCMz*) . + ¢3 (c—bcp,z*) ;
1 —1\—%2 —1\—9%2
CiN1—¢ w(e—bep CiNi—¢ N w(1—Bb)(e—bep _
(C—bcpz*l) 2+(1_ﬁb)#(1_h)% ﬁ(c—bc#z*l) 2_171¢2 (Zt)(l #2) 4 ( T ) <11*¢l1)
= (1 - 517) c %( b 71)+(11 Bbyw(1—h) 22 + @3 ( 71)}1@
c—bep . — w(l=h) ¢ _1 c—bep_y (1 1—h
I : b (embennd ) - )0 () (5
_ D) X 1—¢y
= T - 1\ %2
1-bp v | w(l=—h) ¢p 1—bud (e—ben 2 )A=92) 1 n) 1-6
1—Bb + c ¢1 1757; *( 1—Zb) (i) c + (c ! 1—¢§
Expressed in terms of the transformed economy:
¢ _ ¢ 1—¢y
RRA" = lfb”‘;*lJrW(l*h)Q + 3 1—bu Tt (C*bcu;})m 1, W(l—h) 1—¢9
=506 c T=@5 = ct—o 1941
And finally:

RRA® = (14 % (1—h)) RRA® = (1 + & (1 — h)) RRA°

16.15 The steady state

This section derives the values for the transformed variables in steady state as a function of the structural parameters. We
denote variables in steady state by subscript ss. The steady state value of labor, i.e. hyg, is assumed to be given and we

then back out the value of ¢,. We also assume that Gs;/Yss is known.

The growth rate in g

1 ®
_ A ([Et[(vf“i%]]ll%) L ba(-s0-0s

Bxt+1 = 4, Vi Hoox iy

P 1\ ¢
T <[Et[(—v-*s) %Hl"’s> g4

_"/: :u’z*,ss
— (1= 9y)—¢
/J/)\7ss = H’z*;s ‘ ‘

The optimal relative price, pss.
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From EQ 11

X 1-n
1=(1-a)p "+a (Tl)
1-— omg)f D= _ =(1—-a)pl"
(i

Dss = |: bl;a

The state variable for distortion due to price stickyness, ss;
From EQ 18
_ n
str1=(1—a)p, " +a (7r7’?5 ) 5t
t—1
(1=x)n

$ss = (1 — ) polh 4 amss Sgs

Sss (1 — om(l m ) =(1-a)p)

(1-a)p..
Sss = 17aw21*X)7’

The nominal one period deposite rate, 7%,

From EQ 6
o WM

Tt41

= log ( 372
and using py o5 = ;L,fﬁgl 247 e get

— Tss
rss - log <ﬁ#¢2<1¢4)¢4)

z* ss

—1log (%) — (= (1 64) — 6,) 10g p- s
Note, if ¢, = 0, then 7, = log (”) + ¢y log p1,« s, implying that increasing ¢, also increases the steady state level

of the deposite rate as . ., > 1. However, when ¢, = 1, then rb. = log <’T) +log i, 4, and increasing ¢, no longer

increases the steady state level of the deposite rate.

The real price of capital , Qg
From EQ 5

2
1 = Qt < - % (I{gits - 1) - I{gits/{'l (ISS ) — K2 (%/‘LT,t/‘LZ*,t - ﬁﬂT,sst*,ss))
We immediately get that Qg5 = 1

The real price of capital, R¥,
From EQ 3

Q, = E, 5%\ Bpx i1 [Rk L+ Qt+1 (1 o 5)

2
K2 t+1 Iss T Iss Tiq1
*QtH? (Kt+1”T,t+1”z*,t+1 - E“T,ss“zws) TQut1h2 <mﬂr,t+1#z*,t+1 - mﬂr,ssﬂz*,ss> m#r,tﬂﬂz*,tﬂ]
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I
st—ﬁu)\ss [ §5+Q55(1_6)]

(i
lﬁl’T,ssts = B,U/)\,ss [R’;s + st (1 - 6)]

ss@ss .
- Q-0 = R,

Rbs = Qus [ 5o — (1-9)

The marginal costs in the firms, mcs;
First from EQ 9

B o Nl
%XE = Yime ;" + B, {aﬁ/ﬂ,tﬂ (L> (4) = I)Xtﬂuz* frl

Pt+1 Tt41
U
(ngl) ng = YSSmCSSﬁs_sn_l + a//ﬁu)\,ss/rrgé X)U (77 1)X55/J’z ,88
I

— 1 ~_p—
XSQS [(77 - aﬁlu)ussﬂ-gs L 1)luz*753} = Y;Smcsspssn !

" n n

X2 — Yssmc‘}sﬁ;{71
1 1— —1
s D app,  r Oy L

And from EQ 10
X

2 e N T )Y T 2
Xi{=Yp, "+ E {Oéﬁlb\ t+1 (,,Hl) (mil) Xt+1l1’z*,t+1:|
4
Xs25 = Y’Sspss + aﬁ:u)\ ssTr(X na- n)X
)
sts (1 - Oéﬂ[LA7SS7Tg§ na- TI)ﬂZ*,SS) = }Gsﬁgsn

)

X2 — YssPag

1)(1—
1—aBpy om0

SS[’LZ ,S8

So by setting the two equations equal to one another we get:

Yasmesspaa " _ YDy,
n—1 1— 1 - 1)(1—
O —apuy gombe VT e o 1maBpy  mTT
MCss _ 1
— ~ - 1)(1—
(1 O‘ﬁﬂx 5577(5}9 X>']#z*-,55) (nnl)pss 1_0‘5“/\,557‘—?5( )« T,) Hz* ss

MCss = (1=aBuy om0 *.ss)(";”ﬁss
* T i R

The Capital level, K,

From EQ 7

meiassOpy, t,u KR = RE
4

mcssaﬂr,ssﬂi ssze 1h1 = Rl‘fs

since ags = 1

)
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(K” ) _ R,
hess MessOly golz ss

(i
X =1
Kss = hss <RM9)

6 B
MCssUly ssHz,ss

The wage level, W,
From EQ 8

)
me (1 —0) at,uﬁu;foh;O =W
I

=6 0
mess (1= 0) uy sl (522) = Wi
since ags = 1

i)

=0 6
Wss = MCgg (1 - 6) ,U"}Tsesuz_,gs (Ih(;s)

The investment level, I,
From EQ 19

—1 P
Kipr = (1= 0) Ky (py gpie )~ + 1o — L% (

U
—1
Kss = (1 - 5) Kt (p”r,ss,uz*,ss) + ISS
¢ )
Is = K5 — (]— - 6) Kssﬂﬁsﬂzjis

The Consumption level, C,
From 17

0
=1
ag (Kt/hlf,tg “z,%) hi™% =Yisip
U
—1

o
1—6 6 —1 1-6
<KSSIU‘TYSSlu’z,SS) hgs
=Y

Note thelslssthat Eq 20 implies
Y;s = Css + Iss + Gss

Y5 = Css + I + %5/85

1_%) :Css+Iss

Costle,

1_ Gss
Yss
hus, we have
-1 o
1—-6 —1 1—6
KSS'U’T,ssu’z,ss) hss
_ Caatl

G
Sss 1- 22
58 Yss

f:<¢>£<¢>
—

»

— =

— =

=0 -1 1=
175;22)(1(55“'1“83“2!55) has
—Iss = Cls

Sss

2
Iy L (L L
Iss 1) - K (/J’T,tu’z*,t) 2 \ K, Py thlz= ¢ — Kss By sslz* ss
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The value of A,
From EQ 2

4 [Et[(_ﬁl)l—d):s“ T—63 o3
Ay =dy (Cr —bCy_1pzt ) % = Ljna_inbBES —

—Vit1(s)

xdpr1 (Cepr — thu;{tH)f% (Nz*,t+1)_¢2(l_¢4)_¢4}

I

Ags = (Cos = bCustz ) ™ = Tjna_inghB (Cos = bCogizl ) ™% (e o) P20 70070

The value of ¢,

From EQ 4
dig (1 — ht)_% = NW,
U

¢0 = AssWss (]- - hss)¢1

The level of the value function, Vi,

From EQ 1 N
v, = { ((Ct —bCy_1py) 1-¢ ) +dt¢0(1h7 — B e )(1—) <Et [(_@y—%]) a3
I

Vvss _ 1_1¢2 ((C szsN’z ss)li¢2 - 1) + d)o% - 5Mi£;<§4)(1*¢2) (_‘/;s>
0

Voo (13207 ) = o (= 00p)! ™% 1) 00 0
i)

1—¢ 1—hgs)' %1
Ves = W [% ((C —bCsnzle) - 1) * %%}

be

1-¢ 1—hgs)l=?1
Voo = s [P ((Cor = 0Cunizl) 77 1) + oy g
If IZ; < 0, then we consider

7 —1 L ~63 L~ he)' ™
_‘/85 [1¢2 ((C bCSS/J‘z* ss>1 v - )+¢OH]

1- ﬁﬂz ,88 9a)(1=02) 1- ¢1
and we do the perturbation for (mV), = (—=V;) where (mV’), > 0 because V; < 0.

The value of G,
Gss = g'” }/ss
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16.16 The observables and their moments
16.16.1 Calculating the observables

This section shows how to calculate the considered observables used in the estimation from the approximation of the DSGE
model.

The presence of non-stationary shocks (i.e. z; and ;) imply that variables such as ¢, i+, and y; and are non-stationary,
and this fact must be taken into account when solving the model. We adopt the standard method to deal with this feature by
approximating the model’s solution around the economy’s balanced growth path. This is done by scaling the non-stationary
variables such that they become stationary. For instance, ¢; and y; are scaled by 1/z and i; is scaled by 1/T;z/, and this
implies that Cy = ¢;/z;, Yi =y /2f, and I, = i/Y 2] are stationary variables.

Applying a log-transformation, the output from approximating the DSGE model is

Vi =g (%)

where we use the standard notation that a hat denotes deviation from the deterministic steady state, i.e. 0; = In -,

The elements in §; must be transformed to make them comparable to empirical data series. We now show how this
transformation is done.

1. Consumption growth
The expressions for real quarterly consumption growth is given by

*

C¢ C’tz;‘ Ct Ct,]_ 2
log 1% = log =lo — = log — log + log
ok Ct—1 Ct—lztfl Css Css Z;gkfl
= ét - CA(tfl + log Hz= ss

2. Investment growth
For the quarterly growth rate in investments

. it Itz;‘Tt It It,1 sz Tt

log % = log—— =log———t-t  —Jog—- —log + log + log
Ml’t 1t—1 It—lz;gk_th—l Iss Iss Z:_l Tt—l

= ft - jtfl + IOg = ss + IOg M ss

3. Inflation
The quarterly inflation rate is given by
logm; = logmss + 7.

4. One-period nominal interest rate
The quarterly nominal interest rate is
Tt = Tes + T,

5. 40-period nominal interest rate
The quarterly rate is
Tt,40 = Tss,40 + Tt,40,

6. Excess holding-period return for the 40-period bond
We compute the ex post excess holding period return by

Py 39
.’L'h?"t’4() = lOg (m) — T¢—1

=log (P 39) —log (Pi—1.40) — Te—1
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= log (P;,30) — log Pss 40 + 1log Py 40 — log (Pi—1,40) — Tt—1
= pt,39 —log Pss 1 — 15&1,40 — T

= Prao — Pro1.40 — (ri-1 +10g Pas 1)

= pt,39 - pt71,40 — (ri—1 = 7ss)

xhre s = (Pt,39 - Pt—1,40) — 1

7. Ratio of government spending to output

We have
obs
) () ()
log | = = lo =log | —
g(y)t g(z;% &\Y/,
G

I

53

0
/‘\
N———
V)
W

_|_

53

> R

VRS
~IQ
~_

|

53

0
VRS
~ |
N———
W
V)

8. log of hours

Recall X
ht — hSSGIOg hi—loghss — hsseht

log hy = log hgs + iLt

Note that we scale the empirical measure for average hours per week by 5 x 24 in order to normalize its value to take
values between 0 and 1.

16.16.2 Moments of growth rates and excess holding period return
This section discusses how to compute moments including consumption growth and investment growth. For numerical

convenience, we prefer to only have x; as the state variable when solving the DSGE model.

1. Consumption growth
log p2b = Cy — Ci—y +10g fie o,

= (€ (er,) 2" + a9 (e1,1)) = (C) (e, 1) 22, +dD (e1,1) ) +log g
for approximation order ¢ where we use the compact representation of the pruned state space system
Note that C® (¢, :) is the row of matrix C®) which relates to consumption. A similar notation is used for d® (¢, 1).

= C(l) (Cta :) Zgl) - C(Z) (Ct7 :) Zgi)l + 10g :U'z*,ss

| | (i
=log e oo+ [ CV (cr,) —CW (cr,2) | [ 0 1

t—1
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2. Investment growth
obs _ T T

log /’I’i7t - It - Itfl + IOg Mz*,ss + log MT,SS

= lo«g Hz= ss + 10g K ss + jt - jt—l

= log /J’z*,ss + ]'Og /’I’T,SS + (C(l) (itv :) ZEZ) + d(l) (itv 1)) - (C(l) (itJ :) EQI + d(l) (itv 1))

= lOg :uz*,ss + 10g :u“T,ss + C(’L) (it7 :) sz) - C(’L) (it, :) ZEQl
L L 7D
= log Hzx s + 1Og K ss + [ C(’L) (Zt7 :) 7C(Z) (Zt7 :) ] Z({:L)
t—1

3. Inflation
logm; = logmwss + 7.

z\)
Zz(fz)l

=log s + [ CV (my,2) O ] l +d (7, 1)

4. One-period nominal interest rate
Tt =Tss + ’Pt

=res+ | C@D(ry,:) 0 ] l @ |t d® (ry, 1)

5. 40-period nominal interest rate
Tt,40 = T'ss + 7225,407

) 70

= Tgss + [ C(l) (Tt,407 Z) 0 ] Z(i)

t—1

+d@ (r4 40, 1)

6. Excess holding-period return for the 40-period bond
We compute the ex post excess holding period return by

zhry a0 = (Pt,39 — Pt71,40) — i1

= (€O (P, ) A" +dD (o, 1)) = (C9 (Prao, ) 22, +dD (o, 1))
B (C(l) (Ttv :) EZ—)l + d(z) (7’,5, 1))

= CO (P, 39,) 28" +dD (Py39,1) — (CO) (P,a0,:) — CD (r4,2)) 28 — dD (Pyag, 1) — dD (r,1)

— CO) (P 39,:) 2" — (CD (Poa0,:) — CO (r,)) 28| + A (P,39,1) — dD (P, 40,1) —d (ry, 1)

7. Ratio of government spending to output
obs —
_ G G
log (%)t - log (?)ss + (7)t
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=log (§),,+ [ € (£.9) 0}[ +a0 ()

8. Log of hours

log hy = log hss + ﬁt
. 7 .
=loghss + [ CW () 0 ]| “& | +dW (k1)
Zi

To summarize we have

[ log pdy [ log i+ s 1
IOg MObS log /”’z ,S8 + log Ky ,88
logwt 10g7rgg +d® (m4,1)
obs — T _ log RSS + d( ) ( ts )
Yoo = T4,40 - log Res +d (74 40,1)
(,Ch’l"t 42175 d(z) (Pt)gg, 1) — d(z) (Pt74_05 1) — d(l) (T‘t, 1)
log (%), log (§),, +d9 (§,1)
logh: | L log hss T d( D) (hy, 1) i
) ~C (cr,) '
(lta ) _C(l) (ita )
C( ) (7Tt, ) 0
(2) ( )
C (’I"t, ) 0
T oo o
CY (ri0,:) 0 _ 7,
CY (Prgg,:) —CW (Pio1,00,:) = CW (r4,2)
CO(§,) 0
CO (hy,:) 0 i
i log 1 N e
z*,58 é(z) é(z)
1Og N’z’ﬂss + 1Og NT7SS - ?’)1 - ?’)2
log mys + dt (¢, 1) (}321 (,?322 .
_ log Rys +d¥) (Tt, 1) L+ Cfli)l CZ)Q (‘1)
o log Ry +dW (rea0,1) ¢ ¢ || a
d® (P, 39,1) —d (P, 40,1) —d@ (4, 1) =) &)
’ G ’(i) G CG,I CG,Z
log ()., +d™ (¥.1) OO
L log hgs +d@ (hy, 1) J - Zz’)l e Zl,)z
L C8,1 C8,2 J

Computing all mean values are straightforward. It is more difficult to compute all second moments and their formulas
are derived below. Ignoring the constant term we have

obs __ {C(ngz)

gt T

So all contemporary co-variances are given by

Cov (yjoff, ygbf) Cov (C( %zgl + C( ) ( ) C,(c )1z£ 2 + ¢ )QZE )1)

C l) 1Cov (zt ,éEj}lzﬁ”) + CS)ngz_l)
+€0)Co0 (0, 62" + €0,
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= égq <Cov (zii),zgi) (é,(j’)l)/ + Cov (zgz),zgl)l) (

C
- . . TN ’
+C§g (Oov (zgl_)l, zgl) (C,(;A) +Cov (zg )1, zt’)1> ( Ej)z) )

+ é(-f) Cov (zgz), zz(f)1> (~
+ é;gCov (zl(kz)1 zil)l)

= CWvar (zgi)) 5
+Econ (a”) (€43) + Edvar (a) (61)
for j,k=1,2,...,7

obs , 0bs

All covariances of the form Cov (yj CoUnte S) are given by
Cou (y3t,yiti-.) = Cov (12" + €a(?,, CPa? + Cbal?, )
=Cov (égz éé)l +
+COU (ég‘gzt—h l(cl,)lzi(ﬁis + C I(cl)2z1§l—)1—s>
= Cov (é( %zt ,C;C)lzt 9) + Cov ( zgi), ,(C)ng )1 S)
o (E02, E080.) + Con (S0, k0, )
= C z) 1Cov (zt ), t‘ ) (é 1)1) + &Yoo (Zz(t ),zgl_)l_s) (~ (i)2

+C§»’QCO’U (zfl)l,zg )S) (C,(;)l)l + é%C’ov (zgi_)l,zgi_)l_s> (
for j,k=1,2,...,7 and for all s = 1,2, ...

So for instance (1 lag):

- I
Cov (yﬁs,y;?bf 1) = C;f%COU (Zﬁ”,zy)ﬂ ( I(c)l) C(z) COU( 2 Zg”z) (Cgé)
2o (0, 19, (E2) + E0m (2, 40,) (2

= 8o (") (641) + Efcon (.22 (65
Elfcon (a,,,) (E4) + Elfcon (.12,

C Z) 1Cov (zt ,zg )1) (é(l /)/ + éﬁCOv (ZE )vZ§Z)2)

)
k,1
180 var (47) (60, + Ehcon (27,20, (

and with 10 lags (for instance)

Cov (y;btba ybe 10) C( )Cov (th)7z,§z)10> (Cg)l)/ + C COU (zt ),zy 11) (Cé )
+Cj’2001)< §1)17Z§ 10) (C](jl) +C 9 ,Cov (Zg )1aZ§ 11) (é )2)

’
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=C} )Cov(zt th 10)( ,S
+C§-TQCO’U( zt 9) (é )1

16.17 Understanding the dynamics of the price dispersion index

First note that (for x = 0)
1= (- " +a(2)
(i

1-n
1 _ ~1—n
l—a(ﬂ—t) =(1-a)p,

1-n

; [u}

Then we note that
St+1 = (1 — Oé) 25;77 + OZﬂ'?St

=(1-a) ﬁi;, + an}s;

=(1-a)

_n_
=(1- Oz)ﬁ {1 - om?fl] "y anls,

Note also that the steady state value is given by

_n_
sss = (1 — 04)ﬁ [1 - aw?s’l] b am'l s

(17(1)ﬁ [170471'2.:1]77%1

Sgs =

l—anl,
and therefore ) . .,
05ss T (1—a) =1 [1—anl 71 “(—am-1)7"72)(1—an?)~(1—a) T [1—ax? ] 7T (—ana??)
Omss (1—anly)?

—n 1% n—1 %—1 1,72 n 1% n—1 4_L1 n—1
—4(1-a) 77[1—(171'88 ]77 a(n—1)x7 (1 ar? )+(1-a) "[1—a7rss }77 anml]

— 1
(1—anly)?
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n
1

1
1—a)T=7 [1— n—1]5= -
Tl 1T [ [t - ang ] ™ o (1 ) + ooy

(I—anl,)?

1 pe1] -0
an(l—a) =7 [lfoﬂrsS ]”*1 |:7 1—an?
11—«

ss_N—2 n—1
(1—an?y)? w;’;lﬂ-ss T s i|

- (1] at T
w12 an(1-0) 7 [1-am2 7T [ 1 am,
= p) - =T+ Tss
(1—ards) | l—amds
n—2 = n—117T
_ ml an(l-a)t-n [l—oﬂrM ]’7 —1+ar?, + Tgs— QY
(1—anl,)? | 1—an?; ! 1—an?y !
n—2 = n—1]7%T
_ Tss oc'r;(l—a) 7[1_a7rss ]W Tss—1 > 0
(1—anl,)? e

for mgg >'1

16.18 Understanding term premium in the model

We start by computing an expression for term premium as in Rudebusch & Swanson (2012), after which we look at the
excess holding period return

16.18.1 Term premium

We define term premia as T'P; j, = 7+ —T+ 1, Where 7 , is the yield-to-maturity on a zero-coupon bond [j’t, 1 under risk-neutral
valuation by the financial intermediary, i.e. ﬁ’t,k =e ", [Pt—&-l,k—l]- Hence,
T-Pt,k =Ttk — ft,k

= %1 IOg Pt,k — (%1 IOg I:)t,k)

= % (log ]Styk — log Pt,k.)

~ % (log Pss,k + Isik (Pt,k - pss,k) - (log Pss,k: + %ek (Pt,k - Pss,k)))

log zy ~ logxss + x%s (s — Xss)

= % (1ngss,k + %é’k (Pt,k' - Pss,k‘) - (log Pss,k + ﬁ (Pt,k' - Pss,k‘)))

because Pg, j = Pss 1

—1(_1L p _ _1
Tk (Pss,kpt7k Pss,th’k)

- =1 _p
= kP.an (Pt,k Pt,k)

Next note as in R
Py —Pij=FE [My1Pir1 -1 —e " Ey |:Pt+1,k71:|

= Covy (My 441, Pi1,k—1) + Bt [My t41] Bt [Prg1 j—1]) — € " Ey {pt—i-l,k—l}
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= Covy (My 141, Pry1j—1) + e "t X L By [Py jq] — e ™ E, [Pt+1,k71]

—r¢—wXxhry L

because E; [M;+1] =€
= Covy (My441, Piy1,e—1) +e7 7 {e_wxwh”’LEt [Piy1,k-1] — Ex |:pt+1,k71:| }
= Covy (My 441, Pry1,p—1) + Ere™" {e_wxzh”'LPt-s-l,k—l - Pt+1,k—1}

= Covy (My 41, Prv1k—1) + Ere ™ { e XL By g [My g 4o Pryo o) — e "1 By | Pryo o
,t+15 +1,

= Cov, (Mt,t+1a Pt+1,k71)

+Ere™"t Qe XL Covy g (Myi1 42, Pryo k—2) + e~wxehriL By g [Mii1,t42] Er1 [Pryop—2] —e " Epyq |Pryo k-2
+ ) ,

= Covy (M 441, Prg1,k—1) ~
+Ee " {e—Wthrt,L CO’UH_1 (Mt+1,t+2, Pt+2,k—2) + e—wX:Eh’r‘t,Le—T‘t+1—w><:EhT't+1,LEt+1 [Pt+2,k—2] — e Tt Et+1 [Pt+2,k—2} }

because E; 1 [Myi1 40] = e TtH17@X@hrern

= Covy (My 441, Pry1,k—1)
e—“’xxh”vLCOUtJrl (Mt+1,t+2a Pt+2,k*2)

+FEie " e Tt {efwx(zhrt,Lerhn.;_l,L)Et_l_l [Pt+2,k—2} _ Et+1 {Pt—i-Q,k—Z}}

= Covy (My 441, Py, 5-1)
1B {ewaIhTt,L CO”UtJ,-l (MH_LH_Q, Pt+2,k—2)}

+Ete_“_“+1 {e—wX(.’chTt,L+fI/'h7"t+1,L)Pt+2’k_2 — Pt+2,k—2}

= Covy (My 441, Pry1.k—1)
+Ee"t {em* e Covy g (Mg 442, Pz i—2) }

TEe {e_wx(wh”’L+Ih”“‘L)Et+2 [Mito,43Piy3k-3] —e 42 By [Pt+3,k*3]}

= Covy (My 441, Prg1,k—1)
+Ee"t {em XL Covy g (Myga 442, Prgap—2) }

€7w><(:Ehrt,L+a:hrt+1,L)CO,Ut+2 (
+e_w><(whrt'L+IhTt+1’L)Et+2 [

Miyo43, Piy3g—3)
+FEe Tt Mii2443] Eryo [Prys -3

—e "2 By o | Piis p—3

= Covy (Mt,t+17 Pt+1,k—1)
+Eie™" {efwmh”‘LCOUt-s-l (Mi41,642, Pt+2,k—2)}

e~ wx@hreLtahrersL) Cop, o (Miy2,643, Prys —3)
+e—w><(achn,L+wh7‘t+11L)e—n+2 —wXxhrita, L Et+2 [

—e 2Ry g [Pt+3,k—3]

+Ete—rt—rt+1 Pt+3,k73]

= Covy (My 441, Pry1,5—1)
+Ee"t {e XL Covy g (Myg eq2, Prvoi—2)}

e~ @hreLtehten L) Covy o (Myy2,443, Piysi—3)

FE,e Tt Tt+1 B _ ~
+ L Je T2 {6 w><(mhm)L+zhrt+17L+xhrt+2,L)Et+2 [Pt+3,k—3] —Et+2 Pt+3,k—3

= Covy (My 441, Pry1,5—1)
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e fo—wXzh
+Eie {em X Covyyy (Miga 42, Pryok—2) }
L Bye i e {efwX(EhTf,,L‘F:Eh’r‘t+l,L)COUt+2 (Mi42,143, Pt+3,k—3)}

+Ete—7-t—rt+1—rt+2 {e_wx((Ehrt‘l’-‘rxhri‘*’l,[‘+‘,E}”lt+2'L)Pt+3’k73 _ Pt+3,k73}

and hence in general

» — xxh
Py—P = Zm o Tt+mTwXT Tetm L Covyy (Mt+j’t+j+1,Pt+j+1’kj1)‘|
JZO
k—1
Thus, we get
TP = s (Px = o)
S o S (rem X hre i 1)
- Titm+wXTAT L
-1 2 e fmollt ) Covegj (Mg atjts Prajite—j—1)
TP,
’ kjjss,k

k—1
+Et e Zm:o wWXThrifm L 1:|

Note that if w = 0, then we get

—1 1 _ j—1
TPt,k = Et Z (& Zm:O ”JrMC’ovtﬂ- (Mt+j,t+j+laPt+j+1,k7j71) + Et [60 - 1]
szs,k 3=0
—1 k—1 _ i=1
= pp Bt | X em eom=ottm Covey (Metserjts, Perjrin-j-1)
ss,k 7=0

as in Rudebusch & Swanson (2012), their Eq 35. Given that w X zhriym,, 1 generally is positive, we see that w > 0 adds

k
more discounting to Coveyj (Mg 14541, Petjti1,k—j—1) but it also makes e~ Zm o WXENT 1 m, L substantially less than 1 (i.e.
increases the final term in absolute value) and this serves to increase term premia. Note that this final term arises because
we price the risk-neutral bond If’t, & by r¢ and not by the deposite rate 7, +w x xhry ;, which is only provided to households
and not to the bond trading financial intermediary.

16.18.2 The excess holding period return
To understand the dynamic properties of term premium in the model consider the ex ante excess holding period return:
iEI’LTt7L = Et [lOg (Pt+1,L—1/Pt,L)] — Tt
= [log (Pt+1,L71) — log Pt,L] — Tt
= Eq [log (Pr41,-1) — log {E¢ [My 141 Pr1,0-1]} — 7t
=E [log (Pt+1,L—1) —log {Et [Mt,t+1] Ey [Pt+1,L—ﬂ + Covy (Mt,t—Ha Pt+1,L—1)H — T

Now recall that a first-order approximation implies
log (.’Et + yt) = IOg (-Tss + yss) + “Jlryés (mt - xss) + w“erM (yt yss)
Applied in our case with x; = By [My41] Bt [Peg1,0-1] and y; = Covy (My 441, Pry1,L—1), implying that «; + y. = P 1,
we have
xhry 1, ~ By |log (Piy1,-1) — {log Py 1, + %&L (B¢ [My 441] By [Pig1,-1] — Mss ss+1Pss.—1) + %&LCOW (M 441, Pt+1,L—1)H
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-1

= Et IOg (Pt+1,L71) — IOg Pss,L — #Et [Mt’t+1] Et [Pt+1,L71] + Mssse41Pss,0-1 - Psi,LCOUt (Mt,t+17 Pt+1,L71)]

Pss. L P, L

-1

= Bt [log (Pi1,2-1)] — 108 Pas,r, — 5B [My 1] By [Pryy ] + oot Pt L Couy (My g1, Prt-1)

Pss 1 Pss L

S,

-7

Eq [P, _ —r— Covy (M, , P, _
=By [log (Prs1..-1)] — log Pas.p, — t[;;l,LL 1] p—ri—wxahry, +1-— ¢( t,It{SlLtJrl,L 1) —r

because Et [Mt7t+lert+w><zh7‘t11,] =1« e*’rtfwxzh'rt’[‘ = Et [Mt,t-‘rl]
and Pss,L = Mss,serlPss,Lfl

_ Pt+1,L—1 Et,[Pt+1,L—1] —ri—wXxhry g, CO?it(Mt,,t+1,Pt+1,L—1)
- Et |:10g ( Pss,L )] o Pss,L € ' o Pss,L + 1 o Tt

Now consider the first-order approximation round zs:
ePt mp e 4 e (1 — Tgs) = €7 (1 4+ 24 — Tss)

Applied to z; = —ry —w X xhryp and 255 = —755, We get
e Tt TWXThTLL e Tss (1 — 1y — w X ThTy L + Tss)
Thus we get
~ Pt+1,L—1 _ Et[Pt+l,L—1] —Tss _ _ _ COUt(Mt,t+17Pt+1‘L—1)
xhry, ~ E, [1og ( T2 )] T2 (e (1—r —w X ahry +7ss)) T2
+1—r¢

_ Piyi,p-1 E¢[Pry1,0-1] Covg (M 441,Pi41,0—1)
=E, [log ( Do )] S Sy Mg ss+1 (1 — 1 —w X xhry p +74s) — Pt
+1 — T

_ Piirn—1 E¢[Piy1,0-1] Cove(My ¢441,Piy1,0-1)
N Et |:10g ( Pss,n )] B Pss,-1 (1 -7 WX xhrtvL + rss) - Pss 1 + 1- Tt

Mss,ss+1 1
Pss, L Pss,L-1

Remember that M o541 FPss,1—1 = Pss, 1 <=

)

i Ey[Piy1,n-1]\ _ Piii,p—1 _ Ei[Prya,n-1] _ _ _ Cove(My,441,Pr41,0-1) _
xhrt’L (1 w X Pss1—1 =B log Pss. 1 Pssr.—1 (1 (Tt TSS)) Pss. 1 +l-=m

1 P, _ E; | P, _ M. P, _
o |:Et {log< 1, 1)} B [Pra,p-] (1= (ry — r3s)) Covy (My 441, Pi1,0-1)

1—wX M Pss,L P557L71 Pss,L
s,L—1

EE

Note that in the steady state, we have
xhrss., = ﬁ {Et [log (P;’jiLL’l)} — (1= (rss—rss)) +1— rt}

= 25 [log (F55) ]

_ 1 Pss,n—1 i
T l-w {log (Mss,ss+lpss,L—1> TSS]

because Mss,ss+1Pss,L—1 = Pss,L

ﬁ {log (Mss,lss+1) o TSS]

= ﬁ [—log (Miss,ss+1) — Tss]
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= ﬁ [—log (e7"*) — 7ss]
llSiIlg Mss,ss+1 =g

= ﬁ [Tss - Tss]

=0
as desired.

Let us re-write the above expression a bit:

_ _ 1 Piy1,0-1 E¢[Pri1,0-1] Covg (M ¢41,Pi41,0-1)
T—wx Lo o
Pss,L—1
— 1 Piy1,0—1 _ E4[Pyy1,0-1] o o _ Covy(My,t41,Pry1,0-1) B
o B |Pey1 1] {Et [log (Mss,ss#»lpss,Lfl )} Pss,L—1 (1= (re = 7ss)) Mg, ss+1Pss, -1 + 1=
l—wxX =57
USing Mss,ss«klpss,l,fl = Pss,L
_ 1 Pii1,p—1 By [Pry1,r-1] Myt+1  Piyi,p-1
- Et[PtJrl L 1] [Et log ( Pss, -1 ) —log MSS’SS+1 " Pesr—1 (1 - (’rt - rss)) — Couy Mss,ss+17 Pss,L-1 +1-n
PRV L e ; , , ,
S5, L—1
_ 1 Piyio-1) _ —res _ Be[Pry1,0-1] _ _ _ Miv1  Prgarn—a _
- [Et[Pt+11L,1] [Et log ( Pss,L—1 ) loge Pss,n—1 (1 (Tt TSS)) Couvy Mss,ss+17 Pss,L—1 +l-m
l-wX —p—F——
S5, L—1
using Mg ss+1 =€ "
_ 1 Pryi,n—1 _ Be[Piya,—1] B B . M v1  Pryrn—a _
- [Et[PtJrl L,l] [Et log ( Pss,p—1 ) + s Pss,r—1 (1 (Tt TSS)) Covy Mss,ss+1’ Pss,L—1 +1=m
l-wX —5—"——+
Pss,Lfl
_ 1 Piyip—1\ _ Be[Pig1,0-1] _ . o Miv1  Prgrn—a . _
- [Et[PtJrLL,l] [Et log ( Pss,—1 ) Pss,rn—1 (1 (Tt TSS)) Covy Mg, ss+1’ Pss,L—1 +1 (rt TSS)

1-wx
Pss,Lfl

=1 ] [Et log (L“’L’l) + (1 — 7&[&“'“1]) (1= (ry —rss)) — Couvy ( My P‘“’L’l)}

]Et[Pt+1,L—1 Pss,p—1 Pss,p—1 Mss,ss+1° Pss,L—1
l—wX —p———
ss,L—1

Now a first order approximation of log (z;) around zss = 1 gives
log (z¢) ~ log (1) + % (xy — xss) = — 1

. . P, _
Applied in our case to log (1;“7;11) we get
ss,L—
~ 1 Piyip-1 _ Ey[Prya,n-1] _ _ _ Miy1  Piyan—a
zhrt7L ~ Et[Pt+l,L—l] |:Et ( Pss,Lfl 1) + (1 Pss,Lfl (1 (Tt TSS)) Oovt ]\455,554»17 Pss,Lfl
I-wx Pss,L—1
_ 1 E¢[Pii1,n-1] _ Ei[Peyin-a]) ~ Ei[Pry1,n-1] _ _ Mitv1  Pigrn—a
- ]Et[Pf,+1 L—l] |:( Pss.Lfl 1 + 1 PSS,L—I 1 Pss,L—l (Tt TSS) CO’Ut Mss,ss+1’ Pss,L—l
l—wx—p 7
_ 1 E¢[Pii1,n-1] _ _ M i+1 Piyin-—1
- ]Et[Pf,+1 L—l] |:( Pss,Lfl 1 (rt TSS) COIUt Mss,ss+1’ Pss,L—l
l—wxX—p 7
That is, up to a first order approximation, we have
N 1 E; [Pi41,0-1] c Mii+1 Piyi,n—1
xhry g, ~ &P ] — 1) (ry —rss) — Covy )
1—wx % Pss,L—l Mss,ss+l Pss,L—l
ss,L—1

Importantly, we have a multiplication effect in our mode if w > 0, meaning that the effect of Covy ( Jéw “il, I;ﬁ.*l’LL:ll) is

amplified. This explains why we can settle with lower variation in Couv; (-) and hence Var; (Myy1) to explain term premia
in our model with feedback effects.
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